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T o s o lv e p r o b le m s o c c u r r in g in t h e r e a l w o r ld ,

c o m p u t in g s c ie n t is t s d e v is e a lg o r it h m s . T h e s e

a lg o r it h m s a r e p r o g r a m m e d o n c o m p u t e r s a n d

u s e d t o s o lv e t h e p r o b le m s . B u t c o m p u t in g s c i-

e n t is t s a ls o t a lk a b o u t `m a c h in e s ' o f v a r io u s k in d s ,

s u c h a s T u r in g m a c h in e s , M e a ly m a c h in e s a n d

v o n N e u m a n n m a c h in e s . ( T h e s e a r e q u it e d if-

fe r e n t fr o m a c t u a l c o m p u t e r s .) T h is a r t ic le e x -

a m in e s h o w a lg o r it h m s t u r n in t o m a c h in e s . T h e

p r o b le m s c o n s id e r e d a r e t h e v e r y e le m e n t a r y o n e s

o f a d d it io n , m u lt ip lic a t io n a n d fa c t o r in g .

1 . C o m p u t in g

1 .1 B a c k to S c h o o l

W e w ill sta rt w ith v e ry elem e n ta ry p ro b le m s, th e k in d
y o u lea rn in sch o o l.

I n s t a n c e 1 . W h a t is 1 5 3 6 + 1 2 8 0 0 ?

In c o m p u tin g sc ie n c e , th is is ca lled a n in sta n ce o f:

P r o b le m 1 . G iven in tegers i, j (o f n d igits ea ch ), w h a t
is i + j ? W e sa y th e in p u t to th e p ro b le m is o f siz e n .
T h e so lu tio n to th e p ro b le m is fo u n d b y :

A lg o r it h m 1 .

f o r ea ch d igit fro m righ t to left f
d o sin gle d igit a d d itio n fro m

m em o ry , keep in g tra ck o f th e ca rry .
g

T h is is w h a t w e w e re ta u g h t in sch o o l, w ith o u t u sin g

fa n c y w o rd s lik e à lg o rith m '.

A ssu m e th a t ea ch step (sin g le d ig it a d d itio n ) ta k es y o u
a sm a ll a m o u n t o f tim e , b o u n d ed b y a co n sta n t c . T h e

re su lt c a n b e c o m p u te d in tim e c n . W e sa y th is is a n
O (n ) (o rd e r n ) { o r lin e a r { tim e a lg o rith m .
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1 .2 A S e c o n d E x a m p le

W e c o n tin u e o u r ex p lo ra tio n o f sch o o l a rith m etic.

I n s t a n c e 2 . W h a t is 2 5 6 £ 2 5 6 ?

P r o b le m 2 . G iven in tegers i, j (o f n d igits ea ch ), w h a t
is i £ j ?

A lg o r it h m 2 .

f o r ea ch d igit o f th e m u ltip lier f
f o r ea ch d igit o f th e m u ltip lica n d
fro m righ t to left f

d o sin gle d igit m u ltip lica tio n
fro m m em o ry ,
keep in g tra ck o f th e ca rry,
to get a tem po ra ry resu lt

g g ;
a d d u p th e tem po ra ry resu lts,
sh iftin g in o n e a d d itio n a l zero fro m
th e righ t.

T h is is a n O (n 2 ) { o r q u a d ra tic { tim e a lg o rith m , w h ere
sin g le d ig it m u ltip lica tio n is to b e trea ted a s o n e step .
M o re g e n e ra lly th is is c a lle d a P t im e (p o ly n o m ia l tim e )
a lg o rith m . (N a tu ra lly , a lin e a r tim e a lg o rith m is a lso
a P t im e a lg o rith m .) H e re is th e co m p u ta tio n fo r o u r

q u estio n :

2 5 6 £ 6 = 1 5 3 6 ; 2 5 6 £ 5 0 = 1 2 8 0 0 ; 2 5 6 £ 2 0 0 = 5 1 2 0 0 ;
a d d in g , w e g et 6 5 5 3 6 .

O f co u rse , o n ce w e h a v e la id o u t th e c o m p u ta tio n in
fro n t o f y o u (w h ich to o k q u a d ra tic sp a c e O (n 2 )), sca n -
n in g it a n d v e rify in g th a t th e a n sw e r is c o rre c t ta k e s tim e

lin e a r in th e len g th o f th e co m p u ta tio n , o r q u a d ra tic in
th e size o f th e in p u ts.

E x e r c is e 1 . G iven a n in teger i (o f n d igits ), give a
P t im e a lgo rith m to co m p u te 2 i.

Addition has an

O(n) (order n) or

linear time

algorithm,

multiplication has an

O(n2) or quadratic

time algorithm.
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1 .3 H ig h S c h o o l

I n s t a n c e 3 . F in d a fa cto r o f 4 2 9 4 9 6 7 2 9 7 .

P r o b le m 2 . G iven in teger i o f n d igits, ¯ n d a (n o n -
trivia l) fa cto r o f i.

A lg o r it h m 3 .

r e p e a t f
G u ess a p rim e n u m ber p < i

a n d try d ivisio n
g u n t i l su ccessfu l o r a ll sm a ller
p rim es a re exh a u sted .

Is th is a n a lg o rith m ?

H o w d o w e g u e ss, b y to ssin g a co in ? In th a t c a se, h o w
m a n y tria ls le a d to su cc e ss?

A lg o r it h m 4 . D ivid e by 2 ; 3 ; : : : u p to k su ch th a t k 2 ¸ i.

N o w th is lo o k s lik e a p ro p er d eterm in istic O (
p

n £ n 2 ),

o r P t im e a lg o rith m , w ith e a ch d iv isio n ta k in g q u a d ra tic
tim e . It is n o t. T h e siz e n is th e n u m b e r o f d ig its in th e
in p u t i. T h e a lg o rith m ta k e s O (

p
i £ n 2 ) tim e , w h ich is

O (1 0 n = 2 £ n 2 ), o r a d ete rm in istic a lg o rith m w h ich ta k e s
tim e e x p o n e n tia l in th e siz e o f th e in p u t.

T o ssin g a c o in g iv es a p ro ba bilistic o r ra n d o m ized a l-
g o rith m . M a k in g a g u e ss a n d v erify in g w h e th er it is
rig h t is a n o n d eterm in istic O (n 2 ) tim e (m o re g e n e ra lly
N P t im e ) a lg o rith m .

1 .4 A R e v ie w

L e t u s ste p b a ck a n d lo o k a t th e a b o v e a lg o rith m s.

T h e ¯ rst q u estio n w e lo o k e d a t, m u st h a v e se em e d p re tty
e a sy to y o u . T h e se c o n d o n e w a s n o t th a t ea sy (u n le ss

y o u h a v e a g o o d k n o w le d g e o f th e p o w e rs o f tw o ), b u t
w h e n w e la id o u t th e c o m p u ta tio n in fro n t o f y o u , it
w a s p re tty e a sy . T h e th ird o n e is n o t, u n le ss, lik e th e
S w iss m a th e m a tic ia n L e o n h a rd E u le r in 1 7 3 2 , y o u u se

Factorization has an

O(10n/2  n2) algorithm

which takes time

exponential in the size

of the input.
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so m e n u m b e r th e o ry to ¯ n d o u t th a t th e sm a lle st fa c to r
o f 4 2 9 4 9 6 7 2 9 7 is 6 4 1 .

H o w e v e r, w ith o u t u sin g a n y n u m b er th eo ry, b y p ro g ra m -
m in g A lg o rith m 4 o n a c o m p u te r u sin g a n y m o d e rn p ro -
g ra m m in g la n g u a g e, y o u c a n in d ee d so lv e P ro b le m 3 .
B u t o n c e w e h a v e to ld y o u th e so lu tio n fo r a n in sta n ce
o f th e p ro b lem , v e rify in g th a t it is in d ee d a fa c to r is

a g a in n o t th a t d i± c u lt; y o u ca n d o it in q u a d ra tic tim e.

2 . C o m p u t in g S c ie n c e

C o m p u tin g scie n ce b e g a n w ith m o d e llin g c o m p u ta tio n .
W e w ill d o a q u ick re ca p o f th e h isto ry .

2 .1 T h e L a te 1 9 th C e n tu r y

T h e ¯ rst id e a w a s to m o d e l n u m b ers a n d c o m p u ta tio n s
o n th e m in logic. R ich a rd D e d e k in d in G erm a n y a n d
G iu se p p e P e a n o in Ita ly w e re tw o 1 9 th c en tu ry m a th e -

m a tic ia n s w h o trie d to w rite d o w n a se t o f a xio m s fro m
w h ich e v e ry th in g a b o u t n u m b ers co u ld b e co m p u ted .
T h e se fo llo w e d th e tra d itio n o f th e a x io m s w ritten b y
th e G re ek g eo m e te r E u c lid a ro u n d 3 0 0 B C E , w h o trie d
to c a p tu re e v ery th in g a b o u t g e o m etry . In th e 1 9 th c e n -

tu ry it w a s fo u n d th a t E u c lid 's a x io m s w e re n o t su f-
¯ c ie n t, a n d th e G e rm a n m a th e m a tic ia n D a v id H ilb e rt
c a m e u p w ith a n u p d a te d se t o f a x io m s.

2 .2 T h e E a r ly 2 0 th C e n tu r y

T h e B ritish lo g ic ia n s B ertra n d R u sse ll a n d A lfre d N o rth
W h iteh e a d w e re a m b itio u s en o u g h to w rite a b o o k c a lle d
P rin cip les o f M a th em a tics, in w h ich th e y su g g e ste d h o w

a ll o f m a th em a tic s c o u ld b e re d u c ed to its logica l p rin ci-
p les (o r a x io m s). H ilb e rt a n d h is stu d e n t W ilh e lm A ck -
e rm a n n w ro te th eir b o o k P rin cip les o f T h eo retica l L ogic
in 1 9 2 8 in w h ich th e y su b je c ted th e se lo g ic a l p rin c ip le s
to g re a t scru tin y, so th a t a ll m a th e m a tic ia n s co u ld b e

c o n v in c ed th a t th ey w e re so u n d .

Verifying that a

number is a factor

can be done in

quadratic time.
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W ith in a fe w y e a rs, in 1 9 3 0 a n d 1 9 3 1 , th e A u stria n lo g i-
c ia n K u rt G Äo d e l p u t th e b ra k es o n H ilb e rt's p ro g ra m m e
b y g iv in g a p ro o f (u sin g ju st th e a x io m s th a t H ilb ert a p -

p ro v e d o f) th a t it w a s im p o ssib le to list th e th e o re m s o f
m a th e m a tic s a b o u t p o sitiv e in te g e rs in th e w a y H ilb e rt
d e sire d . T h e th ree q u e stio n s th a t w e sa w a b o v e a re in -
sta n ce s o f th ese k in d s o f th eo re m s. T h e p h ra se ìm p o s-
sib le to list' ca n , in to d a y 's ja rg o n , b e w ritten a s t̀h ere

is n o a lg o rith m '.

T w o m a th e m a ticia n s, E m il P o st, a n A m e ric a n , a n d A la n
T u rin g , a B ritish e r, d e cid e d to a b a n d o n th e g ra n d g o a l
o f ca p tu rin g \ a ll o f m a th e m a tic s" a n d m o re m o d estly

trie d to d e sc rib e \ a ll th e a lg o rith m s" [1 ]. T h ere m a y b e
n o a lg o rith m fo r a ll th e th e o re m s o f m a th e m a tic s, b u t
a t le a st th e re a re a lg o rith m s fo r a d d itio n a n d m u ltip lica -
tio n a n d fa cto riz a tio n , a s w e le a rn in sch o o l. B elo w w e
w ill try to a rriv e a t th e ir m o d e ls (d ev ise d in th e 1 9 3 0 s);

h o w e v e r, w e w ill try a n d h a n d le th e ea sie r c o m p u ta tio n s
b e fo re w e c o m e to th e h a rd e r o n e s.

2 .3 M o d e llin g C o m p u ta tio n C irc a 1 9 3 6

F o r e a ch in sta n c e o f a p ro b lem , a n a lg o rith m m u st re -
tu rn a n a n sw e r, th a t is, it m u st o p e ra te in a ¯ n ite n u m -
b e r o f ste p s. P o st a n d T u rin g d e ¯ n e d m̀ a ch in e s' w h ich
fo llo w th e co m p u ta tio n o f a n a lg o rith m . W e co u ld g o

stra ig h t to th ese d e¯ n itio n s, b u t it is in te re stin g to see
h o w T u rin g a n a ly z ed w h a t a m a th e m a ticia n (fo r w h o m
h e u sed th e w o rd \ c o m p u te r" ) m ig h t d o to so lv e a p ro b -
le m . R em e m b e r th a t w h e n T u rin g 's a n d P o st's p a p e rs
a p p e a re d in 1 9 3 6 , th ere w ere n o c o m p u te rs lik e w e h a v e

to d a y !

A . W h a t a re s̀te p s'? T h in g s th e co m p u tin g m a th em a ti-
c ia n d o e s m e n ta lly ? C a lc u la tio n s w o rk e d o u t o n p a p e r?

W e ll, le t u s sa y th e c o m p u te r u se s p a p e r. T h e n it m u st
re a d a n d w rite in a n a lp h a bet: a ¯ n ite se t o f le tters §
fo r in p u t a n d a n o th e r ¯ n ite se t ¢ fo r o u tp u t. B o th o f

For each instance

of a problem, an

algorithm must

return an answer

in a finite number

of steps.
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th e m c o u ld o v e rla p o r ev en b e th e sa m e . F o r ex a m p le,
in d o in g th e c o m p u ta tio n s a b o v e w e u se d th e d ig its 0
to 9 , a n d o th e r sig n s lik e + ; £ ; = a n d b la n k s. O n c e th e

in p u t a n d o u tp u t a lp h a b e ts a re ¯ x e d , w e c a n sta te w h a t
th e p ro b le m to b e so lv e d is.

B . W h a t d o e s th e co m p u ter d o in th e s̀te p '? F o c u sse s
its a tte n tio n o n th e p a p e r, lo o k s a t so m e le tte rs a n d m a -

n ip u la tes th e m . L e t th e p a p e r b e d iv id ed in to squ a res,
e a ch o f w h ich m a y c o n ta in a le tte r. T h e sq u a re s a re

à rra n g ed ' in so m e fa sh io n . L e t th e m b e o rd e re d fro m
le ft to rig h t. S o in ste a d o f sh e e ts o f p a p e r, le t u s sa y th e
c o m p u ter h a s o n e o r m o re ta pes d iv id e d u p in to sq u a res.

A t a n y m o m en t, a tten tio n is fo c u ssed o n o n ly o n e p o si-
tio n o n th e se ta p es.

C . T h e c o m p u tin g m a th em a tic ia n m ig h t u se m em o ry

to o . T u rin g a rg u e d : \ th e n u m b e r o f sta tes o f m in d
w h ich n e e d to b e ta k e n in to a c c o u n t is ¯ n ite ... if w e
a d m itted a n in ¯ n ity o f sta te s, so m e o f th e m w ill b e à r-
b itra rily clo se ' a n d c o n fu se d ." H e p o stu la te d a ¯ n ite se t
o f sta te s S = f s 1 ; :::; s n g . H is c o m p u tin g m a ch in e w o u ld

b e g in c o m p u ta tio n in th e in itia l sta te s 1 .

D . C o m p u ta tio n p ro c ee d s lin e a rly th ro u g h m̀ o m en ts'
1 ; 2 ; :::. F ro m o n e m o m e n t to a n o th e r, a m a ch in e w ith
o n e in p u t ta p e a n d o n e o u tp u t ta p e d o es a s̀te p ' w h ich is

d e sc rib ed b y a tra n sitio n fu n c tio n f : (S £ § ) ! (¢ £ S ),
th a t is, a fu n c tio n th a t m a p s a (sta te, in p u t sy m b o l) p a ir
in to a (sta te , o u tp u t sy m b o l) p a ir.

E . W h a t d o es th e c o m p u te r d o o v era ll? It ta k e s a strin g
o f in p u t sy m b o ls o v er th e in p u t a lp h a b e t § a n d p ro d u c e s
a strin g o f sy m b o ls o v er th e o u tp u t a lp h a b et ¢ . W e sa y
th a t th e fu n c tio n c o m p u te d is fro m § ¤ to ¢ ¤ (w h ich
d e n o te th e strin g s o v e r th e a lp h a b e ts).

Y o u m a y b e a little c o n fu sed th a t w e a re u sin g c̀ o m p u t-
in g m a th e m a tic ia n ', c̀o m p u ter', à lg o rith m ' a n d m̀ a -
ch in e ' to m ea n th e sa m e th in g . B u t th is w a s T u rin g 's

Turing argued that

the number of

states of mind

which need to be

taken into account

is finite, otherwise

some of them

would be arbitrarily

close and

confused.
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b rillia n t id ea ! H e rea liz ed th a t a n a lg o rith m fo r a p ro b -
le m is a seq u e n c e o f m ech a n ica l step s w h ich c o u ld v ery
w ell b e d o n e b y a m a ch in e. T h e A m eric a n scie n tist J o h n

v o n N e u m a n n re a liz ed th is a n d b u ilt a p h y sic a l m a ch in e
w h ich c o u ld d o th e se ste p s m ech a n ic a lly , a n d th is is h o w
c o m p u ters c a m e to b e p h y sic a l m a ch in es ra th e r th a n
m a th e m a tic a l m a ch in e s o r m a th e m a tic ia n s.

2 .4 M e a ly M a c h in e s

T o b e g in w ith , w e w ill c o n sid er th e e a sier c o m p u ta tio n s.
F o r in sta n c e, to so lv e In sta n ce 1 (1 5 3 6 + 1 2 8 0 0 ), w e a re

g iv e n th e n u m b ers o n tw o tra ck s o f a ta p e . O u r c o m -
p u tin g m a ch in e (d ev ised b y G eo rg e M e a ly in 1 9 5 5 ) h a s
to p ro d u c e its o u tp u t o n a se c o n d (a n sw e r) ta p e . In th e
¯ rst ste p , th e m a ch in e re a d s th e la st d ig its 6 a n d 0 a n d
o u tp u ts 6 o n th e a n sw e r ta p e . T h e n it rea d s 3 a n d 0

a n d o u tp u ts 3 , rea d s 5 a n d 8 a n d o u tp u ts 3 a n d re m e m -
b e rs th a t th e re is a ca rry .. . a n d so it w ill ¯ n a lly o u tp u t
1 4 3 3 6 . In its m em o ry , it w ill re m em b e r so m e tem p o ra ry
in fo rm a tio n , su ch a s w h a t th e c̀ a rry ' is.

F ix in g th e se t o f sta te s a n d th e tra n sitio n fu n c tio n tu rn s
th e m a ch in e in to a n a lg o rith m . W h e n th e in p u t strin g s
c o m e to a n en d , th e strin g p ro d u c ed o n th e o u tp u t ta p e
is th e a n sw e r. T h a t is, th e tra n sitio n fu n ctio n is lifte d
to a fu n ctio n fro m strin g s o v e r th e a lp h a b e t A to a n

a n sw e r strin g o v e r th e a lp h a b e t B .

F o rm a lly , a M e a ly m a ch in e (w ith o n e in p u t a n d o n e o u t-
p u t ta p e ) M = (S ; § ; ¢ ; ±; s 1 ) c o n sists o f:

² S is a ¯ n ite set o f sta tes ;

² s 1 2 S is th e in itia l sta te ;

² § is a ¯ n ite in p u t a lp h a bet ;

² ¢ is a ¯ n ite o u tp u t a lp h a bet (c o u ld b e th e sa m e a s
§ ) ;

Turing’s brilliant idea

was that ‘computing

mathematician’,

‘computer’, ‘algorithm’

and ‘machine’ mean

the same thing as far

as solving a problem is

concerned.
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² ± : S £ § ! ¢ £ S is th e tra n sitio n fu n ctio n .

A ru n o f su ch a m a ch in e b e g in s w ith th e m a ch in e in

sta te s 1 a t o n e e n d o f th e in p u t strin g w a n d w ith th e
o u tp u t ta p e b la n k . In ev ery ste p , th e m a ch in e m o v e s
o n e le tte r th ro u g h th e in p u t strin g , w rite s o n e le tte r o n
th e o u tp u t ta p e a n d m o v e s fo rw a rd , a n d m o v es to a n e w
sta te a s d ic ta te d b y th e tra n sitio n fu n c tio n . W h e n th e

m a ch in e h a s rea d th e la st le tter o f th e in p u t a n d w ritte n
th e co rresp o n d in g le tter o n th e o u tp u t, th e strin g o n th e
o u tp u t is th e a n sw e r. T h u s, a M e a ly m a ch in e c o m p u te s
a fu n c tio n f M fro m § ¤ to ¢ ¤, g iv e n b y f M (a 1 : : : a n ) =
b 1 : : : b n . F o r e x a m p le , a M e a ly m a ch in e fo r a d d itio n
w o u ld h a v e a s § p a irs o f d ig its a n d a s ¢ sin g le d ig its,

a n d w o u ld c o m p u te f M ( 0
1

1
2

5
8

3
0

6
0

) = 1 4 3 3 6 .

E x e r c is e 2 . W o rk o u t th e d eta ils o f h o w a M ea ly m a -
ch in e w ith a tw o -tra ck in p u t ta pe ca n a d d a n y tw o n u m -
bers, a n d o u tp u t th e a n sw er.

2 .5 T h e L im ite d P o w e r o f M e a ly M a c h in e s

It is e a sy to se e th a t M ea ly m a ch in e s ca n n o t b e u se d to
d o m u ltip lic a tio n . W h en d o in g a m u ltip lic a tio n c o m p u -
ta tio n , w e n e e d to w rite d o w n th e in te rm e d ia te re su lts
w h e re a n u m b e r is m u ltip lied b y a sin g le d ig it, a n d th e n
a d d th e in te rm ed ia te re su lts u p . O f c o u rse, th e m a ch in e

c o u ld r̀e m em b e r' th e in term ed ia te re su lts b y u sin g its
sta te s, b u t sin c e th e n u m b e r o f sta tes is ¯ x e d , th e m a -
ch in e w ill n o t b e a b le to d o th is fo r a rb itra rily la rg e
in p u ts. T h e m a ch in e c o u ld w rite th e in te rm ed ia te re -
su lts o n its o u tp u t ta p e s, b u t o u tp u t ta p e s ca n n o t b e

u se d a s in p u ts.

2 .6 T u r in g M a c h in e s

T u rin g d e v ise d a sim p le so lu tio n to th is p ro b le m : H is
m a ch in e (1 9 3 6 ) h a s a sin gle ta p e , w ith a sin g le w o rkin g
a lp h a b e t ¡ ¾ § , o n w h ich th e in p u ts a re g iv e n (sep a -
ra te d b y a bla n k sy m b o l 2 2 ¡ n § ), b u t th e m a ch in e

Mealy machines

can be used to do

addition, but not to

do multiplication.
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Turing’s solution

was to have a

single tape which

can be used for

input, output, as

well as unbounded

memory.

c a n w rite a s w e ll a s re a d o n th is ta p e , a n d it c a n m o v e
le ft a n d rig h t o n th e ta p e (fo r in sta n c e, to ¯ n d so m e n e w
sp a ce to w rite in te rm e d ia te resu lts). T h u s th e ta p e is

u se d fo r in p u t, o u tp u t, a s w e ll a s a n u n b o u n d ed m em o ry
b e y o n d th e ¯ x e d n u m b er o f sta tes.

T h e tra n sitio n fu n c tio n n o w w ill h a v e th e fo rm (S £ ¡ ) !
(¡ £ S £ f m o veleft; m o verigh tg ). T h a t is, th e m a ch in e

in a sta te s rea d s th e le tter o n th e c u rre n t sq u a re o f ta p e
it is p o sitio n e d a t, th e n g o e s to a n e w (o r p o ssib ly th e
sa m e ) sta te , w rite s a n ew (o r p o ssib ly th e sa m e ) lette r
o n th e sq u a re a n d m o v e s eith e r le ft o r rig h t. S in c e th e
m a ch in e c a n g o b a ck a n d fo rth a n y n u m b e r o f tim es,

T u rin g a d d ed a h a lt sta te s 0 to h is m a ch in e , a fter re a ch -
in g w h ich th e m a ch in e co u ld g o n o fu rth er.

F o rm a lly , a T u rin g m a ch in e is d e ¯ n e d a s M = (S ; § ; ¡ ; ±;

s 1 ; s 0 ) w h ere

² S is a ¯ n ite se t o f sta tes, s 1 2 S is th e in itia l sta te,
s 0 2 S is th e h a lt sta te ;

² § a n d ¡ a re a lp h a b e ts a s a b o v e ;

² ± : ((S n f s 0 g ) £ ¡ ) ! (¡ £ S £ f m o veleft; m o verigh tg )

is th e tra n sitio n fu n ctio n .

A ru n o f su ch a m a ch in e b e g in s w ith th e m a ch in e in
sta te s 1 a t o n e en d o f th e in p u t strin g w . In ev ery

ste p , th e m a ch in e m o v e s o n e sq u a re o n th e ta p e, re w rit-
in g it (w ritin g b a ck th e sa m e le tte r m e a n s it is n o t
ch a n g e d ), sh ifts to a n e w sta te a n d m o v e s le ft o r rig h t
o n e sq u a re , a s d ic ta te d b y th e tra n sitio n fu n ctio n . W h e n
th e m a ch in e h a s re a ch ed th e h a lt sta te s 0 , th e strin g
le ft o n th e ta p e is th e a n sw e r. T h u s, a T u rin g m a -

ch in e c o m p u te s a fu n c tio n f M fro m ¡ ¤ to ¡ ¤, g iv e n b y
f M (a 1 : : : a n ) = b 1 : : : b m .

S in ce th e in p u t is fro m th e a lp h a b e t § , w e u su a lly re -

q u ire th e o u tp u t strin g to a lso b e in th e sa m e a lp h a b e t
§ a n d a co n v e n tio n c a n b e d e v ised fo r ig n o rin g th e o th e r
le tte rs.
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A Turing machine

could start with the

input instance

256  266 written as a

string on the tape, and

keep rewriting

these symbols to get

the answer.

2 .7 R u n n in g a M a c h in e

F o r e x a m p le , a T u rin g m a ch in e w h ich is su p p o sed to
w o rk o n th e m u ltip lica tio n p ro b le m c o u ld sta rt w ith th e
in p u t in sta n c e 2 5 6 £ 2 5 6 w ritte n a s a strin g o n th e ta p e.
A fte r o n e sin g le d ig it m u ltip lic a tio n , th e ta p e co u ld lo o k
lik e

2 5 6 £ 2 5 66 ! 1 5 3 6 .

N o tic e th a t th e la st d ig it o f th e sec o n d 2 5 6 h a s b ee n

c a n c elled o u t. F o rm a lly th is m ea n s re p la c in g a sy m b o l
lik e 6 b y a n ew sy m b o l 6 6 . A fte r a n o th er sin g le d ig it
m u ltip lica tio n , th e ta p e m ig h t lo o k lik e

2 5 6 £ 2 65 66 ! 1 5 3 6 + 1 2 8 0 0 .

A n o th e r d ig it h a s b e en ca n ce lle d o u t. A fte r th e th ird ,
th e ta p e co u ld b e c le a n e d u p to le a v e

! 1 5 3 6 + 1 2 8 0 0 + 5 1 2 0 0 .

A n d th e a d d itio n co u ld n o w p ro ce e d to y ield in te rm e d i-

a te co n ¯ g u ra tio n s a s sh o w n b elo w . (T h is tim e th e re su lt
is b u ilt u p o n th e le ft.)

6 ! 1 5 3 66 + 1 2 8 0 60 + 5 1 2 0 60
3 6 ! 1 5 63 66 + 1 2 8 60 60 + 5 1 2 60 60

5 3 6 ! 1 65 63 66 + 1 2 68 60 60 + 5 1 62 60 60
5 5 3 6 ! 61 65 63 66 + 1 62 68 60 60 + 5 61 62 60 60
6 5 5 3 6

A g a in th e T u rin g m a ch in e c̀ a n c e ls o u t' d ig its a s it g o e s
a lo n g . O n ce th e c a lc u la tio n is d o n e, it rep la ce s a ll th e
in te rm e d ia te sy m b o ls b y b la n k s. G e ttin g th e a n sw er,
th e m a ch in e c a n p ro c e ed to its h a lt sta te .

W h a t w e sh o w e d a b o v e w a s th e c o m p u ta tio n o f th e T u r-
in g m a ch in e fo r o n e in sta n c e o f th e p ro b lem . B u t fro m
th e sta tes a n d tra n sitio n fu n ctio n o f th e T u rin g m a ch in e
w e ca n a lso ¯ g u re o u t w h a t it w ill d o o n a n y in sta n c e o f
th e p ro b lem . If w e a re c o n v in ce d th a t w h a t th e T u rin g
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A Turing machine is

one way of

presenting an

algorithm, but it is a

real chore! Writing a

program in a

language like Fortran

or C is a breeze.

m a ch in e is d o in g is c o rre c t, th en th e T u rin g m a ch in e
is a sp ec ī ca tio n o f a n a lg o rith m w h ich w ill so lv e a ll
in sta n c e s o f th e p ro b lem . S in c e th e n u m b e r o f sta tes,

th e a lp h a b e t { a n d h en c e th e tra n sitio n fu n ctio n { a re
a ll ¯ n ite , th is is a ¯ n ite sp ec ī ca tio n . T h a t is, a T u rin g
m a ch in e is o n e w a y o f p re se n tin g a n a lg o rith m .

E x e r c is e 3 . W o rk o u t th e d eta ils o f h o w a T u rin g m a -
ch in e ca n m u ltip ly a n y tw o n u m bers, a n d o u tp u t th e a n -
sw er.

3 . T h e P o w e r o f M o d e ls

If y o u ev e n trie d d o in g th e la st e x erc ise, y o u m u st b e
w o n d e rin g w h y o n e a rth T u rin g d ev ise d su ch te d io u s
m o d e ls a s h is m a ch in es fo r th e p u rp o se o f re p resen tin g

a lg o rith m s. P ro g ra m m in g so m eth in g a s sim p le a s m u l-
tip lica tio n o n a T u rin g m a ch in e is a rea l ch o re ! In ste a d ,
w ritin g su ch a p ro g ra m in a la n g u a g e lik e F o r t r a n o r
C is a b re ez e . T h e c o m p ile r o f su ch a la n g u a g e tra n s-
la tes p ro g ra m s to c o d e fo r th e r̀e a l' h a rd w a re o f a c o m -
p u te r, a n d co m p u ta b ility th e o rists h a v e sh o w n th a t w e

c o u ld a lso tra n sla te th ese p ro g ra m s to T u rin g m a ch in e s
if w e w a n te d to . W h y n o t sw itch to u sin g p ro g ra m m in g
la n g u a g e s a s m o d e ls ra th er th a n th e c u m b erso m e m a -
ch in e s?

S in ce m a ch in e s a re so sim p le, it is p o ssib le to g iv e a
fo rm a l p ro o f th a t M ea ly m a ch in e s ca n n o t d o m u ltip li-
c a tio n . P ro g ra m m in g la n g u a g e s a re g o o d fo r p ra c tic e,
b u t m a ch in e m o d e ls a re g o o d fo r th eo ry. C lea rly T u rin g

m a ch in e s c a n d o a n y th in g M e a ly m a ch in e s c a n d o , so
w e sa y th e y a re a m o re po w erfu l m o d el.

B u t th e y a re n o t a ll-p o w e rfu l. T h e re a so n T u rin g d e -

¯ n e d h is m a ch in es w a s to sh o w th a t th e re a re p ro b le m s
th e y ca n n o t so lv e a n d h e n c e , u sin g th e co m p u ta b ility
th e o ry , th ere a re p ro b le m s th a t p ro g ra m s w ritte n in a n y
p ro g ra m m in g la n g u a g e c a n n o t so lv e . S u ch p ro b lem s a re
sa id to b e u n d ecid a ble a n d R eso n a n ce h a s c a rried a rti-
c le s a b o u t th e m e a rlier.
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A Ptime algorithm can

now be defined as a

Turing machine ... We

can then show that

there are problems

which Ptime machines

cannot solve, but

which can be solved

by a machine which

takes exponential

time.

F o r m u ltip lic a tio n , w e w e re a b le to g iv e a P t im e a lg o -
rith m . T h is c a n n o w b e d e¯ n ed a s a T u rin g m a ch in e fo r
w h ich th e re is a p o ly n o m ia l p (n ) in o n e v a ria b le su ch

th a t, fo r a n y in sta n ce o f th e p ro b le m o f siz e n , th e n u m -
b e r o f step s ta k en b e fo re it h a lts w ith th e so lu tio n is a t
m o st p (n ). W e ca n th e n sh o w th a t th e re a re p ro b le m s
w h ich P t im e m a ch in e s c a n n o t so lv e , b u t w h ich ca n b e
so lv e d b y a m a ch in e w h ich ta k e s e x p o n en tia l tim e .

F o r o u r th ird p ro b le m , fa cto rin g , n o b o d y h a s fo u n d a
P t im e a lg o rith m . W e w ere o n ly a b le to g iv e a n e x p o -
n e n tia l tim e a lg o rith m . B u t fo r th is p a rticu la r p ro b le m ,
w e d o n o t k n o w if it is o n e w h ich P t im e m a ch in es c a n

so lv e . E ith e r it is, a n d c o m p u tin g scien tists h a v e n o t
b e e n in g e n io u s en o u g h to ¯ n d su ch a n a lg o rith m ; o r it
isn 't, a n d co m p u tin g sc ien tists h a v e n o t b e en in g e n io u s
e n o u g h to p ro v e th a t!

W h a t c o m p u tin g sc ien tists d id d o w a s to d e ¯ n e d i® e ren t
k in d s o f m a ch in e s, th o se w h ich e m p lo y g u esses (n o n d e-
term in istic m a ch in e s) o r p ro b a b ility (ra n d o m ized m a -
ch in e s). A s w e sa w e a rlie r, a n N P t im e a lg o rith m { o n e

w h ich ta k e s p o ly n o m ia lly m a n y step s o n a n o n d e term in -
istic m a ch in e { is k n o w n fo r fa cto rin g . O n e o f th e b re a k -
th ro u g h s o f th e la st d e c a d e w a s P e te r S h o r's a lg o rith m
o f 1 9 9 4 , w h ich ta k e s p o ly n o m ia l tim e fo r fa c to rin g o n
a m a ch in e e q u ip p ed w ith sp e c ia l qu a n tu m p ro ba bilistic
o p era tio n s{ w e m ig h t ca ll it a Q P t im e a lg o rith m . T h is

is b e tter th a n N P t im e b e ca u se w e d o n o t k n o w a n y
w a y o f b u ild in g a m a ch in e w h ich g̀ u e sse s co rrec tly ', b u t
w e ca n h o p e th a t w ith b ette r k n o w led g e o f p h y sics, th e
q u a n tu m m a ch in e s c a n b e b u ilt in th e fu tu re .

A sp e cia l ca se o f fa c to rin g is p rim a lity testin g. T h is is
c o m p u tin g a fu n ctio n w h ich , g iv e n a n in te g e r, re tu rn s
a n a n sw e r p rim e o r co m po site. W e a re g iv e n a n u m b er,
a n d if its sm a lle st fa c to r (¸ 2 ) is th e n u m b er itself, w e

k n o w th a t th e n u m b e r is a p rim e ; o th e rw ise w e re tu rn
th e a n sw e r co m po site . N o tic e th a t th is is ea sier th a n
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One of the

breakthroughs of the

last decade was Peter

Shor’s algorithm,

which takes polynomial

time for factoring on a

machine

equipped with special

quantum probabilistic

operations.

fa c to rin g , in th e sen se th a t if w e h a v e a n a lg o rith m fo r
fa c to rin g w e c a n e a sily m o d ify it to d o p rim a lity te st-
in g , b u t if w e h a v e a n a lg o rith m fo r p rim a lity te stin g it is

n o t c le a r h o w to u se it to q u ick ly ¯ n d a fa c to r w h en th e
g iv e n n u m b e r h a p p e n s to b e c o m p o site . In m a th em a ti-
c a l ja rg o n , w e sa y p rim a lity te stin g red u ces to fa c to rin g .

A P t im e a lg o rith m fo r th e p rim a lity testin g p ro b lem

w a s fo u n d b y M a n in d ra A g ra w a l, N e era j K a y a l a n d N itin
S a x e n a o f IIT K a n p u r in 2 0 0 2 . R eso n a n ce h a s ca rrie d
a n a rticle a b o u t th is e a rlie r [2 ]. S o n o w w e k n o w th a t
n o t o n ly a d d itio n a n d m u ltip lic a tio n b u t a lso p rim a lity
te stin g c a n b e d o n e in P t im e . Is th e re a n a lg o rith m

w a itin g to b e fo u n d w h ich w ill sh o w th a t fa c to rin g fa lls
in to th e sa m e c la ss o f p ro b le m s? T h e o p in io n a m o n g
c o m p u tin g sc ien tists is d iv id e d .
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