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In th e ¯ rst p a rt o f th is se rie s, w e d isc u sse d th e

c e le stia l sp h e re a n d ¹A ry a b h a t.a 's p rin c ip le o f a x -

ia l ro ta tio n ; in th is p a rt w e sh a ll d isc u ss in d e -

ta il th e c o n c e p t o f sid e re a l d a y a n d th e n m e n -

tio n ¹A ry a b h a t.a 's c o m p u ta tio n s o n th e d u ra tio n

o f sid e re a l d a y .

It is u n fo rtu n ate th at scien ce stu d en ts in In d ia, b y a n d
large, d o n o t h ave tech n ical aw a ren ess regard in g th e re-
search es o f an cien t In d ian scien tists. T h u s, alth ou gh
th ere are p len ty of a rticles on ¹A ryab h at.a, th eir co n ten ts

h ave rem ain ed con ¯ n ed to research jou rn als a n d sch ol-
arly tex ts w ith o u t p erco la tin g in to th e g en era l cu ltu ra l
con sciou sn ess.

T h e origin al statem en ts of ¹A rya b h at.a o n ax ial ro tation
an d sid ereal d ay are sp read ov er 4 v erses o u t o f h is 8 5
verses on astro n om y. It w ill n ot b e p ossib le to m ak e a se-
rio u s an aly sis of th e en tire ra n ge of ¹A ry ab h a t.a's w o rk in
a few p ag es. W e h op e th at th e p relim in ary ex p o su re w ill
en co u rag e yo u n gsters to a cq u ire som e gen eral k n ow led ge

of astro n om y an d m ak e a d eep er stu d y of ¹A ryab h at.a's
w ork u sin g ex istin g literatu res an d th eir ow n in d ep en -
d en t ju d gem en ts.

R isin g a n d S e ttin g o f S ta rs

R eca ll th at, d u e to ro ta tio n of th e E arth , th e so -called
¯ x ed sta rs a p p ear to ex ecu te a d aily revo lu tion aro u n d

th e E arth . A few sta rs, called circum polar sta rs, n ever
d escen d b elow th e h o rizon . B u t a n ob server at a p la ce
of m o d erate latitu d e (fo r in stan ce, a t a p lace in In d ia)
sees m ost stars rise in th e east, ascen d th e sk y in circu lar

.
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If a star rises on

the eastern horizon

at a particular time

today, it will rise

again tomorrow,

from the same

point, but about 4

minutes earlier.

The duration of a

sidereal day is the

period of one

complete rotation

of Earth around its

axis.   The sidereal

day differes slightly

from the commonly

used  civil day

comprising 24

hours.

p ath s, set in th e w est, an d th en a ga in ap p ea r in th e ea st

at th e sam e p o in t as b efore. A n ob server at th e eq u a tor
sees all (su ± cien tly b righ t) stars rise an d set.

N ow , if a sta r rises on th e ea stern h o rizon a t a p articu lar

tim e to d ay, it w ill rise ag ain to m orrow , from th e sa m e
p o in t, b u t a b ou t 4 m in u tes ea rlier. It w ill rise a b o u t 1
h ou r earlier a fter 1 5 d ay s, 2 h ou rs ea rlier after 3 0 d ay s,
an d so o n . It is on ly after a b o u t a y ea r (rou g h ly 24 £ 1 5
d ay s), th at th e star w ill a gain rise at a tim e w h ich w ou ld

b e clo se to its tim e of risin g to d ay. T h e ob serva tio n also
sh ow s th a t d u rin g th is tim e in terval (o f n early on e y ea r),
th e sta r g ain s a n ex tra orb it ov er th e S u n , th at is, th e
n u m b er of tim es th e star revolves aro u n d th e E a rth is
on e m ore th an th e n u m b er of d ay s (in th e year). W e

sh a ll ¯ rst try to u n d erstan d th is p h en om en on an d d e¯ n e
relevan t con cep ts.

S id e re a l a n d S o la r D a y

A n aks.atra din a or a sidereal day is th e tim e tak en b y
an y n ak s.a tra (¯ x ed star) to p erform on e co m p lete rev -
olu tion a rou n d th e E arth (rela tiv e to a n ob serv er on
E a rth ). T h e L a tin w ord \sid erea l" m ean s \p erta in in g to

th e (¯ x ed ) sta rs". T h e d u ration of a sid ereal d ay is th u s
th e p erio d of on e com p lete ro tation of E a rth a rou n d its
ax is. F or n on -circu m p o la r sta rs, th e d u ra tion b etw een
tw o su ccessiv e star-rises eq u als th e len gth o f th e sid erea l
d ay.

T h e sid ereal d ay d i® eres sligh tly fro m th e com m o n ly
u sed civil day co m p risin g 2 4 h ou rs. T h e la tter is called
s¹avan a din a or solar day. T h e len gth of a sola r d ay
is th e tim e tak en b y th e S u n to g o arou n d th e E arth

on ce (relative to a terrestrial o b server); for in stan ce, th e
d u ra tion b etw een tw o su ccessive su n rises.

T h e slig h t d i® eren ce b etw een sid ereal an d solar d ay o c-

cu rs b eca u se th e E a rth , a p art fro m ro tatin g arou n d its
ax is, also rev olves a rou n d th e S u n . L et C d en ote th e
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cen tre o f th e E a rth an d P an o b ject ¯ x ed on th e E arth 's

su rfa ce. S u p p ose th at, at a certa in in stan t, th e S u n S
an d a ¯ x ed star X are b oth v ertically ab ove P . T h u s,
at th is in itial in sta n t, C , P , S an d X are co llin ear. A f-
ter o n e sid erea l d ay (w h en th e E arth co m p letes o n e fu ll
tu rn ), X w ill a gain b e vertica lly a b ov e P (i.e., th e lin e

C P a gain coin cid es w ith C X ). B u t, b y th is tim e (of on e
com p lete rotation ), th e E a rth h as m oved a co n sid era b le
d istan ce alon g its o rb it aro u n d th e S u n . T h e d irectio n s
C S a n d C P n ow m ak e an a n gle eq u a l to th e arc th rou gh
w h ich th e E a rth h as m ov ed a lo n g its orb it. T h e E arth

h as to rota te b y th is ex tra an gle in o rd er th a t C P a gain
coin cid es w ith C S , i.e., P ag ain sees th e S u n S ov erh ead .
(S ee F igu re 1.) T h u s th e solar d ay is lo n ger th an sid erea l
d ay.

T h e su b tle d istin ctio n b etw een th e solar an d sid erea l
d ay w as stated b y ¹A rya b h at.a (K ¹alak riy ¹a 5):

rav ib h ¹u y og ¹a d ivas¹a h., k v ¹avart¹a¶sc¹ap i n ¹ak s.atr¹a h.

[ravi : S u n ; bh¹u : E a rth ; yog¹a : con ju n ction ; ku : E arth ;
¹avarta : ro tation ]

T he con jun ction of the S un an d the E arth
form s the [civil] days; w hile the rotation of
E arth causes the n aks.atra din a (siderealdays).

L et u s re-ex am in e th e sid erea l an d so la r d ay in th e ce-
lestial sp h ere fram ew ork (d escrib ed in P a rt 1).

E c lip tic

T h e great circle on th e celestia l sp h ere form ed b y th e in -
tersection of th e p lan e of E a rth 's orb it (a rou n d th e S u n )
an d th e celestia lsp h ere is called th e ecliptic (kr¹an tivr.tta).
T h e gen esis o f th e term lies in th e fa ct th a t èclip ses' of

th e S u n or th e M o o n ca n o ccu r on ly w h en th e M o on
p asses th rou g h th e E a rth 's orb ital p lan e (w h ich d e¯ n es
th e eclip tic).
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Initial Position
of Earth

Position of Earth
after one Rotation

Figure 1. Sidereal and So-
lar day.
C:   Centre of Earth
S:  Sun
     : Orbit of Earth
         (around the Sun)
     : Direction of rotation of
       Earth
: Angular distance
      traversed by Earth in
     its heliocentric orbit in
     one sidereal day.
Note: For convenience, the
magnitude of the angle 
has been exaggerated.

The great circle on

the celestial sphere

formed by the

intersection of the

plane of Earth�s orbit

(around the Sun) and

the celestial sphere is

called the ecliptic

(krantivrtta). The

genesis of the term

lies in the fact that

�eclipses� of the Sun

or the Moon can

occur only when the

Moon passes through

the Earth�s orbital

plane (which defines

the ecliptic).

.

T h e a p p aren t m otion of th e S u n o n th e celestial sp h ere
(as p erceived b y a n ob serv er o n E arth ) in d u ced b y th e
com b in ed e® ect of E a rth 's ro tation a n d revo lu tion is
th u s com p o sed of tw o m ov em en ts:

(i) a d aily m ovem en t from ea st to w est p ara llel to th e
celestia l eq u ato r { lik e th at of a n y o th er star { cau sed
b y E arth 's ro tation fro m w est to east.

(ii) a n eastw ard a n n u al m ov em en t (relative to th e ¯ x ed
sta rs) a lo n g th e eclip tic cau sed b y E arth 's revolu tion
aro u n d th e S u n .

S in ce th e E arth tak es a yea r (rou g h ly 36 5 d ay s) to m ake
a com p lete 36 0-d egree rev olu tio n , th e in d u ced an n u a l
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Figure 2. Ecliptic
CNP: Celestial North Pole
CSP: Celestial South Pole
P, Q: Poles of the ecliptic
: Vernal Equinox
: Autumnal equinox
  : Direction of Sun�s

        annual path along the

        ecliptic.

m ovem en t of th e S u n alon g th e eclip tic ta kes p lace at

th e rate o f ab ou t o n e d egree p er d ay.

A s a resu lt of facto r (ii), u n lik e a ¯ x ed sta r, th e S u n
d o es n o t retu rn to th e sam e p o in t after its d aily cy cle {

for in stan ce, (u n like ty p ical star-rises) th e S u n rises at
d i® eren t sp ots o n su ccessiv e d ay s. W e give a con crete
ex a m p le to illu strate th e S u n 's resu lta n t p a th . S u p p ose
th at, at som e in sta n t, th e S u n is at th e p oin t of in tersec-
tio n o f th e celestial eq u a tor w ith th e eclip tic called th e
vern al equin ox (see F igure 2 a n d B ox 1). Its orb it for
th e n ex t 24 h o u rs w ill b e clo se to th e celestial eq u ato r.
W h ile factor (i) ten d s to keep th e S u n o n th e celestia l
eq u a tor, factor (ii) ten d s to d ra g th e S u n aw ay from
th e eq u ator, resu ltin g in a co n tin u ou s ea stw ard slid e.

T h erefore, a fter an o rb it of 2 4 h ou rs, th e S u n , in stead
of retu rn in g to th e vern al eq u in ox , reach es a p o in t on
th e eclip tic sligh tly to th e ea st of th e vern al eq u in ox .
T h e S u n th en m oves a lo n g a p ath clo se to a sm a ll circle
p ara llel to th e eq u a tor b u t slid in g fu rth er aw ay ; an d ,
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B o x 1 . V e r n a l E q u in o x

The vernal equinox (m a h ¹a vis.u va ) is an important reference point in ancient as well as
modern astronomy [\vernal" : \in spring" ; \equinox" : \equal day and night" ] . It is
the point on the celestial equator which the Sun crosses during its movement along the
ecliptic from south to north. (See F igu re 2.) The other point of intersection of the ecliptic
and the equator is called the a u tu m n a l equ in o x . The Sun crosses these two points on (or
around) 21 March and 23 September respectively. On these dates, the day and night are
of equal duration as the Sun's orbit on these dates is close to the celestial equator.

Due to precession, the vernal equinox has a slow movement (at an average annual rate of
50:2700) , relative to the ¯xed stars, along the ecliptic. The vernal equinox is often called
the ¯ rst po in t o f A ries as it used to be in the Aries constellation at the time of nomen-
clature. (The name remains though the point is no longer in the Aries constellation.)

after 24 h ou rs, arriv es a t a n ew p oin t on th e eclip tic

fu rth er to th e ea st. A n d so on .

D u e to fa cto r (ii), th e S u n tak es sligh tly m o re tim e
th an a ¯ x ed star to com p lete its d a ily revo lu tion aro u n d

E a rth ; for, w h ile th e star m erely traverses p arallel to th e
eq u a tor, th e S u n h as to traverse an ex tra d ista n ce a lo n g
th e eclip tic. (T h is is an oth er w ay o f u n d erstan d in g w h y
a sid ereal d ay is sh orter th an th e solar d ay.)

S in ce th e w est-east d ev ia tio n o f th e S u n (from a p er-
fect east-w est circu lar o rb it p a rallel to celestial eq u a tor)
tak es p lace a t th e rate of ab o u t 1 d egree (i.e., 1

3 6 0 of a
com p lete cy cle) p er d ay (2 4 h o u rs), th e d i® eren ce b e-
tw een a sid ereal a n d solar d ay is a p p rox im ately ( 2 4

3 6 0
£

60 = ) 4 m in u tes. A s tim e is ca lib rated so as to m ake
a solar d ay eq u al to 24 h ou rs, th e d u ratio n o f a sid e-
real d ay b ecom es, ro u gh ly, 23 h ou rs 56 m in u tes. (T h e
accu rate valu e is 2 3 h o u rs 5 6 m in u tes 4 .0 91 seco n d s.)

W e avo id ed p recise d e¯ n itio n s a n d rig oro u s an a ly ses so
as to q u ick ly con vey an in form alsim p lī ed p ictu re. T h ere
are h ow ev er variou s tech n ica l su b tleties w h ich h av e to b e
con sid ered for ob tain in g a ccu rate resu lts. W e giv e tw o

ex a m p les: n o n -u n iform ity of solar d ay a n d p recessio n .
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1 Even Earth �s rotation is not

strictly uniform. There is a mild

slowing of Earth �s rotation  due

to tidal breaking. The average

deceleration is roughly at the

rate of 1.4 milliseconds per day

per century. According to some

scientists, the tsunami-causing

earthquake of December 2004

has affected Earth �s rotation

(and shape) �  it has caused the

Earth to spin s l ight ly  faster

which has resulted in a short-

ening of the day by 2.68 micro-

seconds.

2 Utpal Mukhopadhyay, Preces-

sion of the Equinoxes and its

Importance in Calendar Mak-

ing, Resonance, Vol.8, No.4,

2003.

U n like th e ro tation of E a rth arou n d its a x is1 , th e a n gu lar

velo city of th e E arth , in its (ellip tical) orb it a rou n d th e
S u n , is n ot u n ifo rm . C on seq u en tly th e S u n ap p ea rs to
m ove som ew h at irregu larly relative to th e ¯ x ed stars.
T h u s th e S u n trav erses th e eclip tic a t a n on -u n iform
rate.

B esid es, th e E a rth 's ax is of ro tation is in clin ed at an
an g le of ab ou t 23 0 2602100from its orb ital p la n e. T h u s th e
celestia l eq u ator (w h ich d eterm in es tim e m ea su rem en ts)

an d th e eclip tic m a ke a co n sid erab le a n gle (23 0 2 602100).

D u e to th ese tw o factors, th e d u ra tio n of a solar d ay
is n o t u n ifo rm . O n e th erefo re co n sid ers th e m ean solar
day (m adhya s¹avan a din a) w h ich is, lo o sely sp ea k in g ,
th e av era ge d u ration of a solar d ay. (A g ain w e avoid
form al d e¯ n ition .) A n h o u r is d e¯ n ed so th a t 1 m ean
so la r d ay = 2 4 h ou rs. (O n e sim ila rly d e¯ n es a sid erea l
h ou r as 1

2 4 o f a sid ereal d ay.)

A gain , b ecau se of th e tilt of th e E arth 's a x is of ro tation
(from th e p erp en d icu lar to th e p lan e of th e E arth 's o r-
b it a rou n d th e S u n ), th e ax is p erform s a con ica l m otion
aro u n d th e p erp en d icu la r { a s in th e ca se of a sp in -

n in g to p . (T h e a n alog y is on ly p artially va lid . S ee [2],
p p .226 {2 28.) N o te th at th e p lan e o f E a rth 's orb it d eter-
m in es th e eclip tic an d th e ax is of rotation corresp o n d s
to th e lin e jo in in g th e celestial p oles. T h erefore, o n th e
celestia l sp h ere, th e celestial n o rth p ole is seen to ex -

ecu te a circu lar orb it arou n d th e p ole of th e eclip tic.
T h e m ovem en t is slow { it takes a b ou t 25,80 0 years to
com p lete an o rb it. T h is p h en om en on of ro tation of th e
E a rth 's a x is, a rou n d th e lin e join in g th e celestia l eclip tic
p o les, is called precession 2 . T h e read er can n ow see th at
th e sid ereal d ay to o h as to b e d e¯ n ed m o re carefu lly tak -

in g p recession in to acco u n t. F o r, p recessio n a ® ects th e
d u ra tion of th e o rb its of th e stars esp ecially th o se n ear
th e p oles. P recessio n w a s ca lled ayan a calan a in an cien t
In d ia n astron om y.
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B o x 2 . P r¹a n. a a s a U n it o f T im e

The divisions and further subdivisions of a day have been recorded in K¹alakriy¹a 1,2. The
relevant lines are:

s. as. tirn¹ad. yo divasah. s. as. t i _sca vin¹ad. ik¹a n¹ad. ¹³
gurvaks. ar¹an. i s. as. tirvin¹ad. ik¹arks. o s. ad. eva v¹a pr¹an. ¹ah.

60 n¹adi = 1 day; 60 vin¹ad. ik¹a = 1 n¹adi;
60 gurvaks. ara = 1 sidereal vin¹ad. ik¹a = 6 pr¹an. a.

[¹a rks.a : sidereal] Thus 1 pr¹an. a =
1
6 sidereal vin¹ad. ik¹a =

1
6 £ 6 0 sidereal n¹adi =

1
6 £ 6 0 £ 6 0

sidereal day.

Thus a \pr¹an. a" is a precisely de¯ned technical term for the time duration which is
1

6 £ 6 0 £ 6 0 of a sidereal day, i. e. , 1 pr¹an. a (=
2 4 £ 6 0£ 6 0
6 £ 6 0£ 6 0 ) = 4 sidereal seconds.

The suggestive word \pr¹an. a" was chosen probably to help one form a concrete idea of the
speci¯ed duration. One could mentally conceive of this unit as, roughly, the time taken
(by a normal person under normal conditions) for one \respiration" (also called \pr¹an. a" ) !
Similarly, the name \gurvaks. ara" | a precise term for 1

1 0 of a \pr¹an. a" (i.e. , 0:4 sidereal
second) { conveys the impression that it is the time normally taken to pronounce a long
syllable (\guru aks. ara" ) in a normal condition with a moderate °ow of voice.

In th e con tex t o f th e fo rm a tio n of so lar d ay, w e m en -

tio n a n in terestin g p h en om en on . A t th e E arth 's n orth
p o le (w h ere th e celestial eq u a tor is sim p ly th e h o rizon ),
th e S u n rem a in s ab ov e th e eq u ator (= h o rizon ) fro m 2 1
M arch till 2 3 S ep tem b er, i.e., th ere is n o su n set d u rin g
th e en tire 6 -m on th stretch . F o r th e rem ain in g 6 m on th s,

w h en th e S u n is b elow th e eq u ator (= h o rizon ), th ere is
n o su n rise. T h u s, on e h a s th e p ecu liar p h en om en o n o f a
6-m o n th d ay an d 6 -m on th n ig h t! T h is fa ct is m en tion ed
b y ¹A ry ab h a t.a in G o la 17 .

R a te o f R o ta tio n

T h e E arth m ak es a co m p lete ro tatio n of 36 0 d egrees in
a sid ereal d ay. T h u s, to ro tate b y an an gle of 1 m in u te

(= 1
6 0 d eg ree), th e tim e tak en b y E arth is

1
6 0£3 6 0 o f a

sid erea l d ay { a tim e in terva l called \ pr¹an.a" in In d ian
astron om y (see B ox 2 ).
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A solar year is the

period of Earth�s

revolution around the

Sun.   In fact,

depending on the

choice of the

reference point,

there are different

types of solar years.

T h is fa ct w a s sta ted b y ¹A ry ab h a t.a (G ¹³tik ¹a 6):

p r¹a n.en a iti ka l¹a _m b h ¹u h.

[pr¹an.en a : in a p r¹a n a; eti : ro tates; kal¹a : m in u te o f a rc;
bh¹u : E a rth .]

In on e pr¹an.a, the E arth rotates by an an gle of on e m in ute
of arc.

B u t m ore sig n ī can t is ¹A ryab h a t.a's accu ra te estim ate
of th e d u ratio n of a sid erea l d ay. W e ¯ rst d e¯ n e th e
sid erea l y ea r.

S id e re a l S o la r Y e a r

A solar year is th e p erio d of E arth 's revo lu tion aro u n d
th e S u n . F o r an ob serv er on E a rth , it is th e tim e taken
b y th e S u n to com p lete on e orb it in its an n u al p ath on
th e eclip tic. T h e d e¯ n ition , so fa r, is a m b igu o u s! In
ord er to d e¯ n e a com p lete o rb it, th ere h a s to b e so m e

sta n d ard of referen ce to b e u sed as a startin g p oin t.
In fact, d ep en d in g on th e ch o ice of th e referen ce p oin t,
th ere are d i® eren t ty p es o f solar years.

O n e su ch referen ce p oin t is g iv en b y th e lin e jo in in g th e

S u n an d som e sp ecī ed `̄ x ed sta r'. A sidereal solar year
or n irayan a sauravars.a is th e tim e in terval b etw een tw o
su ccessiv e crossin g s of th is lin e b y th e E a rth . E q u iva -
len tly, in th e celestial sp h ere m o d el, a sid ereal solar year
is th e tim e in terva l b etw een tw o su ccessive p assa ges of

S u n th rou g h th e sam e poin t on th e eclip tic relative to
the ¯ xed stars. W e clarify h ere th a t w e are con sid erin g
th e p ro jection alon g th e eclip tic of th e S u n 's com p o site
m ovem en t o n th e celestial sp h ere. T h u s, fo r ou r p resen t
p u rp ose, th e S u n w ill b e co n sid ered to b e at a p oin t X on

th e eclip tic w h en ever it reach es an y poin t o n th e circle
th rou g h X p a rallel to th e celestia l eq u a to r.

N ote th at th e n otion o f \sam e p oin t" is relative. F or
in stan ce, d u e to p recession , th e v̀ ern al eq u in ox ', a n oft-
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If one considers

the time interval

between two

successive

passages of the

Sun through the

vernal equinox,

one will get a  a

solar year different

from the sidereal

solar year.

u sed referen ce p oin t, is n ot ¯ x ed rela tive to th e ¯ x ed
sta rs. C on seq u en tly, if o n e co n sid ers th e tim e in terva l
b etw een tw o su ccessiv e p a ssa ges of th e S u n th ro u gh th e
vern al eq u in ox , on e w ill get a a solar year d i® eren t from
th e sid erea l solar year. (It is called th e tropical year or
s¹ayan a sauravars.a [s¹ayan a : w ith th e p recession ].)

A s th e S u n com p letes o n e orb it aro u n d E a rth , th e ¯ x ed
sta rs trav erse a little m ore th an on e o rb it in th e sa m e
tim e d u ra tio n . T h e d i® eren ce k eep s on a ccu m u la tin g .

S in ce, th e S u n retu rn s to a giv en p osition relative to
th e ¯ x ed stars (fo r th e ¯ rst tim e) a fter a sid ereal yea r,
th e cu m u la tiv e d i® eren ce am ou n ts to on e co m p lete ex tra
orb it in th e y ear. T h at is, if r d en o tes th e n u m b er of
tim es th e S u n (ap p a ren tly ) travels a rou n d th e E a rth in

a sid ereal y ea r (r is n ot an in teger), th en th e n u m b er of
orb its o f th e ¯ x ed sta rs a rou n d th e E a rth , in a sid erea l
year, is r + 1 . T h u s, in x sid ereal solar years, if th e S u n
m akes n o rb its aro u n d th e E arth w ith referen ce to th e
¯ x ed sta rs, th en th e sta rs th em selv es w ill m ake n + x
orb its arou n d th e E a rth , i.e., n m ea n so la r d ay s = n + x

sid erea l d ay s.

N u m b e r o f R o ta tio n s o f E a rth in 4 3 2 0 0 0 0 Y e a rs:

D u ra tio n o f a S id e re a l D a y

T h e ¹A ry ab h a t.¹³y a b egin s w ith an In vo catio n (G ¹³tik ¹a 1 ),
follow ed b y a d escrip tion of th e a lp h a b etical sy stem of
rep resen tin g n u m b ers (G ¹³tik ¹a 2) d iscu ssed in th e ap p en -

d ix w h ich follow s th is article. In G ¹³tik ¹a 3 { th e very ¯ rst
sta tem en t on a stron o m y p rop er { ¹A rya b h at.a m en tion s:

y u ga rav ib h ag an.¹a h. k h y u gh r.,¶sa¶sicaya giy i_n u¶su ch r.lr.,
k u _n i¶sib u n.l.s.k h r. p r¹ak ...

[ravi : S u n ; bhagan.a : revo lu tion ; khyughr. : 43 200 00 ;
¶sa¶si : M o on ; cayagiyi_n u¶suchr.lr. : 57 75 333 6; ku : E arth ;
_n i¶sibun.l.s.khr. : 15 822 37 500 ; pr¹ak : eastw ard ]
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3 To  arrive at the exact figure,

the reader is advised  not to

convert the given fraction to

decimal fraction � as is done

in some astronomy texts �

which would introduce round-

ing-off errors leading to avoid-

able approximations. Rather

convert the fraction to a mixed

fraction; multiply the proper

fraction part by 24; again con-

vert the product into mixed frac-

tion; multiply the proper frac-

tion by 60; etc.

In a yuga, the S u n revolves 4,320,000 tim es, the M oon
57,753,336 tim es, the E arth 1,582,237,500 tim es east-
w ard ...

T h u s, accord in g to ¹A ryab h at.a, th e n u m b er of eastw ard

rota tio n s of th e E a rth (i.e., th e n u m b er of sid erea l d ay s)
in 43 200 00 sid ereal so la r years is 1 58 223 75 00. It fol-
low s th at th e n u m b er of m ea n solar d ay s in th at p e-
rio d = 158 223 75 00 ¡ 43 20 000 = 15 77 917 500 . T h ere-
fore, in ¹A rya b h at.a's th eo ry, th e p erio d o f rota tion of

E a rth (eq u ivalen tly, th e d u ration o f a sid erea l d ay ) =
1 5 7 7 9 1 7 5 0 0
1 5 8 2 2 3 7 5 0 0

£ 24 h o u rs; w h ich w ork s o u t to b e 2 3 h o u rs
56 m in u tes 4.1 secon d s (as th e rea d er ca n easily v erify ).
G iven th at th e m o d ern va lu e is 2 3 h o u rs 56 m in u tes
4.09 1 seco n d s, ¹A rya b h at.a 's accu racy h ere is tru ly re-

m arkab le.

N ote th a t, b y ¹A rya b h at.¹³ya, a sid erea l solar year co n -
sists of 1 5 7 7 9 1 7 5 0 0

4 3 2 0 0 0 0 (= 365 1 1 1 7 54 3 2 0 0 ) m ean solar d ay s w h ich
is ex actly 3 65 d ay s 6 h o u rs 12 m in u tes 3 0 secon d s.3

In term s o f d ecim al fractio n s, ¹A ry ab h a t.a's estim ate of
th e d u ration of a sid ereal so la r year, u p to 5 d ecim a l
p laces, b ecom es 3 65.25 868 d ay s. T h e m o d ern estim ate
is 3 65 .2 563 6 w h erea s P tolem y 's valu e w a s 365 .2 46 66 ([1],
p 7 ).

H ow d id ¹A ry ab h a t.a a rrive a t th e estim ate of 1 582 23 750 0
rota tio n s (o r sid erea l d ay s) in 43 20 000 y ea rs? T h e o n ly
clu e is a n ob scu re ex p ression in v erse G ola 4 8:

k s.itirav iy og¹a d d in ak r.d ... p ras¹a d h ita h ...

F rom the con jun ction of ks.iti (E arth or the horizon ) an d
ravi (S un ) has been determ in ed the din akr.d (day-m aker,
S u n )...

T h e p h ra se \the con jun ction of the E arth an d the S un "
p o ssib ly refers to th e n u m b er o f su n rises in a sid erea l
so la r year. R ecall th a t (in K ¹alakriy¹a 5), it w as stated

In Aryabhata�s theory,

the period of rotation

of Earth (equivalently,

the duration of a

sidereal day)  =

(1577917500/

1582237500) 24

hours; which works

out to be 23 hours 56

minutes 4.1 seconds.

Given that the

modern value is 23

hours 56 minutes

4.091 seconds,

Aryabhata�s

accuracy here is truly

remarkable.
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th at d u e to th e co n ju n ctio n o f th e S u n a n d th e E arth ,

th e civ il (i.e., so lar) d ay s a re fo rm ed . T h u s, v ery p ro b -
ab ly, ¹A ry ab h a t.a ¯ rst m ad e an estim ate of th e n u m b er
of m ean so la r d ay s in a sid ereal so la r year, arrived at
an estim a te eq u iva len t to 36 5 1 1 1 7 54 3 2 0 0 , w h en ce h e got th e
in teger (4 320 000 £ 36 5 1 1 1 7 5

4 3 2 0 0
+ 4 320 000 = ) 15 822 37 500 .

T h e d u ra tio n of th e sid erea l solar y ea r w as p rob ab ly d e-
term in ed fro m a reg u la r a n d m eticu lou s reco rd o f th e
an g u la r d istan ces o f th e S u n fro m som e b rig h t star a n d

a com p ara tiv e stu d y of th e d ata fo r in terva ls o f 365 a n d
36 6 d ay s. T h is d ista n ce w as p ossib ly com p u ted b y o b -
serv in g th e tim e th at elap sed b etw een th e risin gs (or
settin g s) o f a b rig h t star a n d th e S u n .

A s th e len gth o f a so la r d ay is n o t co n stan t, th e d e-
term in ation o f th e sid erea l y ea r in term s of m ea n solar
d ay s w o u ld h ave req u ired ob serva tio n s ov er a lon g p erio d
of tim e. A p art from h is ow n o b servation s, ¹A ry ab h a t.a
m ig h t h ave h ad releva n t d ata b a sed o n o b servation s of

earlier astro n om ers. In fact, h is co m m en ta tor B h ¹aska ra
I (6 th cen tu ry ) said ([3 ], p .x x iv ): \T he old people re-
m em ber their yuga revolution s from con tin uity of tradi-
tion ."

J am es Q J acob s m a kes an in terestin g o b servation ([4]).
¹A ryab h a t.a's estim ate th a t 1,5 82 ,2 37,50 0 rota tio n s of th e
E a rth eq u a l 5 7,753 ,3 36 lu n a r orb its g iv es an ex trem ely
accu rate ratio 1 5 8 2 2 3 7 5 0 0

5 7 7 5 3 3 3 6
= 27:39 64 693 57 2 fo r th e n u m b er

of rota tio n s of E a rth p er lu n a r o rb it. It is co rrect u p to
seven d ecim a l d ig its { accord in g to m o d ern estim a tes,
th e va lu e in 500 C E w as 27 .3 96 465 14. T h e valu e for 200 0
C E is 2 7.396 462 89 . C u riou sly, th e correct valu e aro u n d
16 04 B C E w as 2 7.39 646 93 6 w h ich m a tch es ¹A ryab h at.a's
valu e u p to ten d ecim al d igits.

In th is con n ectio n , J acob s also p oin ts o u t th at ¹A ry ab h a -
t.a's estim ate for th e n u m b er of d ay s p er lu n a r o rb it is
27 .3 216 68 . T h is m atch es w ith th e co rrect valu e in h is
tim e (27.32 166 38 ) a gain u p to seven d ecim a l d igits; a n d

The duration of the

sidereal solar year

was probably

determined from a

regular and

meticulous record

of the angular

distances of the

Sun from some

bright star and a

comparative study

of the data for

intervals of  365

and 366 days.

I think the history of

Indian astronomy to

be as a whole the

most extraordinary

monument of history

of sciences, a very

epistemology by its

very self and perhaps

the most enlightening

knowledge of man�s

search for knowledge.

 � Roger Billard
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B o x 3 . In d ia n A str o n o m e r s b e fo r e ¹A r y a b h a t.a

As mentioned in the Ch¹andogya Upanis. ad (VII.1.2, 4) , n a ks.a tra -vid y¹a (science of aster-
isms) was among the core disciplines of study in the Vedic era. Astronomers were called
n a ks.a tra -d a r¶sa (star-observers) or ga n. a ka . The sage Atri (who was among the origina-
tors of the oldest Vedic hymns) and his descendants were distinguised for expertise in
accurate eclipse prediction and planetary astronomy. The R. g-Veda (V.40.5{9) describes
a solar eclipse observed by Atri (dated 3928 BCE in [5] , p.116; [6] , pp.173{174) . The
Taittir¹³ya Br¹ahman. a (III. 10.9) eulogises Ah¹³na, Devabh¹aga and ¶S¹us. a for attaining bliss
due to their absorption in the science of the Sun, i. e. , astronomy ([7] , pp.20{21) ; sage
M¹atsya is also mentioned (I.5.2, 1) in the context of astronomy.

Vr. ddha Garga is the most ancient astronomer referred to in post-Vedic treatises. The
Mah¹abh¹arata (XII.59.11) refers to him as the court-astronomer of the great King Pr. thu.
The epic (IX.37.14{17) mentions that a holy tirth a on the Sarasvat¹³ was named after the
Mahar. s. i as G a rga -sro ta (\stream of Garga" ) . This was the sacred place where Vr. ddha
Garga performed ascetic penance for self-puri¯cation and attained mastery over astron-
omy. R. s. is of high merit and rigorous discipline used to assemble here to acquire the
profound knowledge of astronomy from the venerated R. s. i.

Ancient Indian traditions mention a list of 18 astronomy texts called sid d h ¹a n ta s (\es-
tablished theories" ) named after S¹urya, Pit¹amaha, Vy¹asa, Va¶sis. t. ha, Atri, Par¹a¶sara,
K¹a¶syapa, N¹arada, Garga, Mar¹³ci, Manu, A _ngira, Loma¶sa, Puli¶sa, Cyavana, Yavana,
Bhr. gu and ¶Saunaka. Var¹ahamihira (505{587 CE) , himself a prominent astronomer, also
mentions Vis. n. ugupta, Asita-Devala, R. s. iputra, Maya, B¹adar¹ayan. a and Nagnaj it. Many
of the treatises by the above astronomers got lost even by the time of Var¹ahamihira;
none are available in their original forms.

While considerable astronomical knowledge is embedded in early Vedic literatures, the
oldest available treatise devoted exclu sively to astronomy is the V ed ¹a _n ga J yo tis.a (c. 1300
BCE vide [6] ) composed by sage Lagadha. The V ed ¹a _n ga era represents a transitional
period in Indian civilisation when the Vedic culture was on the wane and there was a
consequent attempt to organise and formulate the extant knowledge and systematise
them into various branches called ¶S ¹a stra s.

¹Aryabhat.¹³ya (499 CE) is the earliest extant astronomy treatise after the Ved¹a _nga Jyotis. a.
It was composed during the \Classical Age" of post-Vedic India. Towards the beginning
(Gan. ita 1) and the end (Gola 48{50) of his text, ¹Aryabhat. a had made a general acknowl-
edgement of his predecessors.

even m o re w ith th e correct valu e in 160 4 B C :2 7.321 668 01 .

T h e va lu e fo r 20 00 C E is 2 7.321 66 120 .

O n e th en w o n d ers w h eth er ¹A rya b h at.a 's estim ate w a s
b ased on a n aston ish in gly accu ra te an cien t In d ia n so u rce

d atin g b ack to 1 60 0 B C E . P erh a p s th ere w ere gifted a s-
tron o m ers in th a t rem ote p ast. (S ee B ox 3.) ¹A ry ab h a t.a

¹
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tron o m ers in th a t rem ote p ast. (S ee B ox 3.) A ry ab h a t.a
h im self m en tio n s (G ola 5 0) th at ¹A rya b h at.iya p resen ts
\th e etern a l tru th s of astron om y w h ich w ere fo rm erly
revealed b y S v ¹a yam b h u ". B u t w h o w a s \S v ¹a yam b h u "?

It is an op en q u estion .

A n a tu ral q u estio n on th e verse in G ¹³tik ¹a 3: W h y th e
tim e-scale of 4 32 000 0 y ears? W e sh a ll d iscu ss it in th e
n ex t p art of th is article. W e sh all also see ¹A ryab h at.a's

p rin cip le o f rota tio n in h istorica l p ersp ectiv e.

Appendix

Arbyabhata�s Alphabetical Coding of Large Numbers

A n d w h e n th e a n c ie n t In d ia n s ch o se m o re o fte n th a n n o t to th ro w w h a te v e r th e y
w ish e d to e n d u r e , e v e n p h ilo so p h y , sc ie n c e a n d la w , in to m e tr ic a l fo rm , it w a s n o t
m e r e ly to a id th e m e m o ry , { th e y w e r e a b le to m e m o rise h u g e p ro se B r a h m a n a s
q u ite a s a c c u r a te ly a s th e V e d ic h y m n a l o r th e m e tr ic a l U p a n ish a d s, { b u t b e c a u se
th e y p e r c e iv e d th a t m e tric a l sp e e c h h a s in itse lf n o t o n ly a n e a sie r d u ra b ility , b u t
a g r e a te r n a tu r a l p o w e r th a n u n m e tr ic a l, n o t o n ly a n in te n se r v a lu e o f so u n d , b u t
a fo rc e to c o m p e l la n g u a g e a n d se n se to h e ig h te n th e m se lv e s in o rd e r to fa ll ¯ tly
in to th is stric te r m o u ld . [S r i A u ro b in d o in T h e F u tu re P oetry, p 1 8 { 1 9 .]

Texts in ancient Indian science were composed in verses and brevity was considered a desirable
attribute for a scienti¯c treatise. The richness and °exibility of the Sanskrit language were used
e®ectively to devise terms in mathematics, astronomy and other sciences which were not only
suggestive of the underlying concepts but also enabled important scienti¯c statements to be
encapsulated brie°y in verse form. One serious di±culty for the authors of works on astronomy
was the problem of e±cient and harmonious representation of large numbers while preserving
the metres of the verses. We show how ¹Aryabhat. a blended his linguistic and mathematical
skills to ¯nd an interesting solution to this challenge.
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Recall that the Sanskrit alphabet is based on the scienti¯c phonetic principle of \one sound one
symbol" and that, in a written word (as in speech) , a vowel of a syllable tends to coalesce with
its preceding consonant so that each syllable usually gets denoted by a single symbol. Making
an ingenious use of this phonetic alphabet, ¹Aryabhat. a invented a novel scheme for representing
large numbers with only a few letters. It was, in essence, akin to a place-value system with base
hundred { the consonants of the Sanskrit alphabet denoting numerals and the vowels attached
to the consonants indicating their respective place-values (in the sense of \powers of 100" and
not literal positions) .

Before quoting ¹Aryabhat. a's verse, we explain his scheme in a convenient form. We ¯rst discuss
his representation of numbers up to 101 8 . Let the vowels of the Sanskrit alphabet (in usual
order) denote the powers 100n (= 102 n ) (0 · n · 8) { the same value is to be attached to a
short vowel and its corresponding long vowel (this step was taken probably to avoid confusion
during oral transmission) . Thus the assignment:

a = ¹a = 1; i = ¹³ = 102 ; u = ¹u = 104 ; r. = 10
6 ; l. = 10

8 ; e = 101 0 ; o = 101 2 ; a i = 101 4 ; a u = 101 6 .

Assign to the twenty-¯ve \va rga " (classed) consonants from k to m the numbers (rather numer-
als) from 1 to 25:

k = 1; kh = 2; g = 3; gh = 4; _n = 5;

c = 6; ch = 7; j = 8; jh = 9; ~n = 10;

t. = 11; t.h = 12; d. = 13; d.h = 14; n. = 15;

t = 16; th = 17; d = 18; d h = 19; n = 20;

p = 21; p h = 22; b = 23; bh = 24; m = 25.

The above 25 letters are called va rg¹a ks.a ra as they are classi¯ed into 5 va rga s (classes) { k-va rga ,
c-va rga , etc, each with 5 letters.

The syllable formed by joining a vowel with value 102 x to a varga letter with value z is assigned
the number z £ 102 x . Thus, kh u = 2 £ 104 ; gh r. = 4 £ 106 ; _n i = 5 £ 102 ; n.l. = 15 £ 108 ; bu
= 23 £ 104 ; etc. This already enables one to represent any number of the form z £ 102 x for
1 · z · 25 and 0 · x · 8 with just a single alphabetical symbol. In particular, any number of
the form z £ 102 x (1 · z · 9) or q £ 102 x + 1 (1 · q · 2) , where 0 · x · 8, can be represented
by a single syllable.

Now use the eight \a va rga " (unclassed) consonants to represent a digit q , 3 · q · 10, occurring
in a number of the form q £ 102 x + 1 (0 · x · 8) , by assigning values:
y = 30; r = 40; l= 50; v = 60; ¶s = 70; s. = 80; s = 90; h = 100.

Thus yu = 30 £ 104 (= 3 £ 105 ) ; ¶si = 70 £ 102 (= 7 £ 103 ) ; s.r. = 80 £ 106 (= 8 £ 107 ) .
The largest number covered so far is h a u = 101 8 . For numbers larger than 101 8 , use the nine
distinct vowels suitably, as above, in blocks of 18. (For instance, vowels with a n u sv¹a ra ( _m)
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could be used to denote the places between 101 8 and 103 6 . )

While each of the numbers from 1 to 25 and the ¯rst ten multiples of 10 can be represented
by a single letter, all other numbers within 100 can be represented by two letters. Thus an
n -digit number gets represented verba lly using at most n alphabetical characters; usually much
fewer symbols is needed. For instance, the two-syllabic \ khyughr. " denotes the 7-digit number
(2 + 30) £ 104 + 4 £ 106 = 432 £ 104 ; while the ¯ve-syllabic \ _ni¶sibun. l. s. khr. " denotes the 10-digit
number 5 £ 102 + 70 £ 102 + 23 £ 104 + 15 £ 108 + (80 + 2) £ 106 = 1582237500.

Since the role of \place-values" in this scheme is played by vowels and not by actual \places" ,
a permutation of positions of the syllables does not alter the numbers (unlike the decimal
place-value notation) { for instance, both m a n i and n im a represent the same number 2025.
Thus, while ¹Aryabhat. a's scheme extracts that aspect of the place-value notation (the idea of
expressing numbers through powers of x using x numerals) which results in conciseness, it
bypasses the rigidity of position inherent in a place-value scheme. Also note that numbers can
have various representations { the number 30 could be denoted by the ¯rst a va rga letter ya as
well as by a combination of the two va rga letters _n a and m a [=5+25] ; 43 by r¹a ga [40+3] or
by n a ba [20+23] . For the purpose of versi¯cation, such °exibility and scope for variations were
desirable.

In G¹³tik¹a 2, the ¯rst technical verse in ¹Aryabhat.¹³ya (G¹³tik¹a 1 being an Invocation) , ¹Aryabhat. a
gave a strenuously terse description of the system in the form of a rule giving a correspondence
between his centesimal alphabetical notation and the decimal place value notation:

varg¹aks. ar¹an. i varge'varge'varg¹aks. ar¹an. i k¹at _nmau yah.

khadvinavake svar¹a nava varge'varge nav¹antyavarge v¹a

[va rga : class, classed, block, square; a ks.a ra : letter; kh a : zero, void, hollow, sky; d vi: two,
double; n a va : nine; sva ra : vowel; a n tya : last, following; v¹a : or, and, as, like. ]

T h e va rga letters, begin n in g w ith k, [a re to be u sed ] in th e va rga [p la ces], th e a va rga letters in

th e a va rga [p la ces]; [in su ch a w a y th a t] _n a p lu s m a equ a ls ya . T h e n in e vo w els [a re to m a rk

th e eigh teen ] zero s fo rm ed by th e n in e pa irs o f va rga a n d a va rga [p la ces]. A like [p roced u re is

to be repea ted u sin g] n in e [vo w el-sym bo ls] fo r th e su bsequ en t blocks [o f eigh teen va rga , a va rga
p la ces].

The readers would have noticed a d o u ble en ten d re in the verse. In Sanskrit, the two terms va rga
and a va rga denote, respectively, classed and unclassed (consonants) as well as perfect squares
and non-squares. Here the decimal places are also being called va rga or a va rga depending on
whether the underlying power of ten is a perfect square 102 x or is a non-square 102 x + 1 . In each
block of 18 decimal places, each of the nine distinct vowels is associated with two consecutive
decimal places { one va rga (102 x ) and one a va rga (102 x + 1 ) : a is associated with the unit's place
and the ten's place, i with the hundred's place and the thousand's place, and so on. The va rga
consonants are meant for va rga places; the a va rga for a va rga places. For a number like 2500,
denoted m i, one has to conceive the va rga numeral m for 25 as being attached to the va rga
place 102 while for a number like 9000, denoted si, one sees the a va rga digit s for 9 as being
put in the a va rga place 103 .
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Note the explicit use of a term for zero (kh a ) to denote a notational place { commentators like
Bh¹askara I and S¹uryadeva have clari¯ed that kh a denotes ¶s¹u n ya and that kh a d vin a va ke refers
to the eighteen [places] marked by zeros. Thus, unless a speci¯c consonant-numeral occupies a
certain place (10x ) in a number, by default, the place gets marked by a zero. We see here the
occurrence of the concept of the mathematical zero as a place-marker in a place-value system.

¹Aryabhat. a did not mention (or use) the alphabetical notation in the Gan. ita (mathematics)
section. The role of this innovation was consciously restricted to the concise representation
of large astronomical numbers in the G¹³tik¹a section. The notation was not suitable (and was
not meant to be used) for performing arithmetic operations. E±cient systems, based on the
decimal place value and zero, were already in vogue in India for that purpose. An intricate
application of these principles can be seen in ¹Aryabhat. a's algorithms for ¯nding square root
and cube root (Gan. ita 4,5) a slight variant of which is now taught in school arithmetic. In
the very second (and the ¯rst technical) verse of Gan. ita, ¹Aryabhat. a described the decimal
system. Verbal decimal nomenclature (the number-vocabulary that we use in speech in Sanskrit-
based vernaculars) dates back to the Vedic Sa _mhit¹a composed in a period of remote antiquity.
Expressions like sa p ta ¶sa t¹a n i vi _m ¶sa tih. (720) , sa h a sr¹a n.i ¶sa t¹a d a¶sa (1110) and s.a s.t.i _m sa h a sr¹a

n a va ti _m n a va (60099) occur in the R. gveda (I.164.11, II. 1 .8, I.53.9) ; a verse of Medh¹atithi in
the V¹ajasaney¹³ Sa _mhit¹a (XVII.2) of the ¶Sukla Yajurveda contains a list of single-word-names
for powers of ten up to 101 2 { each decuple term de¯ned as ten times its predecessor.

The idea of using letters to denote numbers can be traced to the great ancient grammarian
P¹an. ini (c. 700 BCE vide [1 ] ) who used vowels of the Sanskrit alphabet to signify numbers (a=1,
i=2, u=3, etc.) . ¹Aryabhat. a might have also been in°uenced by Sanskrit grammar and prosody
where single consonants have sometimes been used to de¯ne objects to which frequent references
have to be made. The trick of employing a base-100 scheme for codifying large numbers might
have been inspired by the occasional use of the centesimal scale in Vedic literature (see [2] , p
31 , for examples) . For instance, in the Taittir¹³ya Upanis. ad (II.8) , a centesimal scale is adopted
to describe di®erent orders of bliss; it is said that Brahm¹ananda (the bliss of Brahman) is 1001 0

times a unit of human bliss.

It appears that ¹Aryabhat. a's system was not used by subsequent astronomers (except during
commentaries on his relevant verses) . Some of the words became too complicated for pronun-
ciation (as the readers would have noticed) . Besides, the system does not provide su±cient
variety for sustained versi¯cation. Later Indian astronomers either continued with the stan-
dard verbal decimal terminology (now prevalent) and another ancient decimal word-numeral
system often called the \Bh- ¹utasa _nkhy¹a" (whose roots too can be traced to Vedic literature)
or adopted a Classical alphabetical decimal notation called \Kat. apay¹adi" . The originator of
Kat. a- pay¹adi is not known; but it is presumed that ¹Aryabhat. a knew the Kat. apay¹adi system
{ his commentator ¶S¹urya- deva remarked that the letters k¹a t had been used by ¹Aryabhat. a (in
G¹³tik¹a 2) to distinguish his method from the Kat. apay¹adi.

In the Bh¹utasa _nkhy¹a [B h ¹u ta : occurrence, existing, consisting of; S a _n kh y¹a : number, sum, total] ,
a digit n was denoted by the name of a well-known object or idea which usually occurs with
frequency n (or has n components) . For instance, ca n d ra (or any of the several synonyms for
Moon) stood for one, n etra (eyes) for two, k¹a la (Time: past-present-future) for three, y u ga
(satya-tret¹a-dv¹apara-kali) for four and so on; synonyms for the sky (like kh a , ¶s¹u n y a , p ¹u rn.a ,
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ra n d h ra ) were used for zero. (For a list of such word-numerals used in Indian mathematical texts,
see ([3] , pp.332-3) ) . The word-numerals within a number were usually arranged in ascending
powers of ten. The system was not concise { the number 4320000 would have a representation
like \¶S¹unya-kha-p¹urna-randhra-netra-k¹ala-yuga" . However, the numerous choices for a digit ,
often with profound nuances, helped not only in maintaining the rhythms of the verses but also
in infusing a poetic charm in the technical presentations. Due to this literary potential, word-
numerals were sometimes used by stalwarts in astronomy even after the invention of compact
alphabetical notations like Kat. apay¹adi and ¹Aryabhat. a's scheme.

The Kat. apay¹adi had four variants (see [1 ] for details and other notations) { we describe one
of them. It is a form of decimal place-value notation using letters of the alphabet in place of
numerical ¯gures; the letters written in ascending powers of 10 (the digit in the unit's place
written ¯rst followed by the digit in the ten's place to its righ t, and so on) . The nine consonants
from k to jh , as also the nine consonants from t. to d h , denoted (in usual order) the digits from
1 to 9; the ¯ve consonants from p to m denoted the digits 1 to 5 while the eight unclassed
consonants from y to h denoted 1 to 8. Thus 1 could be denoted by any of the letters ka , t.a , pa ,
ya (whence the name of the scheme) . The consonants ~n and n denoted 0. All pure vowels not
preceded by a consonant (i. e. , occurring at the beginning) also denoted 0. A vowel joined to a
consonant, or a consonant not joined to a vowel, did not carry numerical value. In a conjoined
consonant, only the last one would denote a digit.

Inspite of being a verbal system, the Kat. apay¹adi achieved the conciseness of a decimal place-
value notation { any n -digit number got represented by an n -syllabic word. While it did not have
the extreme brevity of ¹Aryabhat. a's scheme, it turned out to be more convenient than the latter
for ful¯lling metric requirements. For, although the Kat. apay¹adi had the rigidity of position im-
posed by its place-value character, it actually attained greater °exibility from the near-absolute
freedom in use of vowels and partial choices in use of consonants. The system provided consid-
erable scope for skilled authors to compose su±ciently brief but pleasant-sounding chronograms
often with connected meanings. For instance, the oft-used number 4320000 could be referred to
by the 7-syllabic word n ¹a n ¹a j~n ¹a n a p ra ga lbh a (n ¹a=~n ¹a=n a=0, ra=2, ga=3, bh a=4) which is much
less concise than ¹Aryabhat. a's 2-syllabic kh yu gh r. but more rhythmic and friendly; and certainly
far more concise than a word-numeral representation. Terms were sometimes coined in such a
manner that the Kat. apay¹adi value of the chosen word would encode some numerical feature
of the de¯ned concept. An interesting example is the word a n a n ta p u ra { an Indian name for
the lunar cycle. Apart from the literary nuance of the Moon's endless eastward (relative to
the ¯xed stars) orbit in the boundless sky [a n a n ta : endless, boundless, eternal, in¯nite, sky,
atmosphere; p u ra : abode, from or towards the east] , its Kat. apay¹adi value 21600 (a=0, n a=0,
ta=6, p u=1, ra=2) is the number of minutes in a pa ks.a (lunar half-month) : 15 £ 24 £ 60. It is
said ([4] , p.44) that the great philosopher ¶Sankara was so named since the Kat. apay¹adi value of
the name (215; ¶sa=5, ka=1, ra=2) indicated his birth-date { the ¯fth day of the ¯rst fortnight
of the second month in the Indian lunar calendar.

The Kat. apay¹adi scheme became popular in South India, especially in Kerala. It is applied in
Karnatic (South Indian) music where the 72 J a n a ka (root) r¹a ga s are classi¯ed into 12 groups
of 6 r¹agas each and numbered systematically, according to their notes, in such a way that the
notes of a r¹aga can be quickly determined from the r¹aga number. The 72 r¹agas are named
in such a way that the Kat. apay¹adi value of the ¯rst two syllables of its name gives the serial
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number of the r¹aga and hence its notes. For further discussion, see ([4] ) .

The Greeks too used the 27 letters of their alphabet to denote numbers { the ¯rst nine letters
denoting numbers from 1 to 9, the next nine letters denoting the ¯rst nine multiples of 10 and
the remaining nine letters denoting the ¯rst nine multiples of 100. A stroke or dot was used to
indicate multiple of 1000 and the symbol M for multiplication by 10000.

The master-stroke of ¹Aryabhat. a's consonant-numeral system lies in the judicious application
of the place-value idea { the successful imparting of high place-values to the vowels (which, in
the Sanskrit script, tend to merge with the consonants) { to achieve an extreme compression
in the verba l depictions of numbers (making it much shorter than even the decimal place-
value notation) . Considering the central importance attached to ¹Aryabhat.¹³ya (c. 500 CE) ,
and the use of the scheme in crucial verses at the very outset of this in°uential treatise, the
understanding of ¹Aryabhat. a's coding in G¹³tik¹a 2 must have been indispensable for all serious
astronomy scholars. Subsequent astronomer-mathematicians would have imbibed its subtleties
and ¹Aryabhat. a's verse would thus have played a signi¯cant role not only in making the ideas
embedded in the place-value principle take deeper roots in the Indian mind but also in pushing
it towards an organised development of symbolic algebra. By the time of his brilliant successor
Brahmagupta (628 CE) , symbolism had become ¯rmly established in Indian mathematics and
algebra began to °ourish as a distinct discipline. It is signi¯cant that Brahmagupta mentioned
va rn. a { which means \letters of the alphabet" as well as \colour" { as symbols for the unknowns.
In later times, unknown variables were explicit ly named by distinct colours like k¹a la ka (black) ,
n¹³la ka (blue) , p¹³ta ka (yellow) , lo h ita (red) and so on, and symbolically represented by the ¯rst
letter of the respective colour-names { k¹a , n¹³, p¹³, lo , etc. The systematic use of letters of the
alphabet to denote unknown variables was a great step for the rapid progress of mathematics.
(See [5] for related observations. )

Thus, even though ¹Aryabhat. a's notation itself was not adopted, it is likely to have had a
profound impact on the mathematical thought in Classical India.

B ehind an d before this an alytical keen ness, covering it as in a velvet sheath, w as the other great m en tal
peculiarity of the race { poetic insight. Its religion, its philosophy, its history, its ethics, its politics
w ere all inlaid in a ° ow er-bed of poetic im agery { the m iracle of lan guage w hich w as called S anskrit or
\perfected", len din g itself to expressin g and m an ipulating them better than any other ton gue. T he aid
of m elodious n um bers w as invoked even to express the hard facts of m athem atics.

{ S w am i V ivekananda V I.157{8.
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