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Increase of Entropy and the Arithmetic–Geometric Mean

It is instructive to work out the change in entropy when two
identical blocks of the same material but at different tempera-
tures are brought together into thermal contact. The system as a
whole is thermally isolated.

Let T1 and T2 be the absolute temperatures of the two bodies.
Assume T1 > T2. When they attain thermal equilibrium both
will reach a common temperature T given by:

T1 – T = T – T2
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Now the change in the entropy of each body is given by:

Here m = mass  and  s = specific heat, Ti  and Tf  are the initial and
final temperatures of the body. Hence, the net change in entropy
is

�
Now  T = (T1 + T2 )/ 2 is the arithmetic mean between  T1  and  T2

and it is greater then the geometric mean  T T
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 .

Therefore the entropy increases and this can be looked upon as a
physical manifestation of the arithmetic mean being greater than
the geometric mean.

Arithmetic-Geometric Mean

Recall the identity  (T1  +  T2 )
2 = ( T1  – T2 )

2  +  4T1 T2

so  that

> 1 as T1 , T2 are positive

Taking square roots, 
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A.M  > G.M.

It is interesting to note that the increase in entropy is related to the fact AM > GM. In this context we may

recall an interesting result due to Gauss (see Suggested Reading) .

Let a,b be positive numbers with a > b. Consider the arithmetic  and geometric mean,

        a1 = (a  + b)/2,   b1 = (ab)1/2

       a2  = (a1 + b1)/2,  b2 = (a1 b1)
1/2

an + 1 = (an + bn)/2,  bn+1 = (an bn)
1/2   .

Gauss showed that an, bn converge to the same limit.
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� G Almvist, B Berndt,
Arithmetic - Geometric
Mean.  American Mathe-
matical Monthly. pp. 585-
607, January 1987.
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