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Introduction and motivation

Symmetry is very important in mathematics and physics.

Typically, symmetry helps solving (algebraic/differential)
equations.

Often the structure and representation theory of the group
of symmetries contain important information about the
system, famous example: Wigner’s classification of
elementary particles using group theory.

Classically, symmetry means group actions.

Generalization : groups replaced by quantum groups, e.g.
integrable models.
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What are quantum groups?

Algebraically: they are Hopf algebras.

A Hopf algebra is a unital algebra Q (over a field k , say)
with homomorphisms Δ : Q → Q⊗alg Q (‘co-product’ or
‘co-multiplication’), ε : Q → k , anti-homomorphism
κ : Q → Q satisfying
m ◦ (id⊗ κ) ◦Δ = m ◦ (κ⊗ id) ◦Δ = ε(·)1,
(id⊗ ε) ◦Δ = (ε⊗ id) ◦Δ = id, where m is the
multiplication map.

‘Classical’ examples : (i) algebra of functions on a finite
group G , (ii) convolution algebra of a finite group, (iii)
universal enveloping algebra U(L) of a Lie algebra L, (iv)
O(G ), the coordinate algebra of an algebraic group etc.
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Quantum groups coming from deformation

A favourite procedure to obtain model of quantum
physics: some sort of deformation (Rieffel-deformation,
cocycle twists etc. more general algebraic deformations...)
of classical phase-space.

Drinfeld and Jimbo constructed many new quantum
groups (Hopf algebras) by ‘deforming’ the algebraic
relations of U(L) for Lie algebras of compact simple Lie
groups. For example, Uq(SL(2))...dually, one has deformed
coordinate algebras, e.g. SLq(2) etc.

Woronowicz proposed an analytic theory of quantum
groups (‘compact quantum groups’)...then Vaes,
Kustermans defined locally compact quantum groups too.
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compact quantum groups

Definition

A C ∗ algebra is a Banach algebra with an involution ∗
satisfying ‖x∗‖ = ‖x‖ and ‖x∗x‖ = ‖x‖2.
Gelfand’s Theorem states that commutative C ∗ algebras are
precisely C0(X ) for locally compact Hausdorff spaces.

Definition

A compact quantum group (CQG for short) a la Woronowicz
is a pair (A,Δ) where A is a unital C ∗-algebra, Δ is a
coassociative comultiplication, i.e. a unital C ∗-homomorphism
from A to A⊗A (minimal tensor product) satisfying
(Δ⊗ id) ◦Δ = (id⊗Δ) ◦Δ, and linear span of each of the
sets {(b ⊗ 1)Δ(c) : b, c ∈ A} and {(1⊗ b)Δ(c) : b, c ∈ A} is
dense in A⊗A.
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Co-actions

A CQG which is commutative as a C ∗ algebra is
isomorphic with C (G ) for a compact group G , with
Δ(f )(g , h) = f (gh).

Every CQG contains a canonical dense Hopf algebra.

Definition

We say that a CQG (A,Δ) co-acts on a (unital) C ∗-algebra C
if there is a unital ∗-homomorphism α : C → C ⊗A such that
(α⊗ id) ◦α = (id⊗Δ) ◦α, and the linear span of α(C)(1⊗A)
is norm-dense in C ⊗ A.

This generalizes group actions on spaces: for G acting on X ,
write α(f ) ∈ C (X )⊗ C (G ) ≡ C (X × G ) by
α(f )(x , g) = f (gx).
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Quantum Isometry Group

Isometry groups are very important in geometry and
physics, so it is natural to look for their generalization in
the quantum world.

Motivated by the work of Wang, Banica, Bichon and
others on ‘quantum permutation groups’ and ‘quantum
automorphism groups’ of finite sets or finite dimensional
matrix algebras, we formulate a notion of quantum
isometry groups.

There is a framework of ‘noncommutative geometry’
proposed by the Fields medalist Alain Connes , which is
based on (noncommutative) C ∗ algebras and operators.
This theory aspires to give a model for ‘quantum gravity’.
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In Connes’ theory, a ‘noncommutative manifold’ means a
‘spectral triple’, i.e. a unital ∗-subalgebra A of B(H) (H
separable Hilbert space), an (unbounded) self-adjoint
operator D on H such that [D, a] ∈ B(H) ∀a ∈ A.
Classical examples: A = C∞(M), D spin Dirac operator
or d + d∗ on the Hilbert space of forms.

In analogy with Wigner’s classification, it may be
interesting to consider ‘quantum group of isometries’ or
even more general quantum group symmetries (i.e.
co-actions) on the noncommutative algebras modeling the
‘space-time’ in such a theory.

Classically, a smooth map γ on a Riemannian manifold M
is a Riemannian isometry if and only if the induced map
f 
→ f ◦ γ on C∞(M) commutes with the Hodge
Laplacian L = −d∗d on functions.
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Under mild conditions, there is an analogue of Hodge
Laplacian for a spectral triple (A,H,D), say LD , hence it
makes sense to define a co-action α of a compact
quantum group Q on A isometric if
α ◦ LD = (LD ⊗ id) ◦ α, or more rigorously, for every
bounded linear functional ω on Q, αω := (id⊗ ω) ◦ α
leaves the domain of LD invariant and commutes with it.
We can consider a category with objects (Q, α) where Q
is a CQG with an isometric coaction α. Morphisms are
quantum group morphisms intertwining the coactions.

I have proved the following (Comm Math Phys 2009):

Theorem

There exists a universal object (denoted by QISO(D), called
the quantum isometry group)) in the category of CQG acting
isometrically on (A,H,D).
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Examples...QISO=ISO for classical

It is possible to consider the classical Riemannian manifold as a
spectral triple a la Connes and ask for its QISO, say QISO(M).
If M is disconnected, with at least 4 components, it is possible
to get a genuine (not C (G )) quantum group as the QISO of
M. However, we have

Theorem

If M is a compact, connected Riemannian manifold,
QISO(M) = C (ISO(M)), i.e. there are no genuine quantum
isometries.

Moreover, we proved that the functor QISO commutes with
the functor of some class of deformation (called Rieffel
deformation) and inductive limit, so QISO of a noncommutative
manifold obtained by Rieffel-deforming a classical (compact,
connected) manifold M is the deformation of the ISO(M).
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A few noncommutative examples

Aθ, the universal C ∗ algebra generated by unitaries U,V
such that UV = e2πiθVU, θ irrational. For a canonical
spectral triple on this algebra, the QISO is a direct sum of
4 copies of C (T2) and 4 copies of A2θ.

Free n-sphere, S+
n := C ∗{x1, . . . , xn, x∗i = xi ,

∑
i x

2
i = 1},

we get QISO to be the ‘free orthogonal group’, which is
the universal C ∗ algebra generated by xij , i , j = 1, . . . , n,
subject to x∗ij = xij ,

∑
k xikxkj = δij1 =

∑
k xkixkj ∀i , j .

This The coproduct is given by Δ(xij) =
∑

k xik ⊗ xkj . It
is a genuine CQG.

For the Podles sphere S2
μ,c we get QISO = SOμ(3) for a

suitable spectral triple.
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There are other versions of quantum isometries formulated
by me, with my students and collaborators , e.g analogue
of the orientation preserving isometry group and QISO for
compact metric spaces without any geometric structures.
Work in progress for formulation in the noncompact
situation.
An important conjecture: There cannot be any genuine
compact quantum group coaction on a compact connected
smooth manifold which are smooth in a natural sense.
This means there can be no non-classical symmetry of a
connected, smooth classical system.
For isometric coactions we have proved the above, also for
finite dimensional quantum groups.
Etingof and Walton have proven it in the purely algebraic
set-up of (co)actions of finite dimensional semisimple Hopf
algebras on commutative domains.
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Quantum permutation group (Wang):
Let X = {1, 2, ..., n}, G group of permutations of X . G can be
identified as the universal object in the category of groups
acting on X . For a simiar (bigger) category of compact
quantum groups co-acting on C (X ), Wang obtained the
universal object Pn which is the unital C ∗ algebra generated by
n2 elements qij s.t.

qij = q∗ij = q2ij ,
∑
i

qij = 1 =
∑
j

qij .

The coproduct is given by Δ(qij) =
∑

k qik ⊗ qkj , and the
co-action on C (X ) is given by α(χi ) =

∑
j χj ⊗ qji .

This CQG is naturally called ‘quantum permutation group’ of n
objects. It is genuine quantum group (i.e. noncommutative as
C ∗ algebra) for n ≥ 4.
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However, the cateogory of CQG co-acting on Mn does NOT
have a universal object!
Remedy (due to Wang): consider the subcategory of CQG’s
with co-actions preserving a given faithful state.
More precisely: For an n × n positive invertible matrix
Q = (Qij), let Au(Q) be the universal C ∗-algebra generated by
{ukj , k , j = 1, ..., di} such that u := ((ukj)) satisfies

uu∗ = In = u∗u, u′QuQ−1 = In = QuQ−1u′.

Here u′ = ((uji )) and u = ((u∗ij)). Coproduct given by
Δ(uij) =

∑
k uik ⊗ ukj .

Proposition

Au(Q) is the universal object in the category of CQG which
admit a unitary co-representation, say U, on the finite
dimensional Hilbert space Cn such that adU preserves the
functional Mn � x 
→ Tr(QTx).
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Quantum group actions on classical spaces

S+
n acts faithfully on the finite set of cardinality n. In a

similar way, one can get its action on smooth manifolds
with n components, so it is a genuine CQG action for
n ≥ 4.

There can be faithful action of S+
n on more interesting,

compact, connected sets (due to H. Hwang) formed by the
topological join of n copies of a compact connected set,
say the unit interval, gluing them at a common point. The
action ‘quantum permutes’ these copies in the natural
sense.

There are geunine (i.e. not commutative as a C ∗ algebra)
compact quantum group actions on connected algebraic
varieties (non-smooth!) as well: Etingof and Walton give
an example of C ∗(S3) action on the variety
{x , y ∈ R : xy = 0}.
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Example 1: Noncommutative Tori
(Bhowmick-Goswami 2009)

Consider the noncommutative two-torus Aθ (θ irrational)
generated by two unitaries U,V satisfying UV = e2πiθVU, and
the standard spectral triple on it described by Connes. Here,
A∞ is the unital ∗-algebra spanned by U,V ;
H = L2(τ)⊕ L2(τ) (where τ is the unique faithful trace on Aθ)

and D is given by D =

(
0 d1 + id2

d1 − id2 0

)
, where d1 and

d2 are closed unbounded linear maps on L2(τ) given by
d1(U

mV n) = mUmV n, d2(U
mV n) = nUmV n. ‘Laplacian’ L

given by L(UmV n) = −(m2 + n2)UmV n.

Theorem

(i) QISOL = ⊕8
k=1C

∗(Uk1,Uk2) (as a C ∗ algebra), where for
odd k, Uk1,Uk2 are the two commuting unitary generators of
C (T2), and for even k, Uk1Uk2 = exp(4πiθ)Uk2Uk1,
(ii) QISO+(D) ∼= C (T2).
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SUμ(2) (Bhowmick-Goswami 2009)

The CQG SUμ(2) μ ∈ [−1, 1] is the universal unital C ∗

algebra generated by α, γ satisfying: α∗α+ γ∗γ = 1,
αα∗ + μ2γγ∗ = 1, γγ∗ = γ∗γ, μγα = αγ, μγ∗α = αγ∗.,
and the coproduct given by : Δ(α) = α⊗ α− μγ∗ ⊗ γ,
Δ(γ) = γ ⊗ α+ α∗ ⊗ γ.

On the Hilbert space L2(h) (h Haar state),
Chakraborty-Pal described a natural spectral triple with

the D given by D(e
(n)
ij ) = (2n + 1)e

(n)
ij if n �= i , and

−(2n + 1)e
(n)
ij for n = i , where e

(n)
ij are normalised matrix

elements of the 2n + 1 dimensional irreducible
representation, n being half-integers.

QISO+(D) ∼= Uμ(2) = C ∗{uij , i , j =
1, 2, | ((uij)) unitary, u11u12 = μu12u11, u11u21 =
μu21u11, u12u22 = μu22u12, u21u22 = μu22u21, u12u21 =
u21u12, u11u22 − u22u11 = (μ− μ−1)u12u21}.
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Example 2: Podles spheres (Bhowmick-Goswami
2010)

The Podles sphere S2
μ,c is the universal C ∗ algebra

generated by A,B satisfying AB = μ−2BA,A = A∗ =
B∗B + A2 − cI = μ−2BB∗ + μ2A2 − cμ−2I .

S2
μ,c can also be identified as a suitable C ∗ subalgebra of

SUμ(2) and leaves invariant the subspace

K = Span{e(l)± 1
2
, m

: l = 1
2 ,

3
2 , ..., m = −l ,−l + 1, ...l} of

L2(SUμ(2), h).

R-twisted spectral triple given by:

D(e
(l)

± 1
2
, m

) = (c1l + c2)e
(l)

∓ 1
2
, m

, (where c1, c2 ∈ R, c1 �= 0),

R(e
(n)

± 1
2
, i
) = μ−2ie

(n)

± 1
2
, i
.

QISO+
R (D) = SOμ(3) ≡ C ∗

(
e
(1)
ij , i , j = −1, 0, 1

)
.
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Also, there are smooth faithful actions by genuine locally
compact quantum groups on noncompact, smooth,
connected manifolds (e.g. R) and even (at least
algebraically) on compact connected smooth manifolds as
well.

To summarize, there are genuine quantum actions on
classical connected spaces when either the space is
non-smooth or the quantum group is of non-compact
type, but if we demand the space to be compact and
smooth and the quantum group to be compact at the
same time, there seems to be a problem.

This leads to the conjecture made by the speaker :
There does not exist a faithful smooth (to be
defined) action by a genuine compact quantum group
on a smooth, compact, connected manifold
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Smooth CQG action

An action α of a CQG Q on M is called smooth if it maps
C∞(M) to C∞(M,Q) and the span of α(C∞(M))(1⊗Q)
is dense in C∞(M,Q) in the natural Frechet topology.

It can be proved that any smooth action α is
automatically injective, and in fact, there is a faithful
regular Borel measure on M which is preserved by α.

We call a Frechet-continuous C-linear map
Γ : Ω1(M) → Ω1(M,Q) a co-representation if Γ is
co-associative in the obvious sense and
Γ(ξf ) = Γ(ξ)α(f ) = α(f )Γ(ξ) for
ξ ∈ Ω1(M), f ∈ C∞(M).

Just as in case of a C ∗-action, given a smooth action α,
we can find a Frechet-dense unital ∗-subalgebra C of
C∞(M) on which α is an algebraic (co)-action of the
dense Hopf ∗-algebra Q0 of Q mentioned above.
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We use Sweedler type notation α(f ) = f(0)⊗ f(1) for f ∈ C.
We say that α preserves a Riemannian inner product
< ·, · > on M if
< df(0), dg(0) > ⊗f ∗(1)g(1) = α(< df , dg >) for all f , g ∈ C.
Isometric actions, i.e. actions commuting with Laplacian,
do preserve the corresponding Riemannain inner product.

Theorem

For a smooth action α, the following are equivalent:
(i) α admits a lift Γ ≡ dα as a co-representation on Ω1(M) as
above satisfying Γ(df ) = (d ⊗ id)(α(f )).
(ii) ∀x ∈ M, the algebra Qx generated by (χ⊗ id)α(f ) and
α(g), where χ is any smooth vector field and f , g ∈ C∞(M), is
commutative.
(iii) α preserves some Riemannian inner product on the
manifold.
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Smooth action of a classical group induces a
representation by differential on Ω1(M) but it is quite
nontrivial for smooth CQG action.

We can give examples of Hopf algebras (noncompact type
) co-acting on coordinate algebras of smooth varieties
which do not admit natural lifts to co-representations on
one-forms.

Let A ≡ C[x ] be the * algebra of polynomials in one variable
with complex coefficients and Q0 be the Hopf * algebra of the
quantum ax + b group, which is generated by a, a−1, b subject
to aa−1 = a−1a = I , ab = q2ba, where q is a real parameter,
and with the coproduct given by
Δ(a) = a⊗ a,Δ(b) = a⊗ b + b ⊗ I . We have a (co)action
α : k[x ] → k[x ]⊗Q0 given by α(x) = x ⊗ a+ 1⊗ b. Here
(d ⊗ id)(α(x)) and α(x) do not commute.
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The no-go theorem

Theorem

Let Q be a CQG which has a faithful, isometric action on a
compact, connected, smooth Riemannian manifold. Then Q
must be classical, i.e. C (G ) for some compact group G.
In other words, the quantum isometry group of any compact
connected Riemannian manifold M is C (Iso(M)).
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Sketch of proof of the main no-go theorem

Lemma

Let W be a subset with nonempty interior of some Euclidean
space RN . If a faithful action α of a CQG Q on X is affine in
the sense that α leaves invariant the linear span of the
coordinate functions and the constant function 1, then
Q ∼= C (G ) for some group G.

This follows from the following:

Lemma

Let A be a commutative unital algebra over C generated by a
finite set V := {x1, . . . , xn}, such that the natural linear map
from V ⊗sym V to A is injective (‘quadratic independence’).
Then no genuine Hopf algebra of compact type can have a
fairthful co-action on A leaving V invariant.
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Quick proof

For any basis {x1, . . . , xn} of V , {xixj : 1 ≤ i ≤ j ≤ n} is
linearly independent. Chose a basis {x1, . . . xn} and write the
co-action as α(xi ) =

∑n
j=1 xj ⊗ qji . Write Q = ((qij)). As Q0 is

of compact type and has a finite dimensional non-degenerate
co-representation on V , it must be unitarizable and we get
some invertible n × n matrix T such that the antipode κ is
given by Q ′ ≡ ((κ(qij))) = TQtT−1. Write S = T t

(transpose), and for two Q-valued n × n matrix A,B we have
the generalized Schur product A� B ∈ Mn2(Q), whose
(ik)− (jl)-th entry is aijbkl .
Using commutativity and quadratic independence:

(Q � Q) + σ(Q � Q) = (Q � Q)σ + σ(Q � Q)σ, (1)

σ flips two copies of Q. Applying the antipode:
(TQtT−1 � TQtT−1) + σ(TQtT−1 � TQtT−1) =
(TQtT−1 � TQtT−1)σ + σ(TQtT−1 � TQtT−1)σ.
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Taking transpose:
(S−1QS � S−1QS) + (S−1QS � S−1QS)σ =
σ(S−1QS � S−1QS)σ + σ(S−1QS � S−1QS).
Furthermore, using the basis {Sx1, . . . .Sxn}, we can replace Q
by S−1QS in (1) to get:
(S−1QS � S−1QS) + σ(S−1QS � S−1QS) =
σ(S−1QS � S−1QS)σ + (S−1QS � S−1QS)σ.
Combining the above equations we finally have

(S−1QS � S−1QS) = σ(S−1QS � S−1QS)σ,

i.e. the commutativity of elements of S−1QS , hence that of Q
too.
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Step 1: Lifting the isometric action

Begin with an isometric action α on a compact connected
Rieannian manifold M.

The condition of isometry gives a lift Γ = dα the
commutativity of the algebra Qx generated by
dα(f )(x), α(g)(x), f , g ∈ C∞(M), for every fixed x .

Using this we can construct a lift Γ := dα(k) on Λk(M)
(module of k-foms) which is a co-representation in the
sense discussed before s.t. Γ is equivariant, i.e.
<< Γ(ω), Γ(η) >>C∞(M,Q)= α(<< ω, η >>C∞(M)).

The Riammian metric gives a conjugate-linear
C∞(M)-module isomorphism between Ω1(M) between
vector fields and one-forms, and the set χ(M) of smooth
vector fields, so we can view Γ as a co-representation on
χ(M) as well.
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Using isometry, we show that the Levi-civita connection is
‘preserved’ in the following sense:
Γ(∇X (Y )) = ∇̃Γ(X )(Γ(Y )). Here, ∇ is the covariant
derivative operator corresponding to the Levi-civita
connection and ∇̃ is the extension of ∇ on (topological
tensor product) χ(M)⊗Q satisfying
∇̃X1⊗q1(X2 ⊗ q2) := ∇X1(X2)⊗ q1q2.

This implies α(φΓkij) ∈ Qx , where φ is any smooth
function supported in the domain of some coordinate chart
for which the Christoffel symbols are denoted by Γkij .

With little more calculations, this further implies a second
order commutativity: for each m ∈ M and local
coordinates (x1, . . . , xn) around m, the algebra generated

by {α(f )(m), ∂
∂xi

(α(g))(m), ∂2

∂xi∂xj
(α(h))(m) : f , g , h ∈

C∞(M)} is commutative.
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Step 3: Lifting it further

Commutativity of Qx further allows us to prove that Γ
naturally induces a ∗-homomorphic action α̃ (say) on
C∞(T (OM)), where T (OM) is the total space of the
orthonormal frame bundle on M, identifying C∞(T (OM))
with suitable completion of the symmetric algebra of the
C∞(M)-module Ω1(M).

The second order commutativity of α implies first order
commutativity for the lift α̃, hence using averaging trick
and other arguments, we get a Riemannian structure on E
for which α̃ is isometric.

Next, as E is parallelizable, hence has an embedding in
some Rm with trivial normal bundle (w.r.t. the
Riemannian metric chosen above) say N(E ), lift α̃ as an
isometric action Φ on some suitable ε-neighbourhood W
of E in the total space N ≡ Rm of N(E ).
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Step 4: Affine-ness of the action

It now suffices to prove that Φ is affine, so that Lemma 3.1 will
apply.

Let Dk
i = ∂

∂yi
Φ(yk), D

k
ij =

∂2

∂yi∂yj
Φ(yk), where y1, . . . , ym

are the standard coordinates of Rm. As Int(W ) is open
connected, it suffices to show that Dk

ij = 0 for all k , i , j .

As isometric actions satisfy second order commutativity,
Dk
ij and D l

m commute.

By the isometry condition of Φ:

N∑
l=1

D l
iD

l
j = δij1. (2)
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Applying ∂
∂yk

to equation (2), and using the commutativity

of D l
jk and D l

i ’s

N∑
l=1

(D l
ikD

l
j + D l

jkD
l
i ) = 0. (3)

An2×n ≡ ((A(ij),k)), with A(ij),k = Dk
ij ,

Bn×n = ((Bij = D i
j )), C := AB .

From (3)
C(ik)j + C(jk)i = 0. (4)

As C(ij)k = C(ji)k for all i , j , k , equation (4) gives

C(ik)j = C(ki)j = −C(ji)k = −C(ij)k = C(kj)i = C(jk)i .

So again by equation (4), C(ik)j = 0 for all i , j , k i.e.
C = 0, hence A = 0 as B is unitary.
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No-go result for finite dimensional quantum groups
without assumption of isometry

Assume Q to be finite dimensional. Etingof-Walton proved
that if Q is geuine, it cannot have a faithful algebraic co-action
(not assumed to be ∗-preserving) on any commutative domain.
Let us show how to combine their arguments with ours to
prove something similar for co-actions (in our sense, i.e.
smooth and ∗-preserving, but not a-priori isometric) on
C∞(M), for compact connected smooth M.
Let CS0(Q) be the set of coideal subalgebras of the finite
dimensional semisimple Hopf algebra Q, which is a finite subset
of a Grassmann manifold of a suitable dimension,
Cm := α(C∞(M))(m) ⊂ CS0(Q) and let M0 be the set of
m ∈ M for which dim(Cm) is a local maximum. Let As in
Etingof-Walton’s paper, we have : (i) M0 is open and dense,
and (ii) the map m 
→ α(C∞(M))(m) ∈ CS0(Q) (finite set
valued) is smooth for all m ∈ M0.
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Thus, α(C∞(M))(m) must be constant in any connected open
ball in M0. At this point our proof will differ from
Etingof-Walton, where the authors could have concluded
x 
→ Cx is globally constant from the irreducibility of X0 (in
their notation) and properties of the Zariski topology. But in
our case, M0 may be disconnected. Nevertheless, given
m ∈ M0, we get some open neighborhood Wm (depending on
m) of m such that Cx ≡ α(C∞(M))(x) = Cm for all x ∈ Wm,
hence (as Cm is commutative) α(f )(x) and α(g)(y) commute
for all f , g ∈ C∞(M) and x , y ∈ Wm. From this it is clear that
{(∂i1 ...∂ikα(f ))(m), ij ∈ {1, ..., n}, j ≥ 0} commute among
themselves for different choices of (i1, ..., ik), k ≥ 0. By
smoothness of α and density of M0, we get a similar
commutativity for all m ∈ M and using this, we can construct a
Riemannian metric for which α is isometric, along the lines of
proof of the main no-go theorem.
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Quantum isometry for metric spaces

The problem of formulating the notion of quantum isometry in
the more general set-up of metric spaces has been attempted
with partial success in [3], and also in [?] in the set-up of
Rieffel quantum metric spaces. For the results of the present
article, we shall only need the definition of [3].
It is proved in [3] that for a compact metric space (X , d) and
any faithful C ∗ action β of a CQG S on C (X ), the antipode,
say κ of S is bounded, so (id⊗ κ) ◦ β is a well-defined and
norm-bounded map on C (X ).
In view of this, given an action β of a CQG S (with faithful
Haar state) on C = C (X ) (where (X , d) is a compact metric
space), we say that β is ‘isometric’ if the metric
d ∈ C (X )⊗ C (X ) satisfies the following:
(idC ⊗ β)(d) = σ23 ◦ ((idC ⊗ κ) ◦ β ⊗ idC)(d), where σ23
denotes the flip of the second and third tensor copies.
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For S = C (G ) for a group G , this definition indeed
coincides with the usual definition of isometry.

The above definition of quantum isometry implies the
more general definition by Sabbe and Quaegebeur, and is
equivalent at least for finite metric space. But for a
general compact metric space we do not yet know if they
are equivalent or not.

Theorem

If (X , d) is isometrically embeddable in some Rn (with
Euclidean metric) then there exists a universal CQG
QISO(X , d) in the category of CQG’s acting isometrically on
X .



D.Goswami

Smooth action
on manifolds

The no-go
result and its
applications

Ideas of proof

Attempts for
metric spaces

Open
problems

Quantum isometry in terms of the Dirac operator
(Bhowmick-Goswami 2009 )

From the NCG perspective, it is more appropriate to have
a formulation in terms of the Dirac operator directly.
Classical fact: an action by a compact group G on a
Riemannian spin manifold is an orientation-preserving
isometry if and only if lifts to a unitary representation of a
2-covering group of G on the Hilbert space of square
integrable spinors which commutes with the Dirac
operator.

For a spectral triple (A∞,H,D) of compact type, it is thus
reasonable to consider a category Q′ of CQG (Q,Δ) having
unitary (co-) representation, say U, on H, (i.e. U is a unitary
in M(K(H)⊗Q) such that (id⊗Δ)(U) = U12U13) which
commutes with D ⊗ 1Q, and for every bounded functional φ on
Q, (id⊗ φ) ◦ adU maps A∞ into its weak closure. Objects of
this category will be called ‘orientation preserving quantum
isometries’.
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If Q′ has a universal object, we denote it by Q̃ISO+(D). In
general, however, Q′ may fail to have a universal object. We do
get a universal object in suitable subcategories by fixing a
‘volume form’...

Theorem

Let R be a positive, possibly unbounded, operator on H
commuting with D and consider the functional (defined on a
weakly dense domain) τR(x) = Tr(Rx). Then there is a

universal object (denoted by Q̃ISO+
R(D)) in the subcategory

of Q′ consisting of those (Q,Δ,U), for which
(τR ⊗ id)(adU(·)) = τR(·)1Q.
Given such a choice of R , we shall call the spectral triple to be
R-twisted.
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The C ∗-subalgebra QISO+
R (D) of Q̃ISO

+

R (D) generated by
elements of the form
{< (ξ ⊗ 1), adU0(a)(η ⊗ 1) >, a ∈ A∞, ξ, η ∈ H}, where
U0 is the unitary representation of Q̃ISO+

R(D) on H and

< ·, · > denotes the Q̃ISO
+

R (D)-valued inner product of

the Hilbert module H⊗ Q̃ISO
+

R (D), will be called the
quantum group of orientation and (R-twisted) volume
preserving isometries. A similar C ∗-subalgebra of

Q̃ISO+(D), if it exists, will be denoted by QISO+(D).
However, QISO+

R (D) may not have C ∗ action for
noncommutative manifolds (but has so for classical
manifolds).
Under mild conditions QISOL ∼= QISO+

I (d + d∗). where
d + d∗ is the ‘Hodge Dirac operator’ on the space of all
(noncommutative) forms.
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Application

Theorem

The (orientation and volume preserving) quantum isometry
group of a noncommutative manifold obtained from a classical,
connected, compact manifold by Rieffel-deformation or
cocycle-twist is a similar deformed of twisted version of the
(orientation-preserving) isoemtry group of the classical
manifold.

In particular, this gives us QISO of the spectral triples on
noncommutative tori and other similar examples. However, for
the class of equivariant spectral triples constructed by
Neshveyev and Tuset via Drinfeld-twist (not cocycles), we need
to do more work which are in progress. It seems that we can
prove a similar deformation result which will accommodate
these examples too, but we need to be a bit cautious to verify
all the details.
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Example 3: Free and half liberated spheres
(Banica-Goswami )

Free sphere: A+
n = C ∗

(
x1, . . . , xn

∣∣∣xi = x∗i ,
∑

x2i = 1
)
.

It has a faithful trace, and in the corresponding GNS space
we can construct a spectral triple for which the quantum
isometry group is the free orthogonal group

O+
n = C ∗

(
u11, . . . , unn

∣∣∣uij = u∗ij , u
t = u−1

)
.

Similarly, consider the half-liberated sphere:

A∗
n = C ∗

(
x1, . . . , xn

∣∣∣xi = x∗i , xixjxk = xkxjxi ,
∑

x2i = 1
)
.

Again, for a natural spectral triple on this, we get the
following the quantum isometry group: O∗

n =

C ∗
(
u11, . . . , unn

∣∣∣uij = u∗ij , uijuklust = ustukluij , u
t = u−1

)
.
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Sketch of proof for existence of QISOL

Let us give some ideas of a typical construction of quantum
isometry groups. Consider the approach based on Laplacian.

Let {eij , j = 1, . . . , di ; i = 1, 2, . . .} be the complete list of
eigenvectors of the Laplacian L, {eij , j = 1, . . . , di} being
the (orthonormal) basis for i-th eigenspace. recall that
these are actually elements of A∞, and let A∞

0 be the
span of these elements which is norm-dense in A by
assumption

We have to use the formalism of isometric quantum
family. Call (S, α) be such a family if S is a unital C ∗

algebra and α : A → A⊗ S is a ∗-homomorphism which
commutes with L, ie isometric, and also the linear span of
α(A)(1⊗ S) is norm dense in A⊗ S.
We first claim that the ‘connectedness assumption’ that
ker(L) = C1 implies α preserves the volume form τ .
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Proof of claim: for any state φ on S, consider the linear
map C := αφ = (id⊗ φ) ◦ α on A∞

0 which commutes with
the self-adjoint operator L, so leaves invariant each
eigenspace, in particular maps the vector 1 to itself, and its
orthocomplement (which is the direct sum of eigenspaces
of L) to itself too. For a ∈ A∞

0 , < 1, (a− τ(a)1) >= 0, so
τ(C (a))− τ(a) =< 1,C (a− τ(a)1) >= 0.
Thus, α extends to a unitary operator from
H⊗ S = L2(A, τ)⊗ S to , which maps eij ⊗ 1 to say∑

k eik ⊗ q
(i)
kj , and tracial property of τ implies that (q

(i)
kj )

give a copy of Au(Idi ). This identifies S as a quotient of
∗iAu(Idi ), say w.r.t. the ideal IS .
Now consider all the ideals of the form IS as above and
take their intersection, say I. One can prove that
(∗iAu(Idi )) /I is the universal quantum family of isometries
and is also a CQG, which is indeed the desired QISOL.
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Open problems to be investigated

Proving some general results about the structure and
representation theory of such quantum isometry groups.

Extending the formulation of quantum isometry groups to
the set-up of possibly noncompact manifolds (both
classical and noncommutative), where one has to work in
the category of locally compact quantum groups.

Formulating a definition (and proving existence) of a
quantum group of isometry for compact metric spaces ,
and more generally, for quantum metric spaces in the
sense of Rieffel. Some wrok in this direction is done by
Sabbe and Quaegebeur recently.
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QISO of deformed noncommutative manifolds
(Bhowmick-Goswami 2009)

Recall Rieffel deformation of C ∗ algebras and Rieffel-Wang
deformation of CQG. we give a general scheme for computing

quantum isometry groups by proving that Q̃ISO+
R of a

deformed noncommutative manifold coincides with (under
reasonable assumptions) a similar (Rieffel-Wang) deformation

of the Q̃ISO+
R of the original manifold.

Let (A,Tn, β) be a C ∗ dynamical system, A∞ be the algebra
of smooth ( C∞ ) elements for the action β., and D be a
self-adjoint operator on H such that (A∞,H,D) is an
R-twisted, θ-summable spectral triple of compact type.
Assume that there exists a compact abelian group T̃n with a
covering map γ : T̃n → Tn, and a strongly continuous unitary
representation Vg̃ of T̃n on H such that

Vg̃D = DVg̃ , Vg̃aVg̃
−1 = βg (a), g = γ(g̃).
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Theorem

(i) For each skew symmetric n × n real matrix J, there is a
natural representation of the Rieffel-deformed C ∗ algebra AJ in
H, and (A∞

J = (A∞)J ,H,D) is an R-twisted spctral triple of
compact type.
(ii) If QISO+

R (A∞
J ,H,D) and (QISO+

R (A∞,H,D))
˜J
have C ∗

actions on A and AJ respectively, where J̃ = J⊕ (−J), we have

QISO+
R (A∞

J ,H,D) ∼= (QISO+
R (A∞,H,D))

˜J
.

(iii) A similar conclusion holds for QISO+(A∞), QISO+(A∞
J )

provided they exist.
(iv) In particular, for deformations of classical spectral triples,
the C ∗ action hypothesis of (ii) or (iii) hold, and hence the
above conclusions hold too.
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To prove this lemma, we introduce the following notion. Let V
be a finite dimensional subspace of a (possibly infinite
dimensional) commutative algebra over any field. Let V (2)

denote the linear span of elements of the form vv ′, with
v , v ′ ∈ V . We call V to be quadratically independent if its
quadratic dimension equals n(n+1)

2 , where n = dim(V ). It is
easy to see that:

Lemma

The following are equivalent:
(i) V is quadratically independent.
(ii) For every basis {x1, ..., xn} of V , the set
{xixj , 1 ≤ i ≤ j ≤ n} is linearly independent.

We remark that if the underlying field is R, then quadratic
independence of V is clearly equivalent to the quadratic
independence of the complexification VC, as (V

(2))C ∼= (VC)
(2).
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Lemma

Let A ∼= C (X ) be a unital commutative C ∗ algebra and
x1, ..., xn be self-adjoint elements of A such that
Span{x1, ..., xn} is quadratically independent and A is the
unital C ∗ algebra generated by {x1, ..., xn}. Let Q be a
compact quantum group with a faithful injective action α on
A, such that α maps Span{x1, ..., xn} into itself. Then Q must
be commutative as a C ∗ algebra, i.e. Q ∼= C (G ) for some
compact group G.

Proof:
Fix any faithful state φμ on A coming from a Borel measure μ,
say. Consider the convolved state φμ = (φμ ⊗ h) ◦ α on A
which can be shown to be faithful Q-invariant state on the
∗-algebra generated by xi ’s.
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Let μ and H be the corresponding Borel measure and the
L2-space respectively, with the inner product < ·, · >φμ

. As A
is commutative and xi are self-adjoint, so are xixj for all i , j ,
and hence the inner product < xi , xj >φμ

’s are real numbers.

Thus, Gram-Schmidt orthogonalization on {x1, ...xn} will give
an orthonormal (w.r.t. < ·, · >φμ

) set {y1, ..., yn} consisting of

self-adjoint elements, with the same span as Span{x1, ..., xn}.
Replacing xi ’s by yi ’s, let us assume for the rest of the proof
that {x1, ..., xn} is an orthonormal set, there are Qij ∈ Q,
i , j = 1, . . . , n such that Q = C ∗(Qij , i , j = 1, . . . , n) and

α(xi ) =
n∑

j=1

xj ⊗ Qij , ∀i = 1, . . . , n.
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Since x∗i = xi for each i and α is a ∗-homomorphism, we must
have Q∗

ij = Qij ∀i , j = 1, 2, ..., n.
The condition that xi ,xj commute ∀i , j gives

QijQkj = QkjQij∀i , j , k , (5)

QikQjl + QilQjk = QjkQil + QjlQik . (6)

Now, α̃ : C (X )⊗Q → C (X )⊗Q defined by
α̃(A⊗ B) = α(A)(1⊗ B) extends to a unitary of the Hilbert
Q-module L2(X , μ)⊗Q (or in other words, α extends to a
unitary representation of Q on L2(X , μ)). But α keeps
V = Sp{x1, x2, ..., xn} invariant. So α is a unitary
representation of Q on V , i.e. Q = ((Qij)) ∈ Mn(Q) is a
unitary, hence Q−1 = Q∗ = QT := ((Qji )), since in this case
entries of Q are self-adjoint elements.
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Clearly, the matrix Q is an n-dimensional unitary representation
of Q. Recall that the antipode κ on the matrix elements of a
finite-dimensional unitary representation Uα ≡ (uαpq) is given by
κ(uαpq) = (uαqp)

∗.
So we obtain

κ(Qij) = Q−1
ij = QT

ij = Qji . (7)

Now from ( 5 ) , we have QijQkj = QkjQij . Applying κ we have
QjkQji = QjiQjk and

QljQki + QkjQli = QliQkj + QkiQlj ∀i , j , k , l .
Interchanging between k and i and also between l , j gives

QjlQik + QilQjk = QjkQil + QikQjl ∀i , j , k , l . (8)

Now, by (6 )-( 8 ) , we have
[Qik ,Qjl ] = [Qjl ,Qik ], i.e.
[Qik ,Qjl ] = 0.


