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Abstract. One-dimensional Jacobian elliptic quasi-exactly solvable second-order differ-
ential equations are obtained by introducing the generalized third master functions. It
is shown that the solutions of these differential equations are generating functions for
a new set of polynomials in terms of energy with factorization property. The roots of
these polynomials are the same as the eigenvalues of the differential equations. Some
one-dimensional elliptic quasi-exactly quantum solvable models are obtained from these
differential equations.
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1. Introduction

The spectral problems of non-relativistic quantum mechanics fall within two gen-
eral categories. In the former category, we have a small number of the so-called
exactly solvable problems, that is Schrédinger operators, the entire spectrum of
which can be determined with algebraic methods. The simplest example of such a
problem is given by harmonic oscillator. In the latter one, we have the Schrodinger
operators, the complete spectrum of which cannot be computed exactly, but can
only be approximated numerically at the very best. Over the past few decades,
there has been a fair amount of interest in trying to construct physically significant
systems which may not be exactly solvable, but in which only a part of the spec-
trum can be computed exactly by algebraic methods. In the early 1980s, Alhassid
et al, Balazs and Voros, Levine and collaborators and Gonzalez-Lopez et al [1-4]
introduced the concept of a ‘spectrum generating algebra’ to construct models for
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complicated molecules whose point spectrum could be analysed algebraically. In-
dependently, Ushveridze [5] and Turbiner [6] were led to define a class of spectral
problems which they called ‘quasi-exactly solvable’. During the last decade plenty
of quasi-exactly solvable spectral problems have been introduced [6,10-13]. Several
important physical applications of elliptic quasi-exactly solvable potentials have
been recently proposed in [14-19].

These potentials are especially interesting in that the quantum mechanical prob-
lem of a particle moving in a one-dimensional periodic potential is widespread in
different areas of solid state physics, periodic instanton theory (in double-well poten-
tial to find static configuration with non-zero energy we are led to Lame potential)
[20,21], molecular vibrations, etc. On the other hand, these potentials are employed
to study the spin systems. In recent years, important affairs on spin systems have
been conducted, for example the ones of Ulyanov and Zaslavskii [14]. They studied
the one-dimensional spin systems, using the effective potential method on the one-
and two-axis paramagnetic materials. To describe the spin systems, one may in-
troduce a potential so that the energy spectrum of the spin system coincides with
lower 2S5 + 1 energy levels of a particle moving in this potential [14]. The higher
energy levels have nothing to do with the under-consideration spin systems and this
is the same as factorization in quasi-exactly solvable models [11,13].

In ref. [13], some one-dimensional quasi-exactly solvable models have been ob-
tained using the generalized master function approach. As far as elliptic quasi-
exactly solvable potentials are concerned, these models have not been investigated,
using this method. Therefore, the importance of elliptic quasi-exactly solvable
potentials in different areas of physics (see above) motivated us to study these
potentials and find some new elliptic potentials using generalized master function
approach.

The paper is organized as follows: In §2 we generalize the usual second-order
master function to a master function of at most three-order polynomials, then the
most general elliptic quasi-exactly solvable differential operators which are related
to the generalized master functions of degree k = 3 are given. Also by expanding
their solutions in powers of variable X, and considering eigenvalue equation, we get
3-term recursion relations among their coefficients.

In §3 we derive possible one-dimensional elliptic quasi-exactly solvable differential
equations for k = 3 and relative quantum Hamiltonians using refs [22,23]. Finally,
84 is our conclusion.

2. Quasi-exactly solvable differential equations associated
with generalized master function

By generalizing master function A(x) of the order up to two [17] to polynomial of
the order up to k along with the non-negative weight function W(z), defined in
the interval (a,b) such that ﬁ%(A(x)W(m)) be a polynomial of degree at most
(k — 1), we can define the operator

L= —Wl(m) % (A(@W(@(i) + B(x), (2.1)
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where B(z) is a polynomial of order up to (k—2). It seems that by a simple change
of the independent variable,

dX

X:/W(w)dx or dx:W.

(2.2)

One can significantly simplify the present approach, reducing eq. (2.1) to the form

L= —A(X) S~ Ay 5+ BX), (Ax)y =L o)

where A = A(X)W?(X). The interval (a,b) is chosen so that we have
A(a) = A(b) = 0. (2.4)

It is straightforward to show that the operator L is a self-adjoint linear operator
which at most, maps a given polynomial of the order m to another polynomial of
the order (m + k — 2). Now, by appropriate choices for B(X) the operator L have
an invariant subspace of the polynomials of the order up to n.

Then by choosing the set of orthogonal polynomials {¢g, ¢1, ..., ¢, } defined in
the interval (a,b):

b
/ Om(X)on(X)dX =0, for m # n, (2.5)

as the bases, the matrix elements of the operator L on these bases will have the
following block diagonal form:

Lij=0, if{i<nandj>n+1}or{i>n+1andj<n} (2.6)

Since, according to the well-known theorem of orthogonal polynomials, ¢, (X) is
orthogonal to any polynomial of the order up to n — 1. Therefore, for matrix L we
get

L:rgg], (2.7)

where M is an (n+ 1) x (n + 1) matrix with matrix elements
b

and N is a matrix with the infinite elements defined as above with i, j > n+1. The
block diagonal form of the operator L indicates that by diagonalizing the (n + 1) x
(n+1) matrix M, we can find (n+1) eigenvalues of the operator L together with the
related eigenfunctions as linear functions of orthogonal polynomials {¢g, ¢1, ..., ¢ }.

In order to determine the appropriate B(X) for a given generalized master func-
tion A(X ), we Taylor expand those functions:
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R -
- AD(0) _, e d"A(X
A(X) = Z i!( )X . where A®(0) = d)<(i )‘ ) (2.9)
—~ X=0
< BY0) (@) d'B(X)
B(X) = Z; i X', where BY(0)= o (2.10)

Then, the existence of invariant subspace of the polynomials of order n of the
operator L leads to the following linear equations between the coefficients of the
above Taylor expansion:

Ali+2) B®
— (l+i+1 =0 2.11
G+ = =0 (211)
where
l=n, and i =1, 2, ey, K=2
l=n-—1, and ¢ =2, 3, ey, B—=2
l=n—k+4, and 1=k -3, k—2
l=n—k+3, and i=k—2
The number of the above equations, for a given value of k, is k=1 (k=2)  1f we

determine only the unknown function B(X), then the above %2(16_2) equations
should satisfy with (k — 2) coefficients of Taylor expansion of B as the only un-
knowns, since B(®) can be absorbed in the eigenspectrum operator L. Therefore,
we are left with (k — 2) unknowns to be determined, where the compatibility of eq.
(2.11) requires £ = 3, at most. On the other hand, if we add the coefficients of
Taylor expansions of A(X) to our list of unknowns (to be determined by solving
eq. (2.11)), then their compatibility conditions require that

(k—1)(k-2)

—1) >
2(k-1)> 5 ,

(2.13)
or k < 6, where further investigations show that we have at most k = 3, since for
k > 4 the coefficients A%*)(0) will vanish. Here we summarize the above-mentioned
discussion for k = 3.

In this case, B(X) is a first-order polynomial where B®W can be determined by
solving eq. (2.11):

2) -
B — %A(‘”(O), (2.14)

which is the only unknown in this case.

Definitely, we can determine n + 1 eigenspectrum of the operator L, simply by
diagonalizing the (n + 1) x (n 4+ 1) matrix M, since it is a self-adjoint operator in
Hilbert space of the polynomials and it has a block diagonal form given in eq. (2.7).
At the end of this section, we can determine its eigenspectrum analytically, using
some recursion relations.
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2.1 Recursion relation

Now we show that the eigenfunctions of the operator L are generating functions for
a new set of polynomials P, (E) where the eigenvalue equation of the operator L
leads to the recursion relation between these polynomials. Quasi-exactly solvable
constraints (2.11) will lead to their factorization, that is, P,y n+1(F) = Pry1(E)Qn
for N > 0, where Q is a polynomial of the order N and roots of the polynomials
P,+1(F) turn out to be the eigenvalues of the operator L. To achieve these results,
first we expand (X)), the eigenfunction of L as

Y(X) =Y Pu(E)X™, (2.15)

m=0

where eigenfunction equation

L(X) = E(X), (2.16)

can be expressed as

—A(X) > m(m = 1)Pp(B)X™? = (A(X))' > mPy(E)X™!

=2

+B(X) i P.(E)X™ =E i Pn(E)X™, (2.17)
m=0 m=0

which leads to the following recursion relations for the coefficients P, (FE):

((m + 1)221(1)) Ppi2(E) + <(m“)2(,m+2)[1<2) + E) Ppii(E)
N (77%(77;;L 2) i@ B(l)) Po(E) = 0. (2.18)

In order to have finite eigenspectrum, that is, quasi-integrable differential equation,
the above recursion relation should be truncated for some value of m = n, which
is obviously possible by an appropriate choice of B(!) as in eq. (2.14), which is in
agreement with the result of the previous subsection. Using the recursion relation
eq. (2.18), with BM) given in eq. (2.14), we get a factorization of the polynomial
Poyn+1(F) for N >0 in terms of P,41(E) as follows:

Prini1(E) = Poyi(E)Qn(E), N =0, (2.19)

where, by choosing the eigenvalue E as the roots of the polynomials P,.1(E), all
of the polynomials of the order higher than n will vanish.
By using eq. (2.15) we obtain eigenfunction ¥;(X) as

m=0

where E; are the roots of the polynomial P,41(E).
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The above eigenfunctions are the polynomials of order n, and hence they have
at most n roots in the interval (a,b), where, according to the well-known oscilla-
tion and comparison theorem of the second-order linear differential equation, these
numbers order the eigenvalues according to the number of roots of the correspond-
ing eigenfunctions. Therefore, we can say that the eigenvalues thus obtained are
the first n + 1 eigenvalues of the operator L. Using the recursion relation eq.
(2.18), we can evaluate the polynomials P,,(F) in terms of Py(E), where we have
chosen Py(E) = 1. We have evaluated the first three polynomials appeared in
Appendix B.

3. Quasi-exactly potential associated with generalized master function

By considering the eigenvalue equation

Ly(X) = E(X), (3.1)
and using the similarity transformation [22,23]

H(t) = AYY(X)L(X)A~V4(X), (3.2)

the eigenvalue equation of the operator L reduces to the Schrédinger equation as

d2
HO0(0) = (~ 4 + V(D)) o(0) = Eolo) (33
with the same eigenvalue E, where the eigenfunction (t) is defined as

o(t) = AVHX)(X). (3.4)

The new variable ¢ has been defined in terms of X by % = \/[l(X)7 and potential
V' in terms of ¢ is
A 3 (AP dA(t)

Vo= " s t O A0= "5 (35)

Also we can introduce the potential V' in terms of X:

vix) - A0 11685({%) L BX). (3.6)
One can easily show that
B b
/ At(t)H (1) (1) = / AX(X)L(X)(X). (3.7)

Hence block diagonalization of L leads to block diagonalization of H.
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Table 1. Cubic master functions and corresponding elliptic potentials.

A= 4X(k2X —D(X-1), X= en(t,k)?

dn(t,k)?

Vi= g CREXTSXHDT  6RX — 2 dkn(n+2)X

A =4X(X - k2)(X -1), X-= dn?(t,k)

cn2(t,k)

2 2 242
Vo = — g5 S e e +6X — 2K =2+ 4n(n+2)X

2
A =4X(1+EX)(1+ (K - 1)X), X = 7500

_ 1 (2R*(RP-1)X242 (8k2—4) X 44)? 2(k? 2
Vs = =35 Trgrnxererrnx2rix T O0F (k" —1)X +4k" -2
+4k2(K* — Dn(n +2)X
A =4X(X - 1)(X — k), X =5t

2 2 2,2
Vi= & <12)§g++(3;;44—kg';x>;<+;1§)g +6X —2—2k*+4n(n+2)X
As =4X(X - DA - k)X +k), X = o

1 (3(4—4k%) X242 (—4+48k%)X—4k?)? + % (4 4k2)X — oAk

Vs = —15 (A—4 k) X3 F(—4+8k2)X2—4k2X
+3 (24 - 24K*)n(n +2)X
Ag=4X(1-X)1 - k> +k*X), X =cn’tk)

_ 252 2 _ _Ar2)2
Vo = % Sl i i — 6K X +4k° —2— 4k n(n+2)X

A7 =4X(1-X)K* -1+ X), X =dn?(t,k)

_ 2 A2y 2,2
V= SR X 12k dn(n+ DX

Ag=4X(X - 1) (K- 1)X +1), X=

Vo= L (3(4K%—4) X242 (—4K>+8)X—4)?
8 = 16 (4k2—4)X3+(—4k2+8)X2-4X

1
dn?(t,k)

Ao =4 X1+ X)1 -k +X), X =k

sn2(t,k)

2 a2 _Ar2\2
Vo = — 5 S A e T6 X +4 -2k +4n(n +2)X

Ao =4X(1 - X)(1 - k*X), X =sn’(t,k),

2y 2 2 2
Vio= —%& (fk'ix)ifﬁiﬁfgﬁfiﬁ +6k°X —2k* —2+4k*n(n+2)X

_ 2 _ snz(t,k)
A =4X(1+X)1+(1-k)X), X =

cn2(t,k)

1 (3(4—4k*)X%42(8—4k%)X+4)? 3 2 2
Vii = —15 (A—4k2) X3+ (8—4k2) X244 X +3 (4—4k)X +4 -2k

+1(24 —24K*)n(n+2)X

n2 s
A =4X (K + X)X+ —1), X =200

2 2_ 2012 11\2
Vis = s SRR 4 6 X 4 4k - 2 (4 X
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3.1 Elliptic quasi-exactly solvable potential

Generalized master function A(X ) has a key role to find elliptic quasi-exactly solv-
able potential. Then, the selection of A(X) which leads to elliptic potentials, is of

crucial importance. Considering the relation % = fl(X ), we select the master

functions so that X comes into the form of elliptic Jacobi functions (the interval
of X is between the roots of A(X)). Therefore, from eq. (3.5) the potential V' will
have elliptic form. After determining B! from eq. (2.14), we obtain B(X) as

B(X)=BWX.

Using A(X), (A(X)) and B(X), we can determine the operator L and the potential
V respectively from eqgs (2.3) and (3.5) or (3.6).
In table 1 we introduce the possible 12 elliptic quasi-exactly solvable potentials
V and the cubic generalized master function A(X) giving rise to these potentials.
Notice that all the Jacobi elliptic sn, cn and dn appearing in the potentials are
the functions of ¢t and modulus k.

4. Conclusion

By introducing the generalized third-order master functions, one-dimensional Jaco-
bian elliptic quasi-exactly solvable second-order differential equations are obtained.
The solutions of these differential equations are generating functions for a new set of
polynomials in terms of energy with factorization property. The roots of these poly-
nomials are the same as eigenvalues of the differential equations. We have obtained
some one-dimensional elliptic quasi-exactly quantum solvable models from these
differential equations. PT symmetric and pseudohermitian quasi-exactly solvable
models are under investigation.

Appendix A: Jacobian elliptic functions

Jacobian elliptic functions are similar to trigonometric functions and they can be
defined as the inversion of Legendre’s elliptic integral of the first kind [24]. There-
fore, sn(u, k) is defined as

0o VI-XB1-RXY)

(A1)

Then the functions en(u, k) and dn(u, k) are defined by

en(u, k) = /1 — (sn(u, k)2, dn(u, k) = /1 — k2(sn(u, k))2. (A.2)
The above relations can also be represented by the equations

sn?(u, k) + en®(u, k) = 1
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and
dn®(u, k) + k2sn?(u, k) = 1.
By differentiating (A — 1) and using (A — 2) we obtain

d
@sn(u, k) = en(u, k)dn(u, k).

Similarly, by differentiating (A — 2) we get
d
@(cn(u7 k)) = —sn(u, k)dn(u, k)

%(dn(u, k) = —k?sn(u, k)en(u, k)

Jacobian elliptic functions have the following addition formulas:
sn(u, k)en(v, k)dn(v, k) + sn(v, k)en(u, k)dn(u, k)
snlu+v. k)= 1 — k2sn2(v, k) ’
en(u, k)en(v, k) — sn(u, k)sn(v, k)dn(u, k)dn(v, k)
1 —k2sn2(v, k)
dn(u, k)dn(v, k) — k?sn(u, k)sn(v, k)en(u, k)en (v, k)
1 —k2sn?(v, k)

en(u+v, k) =

)

dn(u+v,k) =

From the above relations, we arrive at the following duplicate formulas:

2sn(u, k)\/1 — (sn(u, k))2y/1 — (sn(v, k))?

sn(2u, k) = TR |
o k): — /1= (en(u, k))2\/1 = k2(1 — (en(v, k))?2)
, - = ) |
1 dn? (’L) k)
dn(2v,k) = dn*(v, k) — (1 — dn® (v, k) (1 — 7z + :

1— k%(l — dn? (U,k))

We have also exploited the following Glaiser’s symbols:

_ sn(u, k) _ sn(u, k) _ cen(u, k)
sc(u, k) = k)’ d(u, k) = dn(u, k)’ d(u, k) = dn(u, k)’
_cn(u, k) s(u. k) — dn(u, k) c(u. k) = dn(u, k)
cs(u, k) = sn(u, k)’ da(u. k) sn(u, k)’ el ¥) cn(u, k)

Appendix B: The first four polynomials p,, (E) for k =3

To summarize, we set F(i—1) = ;A0
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E
P)O:l7 Pl:_ﬁ
B'FY + EF! + E?
Py —1/2 kbt
FO(A! + FO)

Py = —(2EBW AW + AQE2 4 op1) pO) p(0)
+APBOFO L A pF® 4 3ppWFO) 4 B3
+2EFW’ 4 3pMWE2 — Er@ A0 _ @) pO)
J(6F@2A0° 4 34 FO) 4 p(0)%)

Py = (—A®EFOFO 4 44D 3 4 6rOE? 4 6EFMW’
+11FV* B2 4 3BW RO _ 9 4@ g2 M) 4 3 4@* 1) p(0)
+3A@°EFM 4 6rW*BMWEO) L gp2 M) A1)
+6E2BWFO) _7p2p@) A0 _ 4p2 p@) pO) 4 942 pr1)’
L13A@ MW 2 _ 3p@ g p(0? | ¢ A g1)* p(0)
2A® M AN L g A pRM 4D 4 9 A2 p(1) 1) p(0)
+10A@ EBL RO _ 3 A pp(2) A1) _ 3 42) pp(2) p(0)
+12FWEBMW AN L 14 pM M p©) _ 9pMW pp® A1)
_FVEF@ O _ g0 @ g1 p0) _ 9 11) j3) g(1) (0)
—ABBBIFO _ A® RO 4 3A°E2 4 B
J(24F©@(6AD° 4+ 1140 FO 4 6 AOFO” 1 pO)%)),
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