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Abstract. Bianchi Type-I cosmological models containing perfect fluid with time vary-
ing G and A have been presented. The solutions obtained represent an expansion scalar

6§ bearing a constant ratio to the anisotropy in the direction of space-like unit vector A°.
Of the two models obtained, one has negative vacuum energy density, which decays nu-

merically. In this model, we obtain A ~ H?, A ~ Rys/R and A ~ T~2 (T is the cosmic
time) which is in accordance with the main dynamical laws for the decay of A. The second
model reduces to a static solution with repulsive gravity.
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1. Introduction

Cosmological models with a cosmological constant are currently serious candidates
to describe the dynamics of the Universe. Recent observations of Type-I, super-
novae with the red-shift up to about z < 1 provided evidence that we may be
living in a low mass-density Universe, with the contribution of the non-relativistic
matter (baryonic plus dark) to the total energy density of the Universe of order
of Q,, ~ 0.3 [1-3]. The value of Q,, is significantly less than unity [4]. Thus, a
major part of the matter content in the Universe remains unobserved. This leads
to the assumption that there is some additional energy density sufficient to reach
the value Qo121 = 1, predicted by inflationary theory. Several physical models have
been proposed to give a consistent physical interpretation of these observational
facts. The observational and theoretical features suggest that the most natural
candidate for the missing energy is the vacuum energy density or the cosmologi-
cal constant A [5-7]. But selection of the cosmological constant as vacuum energy
faces a serious fine-tuning problem, which demands that the value of A must be
120 orders of magnitude greater than its presently observed value.
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One possible explanation for a small A term is to assume that it is dynamically
evolving and not constant, that is, as the Universe evolves from an earlier hotter
and denser epoch, the effective cosmological term also evolves and decreases to its
present value [8-11].

Since the pioneering work of Dirac [12], who proposed, motivated by the occur-
rence of large numbers in the Universe, a theory with a time variable gravitational
coupling constant GG, cosmological models with variable G and non-vanishing and
variable cosmological term have been intensively investigated in the physical liter-
ature [13-30]. Bertolami [31] studied a cosmological model with a time-dependent
cosmological term. Later, by considering a varying cosmological constant, Ozer and
Taha [8] and others [5,14,20] obtained models of the Universe which are free from
cosmological problem.

Another important quantity, which is supposed to be damped out in the course
of cosmic evolution, is the anisotropy of the cosmic expansion. It is believed
that the early Universe was characterized by a highly irregular mechanism which
isotropized later [32]. The cosmological models, which are spatially homogeneous
and anisotropic, have a significant role in the description of the Universe in the
early stages of its evolution. Therefore, it makes sense to consider the models of
the Universe with anisotropic background in the presence of dark energy.

The simplest of the anisotropic models are Bianchi Type-I homogeneous models
whose spatial sections are flat but the expansion or contraction rate is direction-
dependent. For studying the possible effects of anisotropy in the early Universe on
present day observations, a number of researchers [27-30,33,34] have investigated
Bianchi Type-I models from different points of view.

In this paper, we study homogeneous Bianchi Type-I space-time with variable
G and A containing matter in the form of a perfect fluid. We obtain solutions of
the Einstein equations assuming that the expansion scalar 6 bears a constant ratio
to the anisotropy in the direction of a unit space-like vector A [35]. The paper is
organized as follows. Basic equations of the model and solutions are given in §2.
In §3, we discuss the models and conclude our results in §4.

2. Field equations and solutions

The line element for Bianchi Type-I space-time is taken in the orthogonal form as
ds? = —dt* + A%(t)da? + B*(t)dy? + C3(t)dz> (1)

The distribution of matter in the space-time consists of perfect fluid given by the
energy—momentum tensor

Tij = (p + p)vivj + pgij (2)
satisfying the equation of state

p=wp, 0<w (constant) < 1. (3)
Here, p, p and v; are respectively the energy density, pressure and unit flow vector

of the fluid satisfying v;v* = —1.
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The Einstein field equations with time-dependent G and A are
1
Rij — 5 Rgij = —8nG()T3; + At)gyj- (4)

For the line element (1) with perfect fluid distribution, field equations (4) in the
comoving frame give rise to

By Cu ByCy

SWprAifgfﬁf 307 (5)

Ay Caa AyCy
A C AC’

Asa Bau  AuBy

SO A= R T A ™
. A4B4 A4C4 B4C4
8nGp+ A = 1B 1 + BC (8)

The suffix ‘4’ stands for ordinary time-derivative of the concerned quantity.
Eliminating p and A from eqs (5)—(7), we obtain

Ay Bayy [ Cy (Ay By
e (G on)-e ®)
By Cyy | Ay (By Cy
- . _— — = U. 1
B C T2 ( B )" (10)
First integral of (9) and (10) are
A4 B4 k‘l
et 11
A B ABC (11)
and
By Oy ko
- Xt 12
B C ABC’ (12)
where k, and ko are the constants of integration.
An average scale factor R(t) is defined by
R® = ABC. (13)

The Hubble parameter H is given by H = R4/R. Volume expansion 6, deceleration
parameter g and shear o for the metric (1) can be written as

Ry
0 —=3H =3-2 14
3 35 (14)
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o KP4 kS +kiky

1
o ke (15)
Ry
=R (16)
Equation (15) implies that
T _3m. (17)
o
Equations (5)—(8) can be recast in terms of H, o and ¢ as
87Gp — A = H*(2q — 1) — 02, (18)
87Gp+ A =3H? — o°. (19)
From eq. (19), we obtain
30?2 24nGp  3A
ol e T, (20)

implying that for A > 0,

2

o 1 8nGp 1

0<——><-, 0< < -.

02 3 62 3

Thus the presence of a positive A lowers the upper limit of anisotropy whereas a
negative A gives more room for anisotropy.

Equation (20) can also be written as

2 A
o :1_87TGP_ :]-_ﬁ_piv7 (21)
3H? 3H? 3H? Pe P

where p. = 3H?/87G is the critical density and p, = A/87G is the vacuum density.
From eqgs (18) and (19), we get

dé 62  3A

— =-127Gp — — + — = —127G — 302 22

i mGp— 5+ mG(p +p) — 30 (22)
showing that the rate of volume expansion decreases during time evolution and the
presence of a positive A slows down the rate of this decrease whereas a negative A
would promote it. From eqs (18) and (19), we get

A=H?*(2-q) —4n(1 —w)Gp (23)
implying that A <0 for ¢ > 2.
For p =0, egs (18) and (19) give
L

A
—71—2q+H2,

H?2

568 Pramana — J. Phys., Vol. 70, No. 4, April 2008



Perfect fluid Bianchi Type-I cosmological models

A o?
V=1- 2~ 3 (25)
2 o2

where Q = p/p,. is the density parameter.

From egs (24) and (25) one can deduce the present values of cosmological term
A and density parameter 2. We observe that in an anisotropic background, value
of density parameter € is smaller in comparison to its value in the isotropic back-
ground.

In view of covariant divergence of the left-hand side of (4), we obtain

R
&G {p4 +3(p+ p)ﬁf} +8mpGs+ Ay = 0. (27)

From eq. (27), we observe that A is a constant in the absence of matter (7;; = 0)
implying that matter is essential for a time varying A. In the field eqs (4), A
accounts for vacuum energy with its energy density p, and isotropic pressure py
satisfying the equation of state

A
87G’

The usual conservation law for energy—momentum tensor

Pv=—pv =

J —
T, =0

leads to

ps+3(w+1) =0 (28)

leaving G and A as some kind of coupled fields
8mpGy+ Ay =0 (29)

implying that A is a constant whenever G is constant. Equation (28) on integration
gives

k
P = e k = constant >0 (30)
The system of equations (3), (5)—(8) and (29) supply only six equations in seven
unknowns. To have a determinate solution we require one more condition. For
this purpose, we take the volume expansion ¢ to have a constant ratio to the
anisotropy in the direction of unit space-like vector \’, i.e. 6/0;;A\* )\ is a constant
[35]. Here we take \; = (a1 A, a2 B, asC,0), where a;, ag, as are constants satisfying
2 .24 42
ai + a5 +az = 1.
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In general the above condition gives rise to
A=B"C", (31)

where m, n are constants depending on a1, as and as.
Using eq. (31) in egs (11) and (12), we obtain

ki—(m—1)ko k1 m—2n—1
C = by (kst + ky) tnFni2F—(m—2n-Dk>  for — _
kst + ) e

—ka(m+1), ktk m-—-2n-1
= kre (m+n+2) for —= ——
> ’ ko m4+n+2

and

kytkan kk  ,m—2n—1
B = b k t k (m+n+2)k] —(m—2n—1)k , f
2(hst + ka) 1 T BT mante

— bge(ljf(ﬁ:;)t’ for ﬁ — 7m —2n—1
ko m+n+2

provided m+n # 1. In the above k3, k4, k5, b1, by and bs are constants of integration.

For these solutions, metric (1) assumes the following forms after suitable trans-
formations:

2(m4n)ky +2nko 2k +2kgn

ds? = —dT? 4+ ToFrdDk —(m=—2n-1kz X2 4 T nFnF Dk —(m-2n-1Dk; Y2

2kq —2(m—1)kg k1 m—2n—1

T (m+n+2)k; —(m—2n—1)k dZ2 f —_— - 32

+ 1 2 5 or kg m+n+2 3 ( )
2k —n)t 2k 1)t

ds® = —dT? + exp 2ky(m —n)t dX? + exp 2ky(n + 1)t dy2

m+n-+2 m+n-+2
—2ko(m + 1)t 9 kh m-—2n-1

— 3 dZ f —_—= "\ 33

+exp{ m+n+2 b ka m+n+2 (33)

3. Discussion

Average scale factor R for the model (32) is given by

R=TY3
Hubble parameter H, volume expansion # and shear o for this model are
1
0=3H = —
T b
o? = a—2 where a® = k} + k2 + kiko.
372’

Matter density p, gravitational parameter GG, cosmological term A, vacuum energy
density p, and critical density p. are given by
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p= kT~ (@),

_ (1 B a2) w—1
- 127k(w + 1) ’
A=) =1),

3(w+1) ’
Pv = k(wQ_ 1) T_(UJ-&-I),

Elw+1), . _
o= T (),
Pe= 901 — a2)

In the model we observe that G is positive or negative depending on whether a? < 1
or a? > 1. The model has singularity at T = 0. The cosmic scenario starts from a
Big Bang at T = 0 and continues till 7' = co. Since /6 = a/+/3, the anisotropy
does not die out asymptotically. The model admits a negative A unless w = 1.
Universe models with negative A are also admissible [36]. For w = 1, the model
reduces to the standard Bianchi Type-I model with A = 0, G = constant and
p~T72. At T =0, p, G, |A], 0 and 6 are all infinite and all of them tend to zero
as T' — oo. The ratio between vacuum and matter densities scales as
A w—1

8tGp 2
The density parameter

_ 8rGp  2(1—a?)

Q
3H? w41

and

A (1—-a?)(w—1)
Qp = = .
3H? w41
In the model, we obtain A ~ H?, A ~ Ryy/R and A ~ T~2 which is in accordance
with the main dynamical laws one finds in literature proposed for the decay of A.
The dynamical law A ~ H? has been proposed by Carvalho et al [19] and considered
by Salim and Waga [37], Arbab and Abdel-Rahman [38], Wetterich [39] and Arbab
[40]. In view of the present estimates A is of the order of HZ [41]. The dynamical
law A ~ T~2 has been considered by several authors, e.g. Bertolami [31], Berman
and Som [42], Berman [18], Beesham [17] to mention a few. The decay law of the
form A ~ R44/R has been considered by Arbab [43]. We observe that |A| decays
faster than G whereas p, py and p. scale as T~ (@t In the model, we see that
the quantity Gp satisfies the condition for a Machian cosmological solution, i.e.
Gp ~ H? [44)].
For the radiation epoch, we have w = 1/3. In this case

p= kT3
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G = A=a?) o

167k ’
A= —(1- a2)T727
6
pe = %kT_4/37
Pe = 3(12—ka2)T4/3'

We observe that in this phase matter density is three times the vacuum density.
The density parameter §2 in this phase is

3 3
Q=-(1-d* < =.
Also Qx| = 2(1 — a?) < 3. For the phase dominated by dust matter, we have
w=0.
In this epoch,

p=kT,
(1*‘12) -1
G =
127k ’
1— 2
|A| _ ( a )T—27
3
k
v| = 7T71
vl = 5177,
k
e !
Pe= o0 —a?)”
Al 1
8nGp 2’

Q=2(1-d* <2
and

|Qx] = (1 —a?) < 1.
The age of the Universe is given by
_1
-~ 3
which is smaller than the best estimation Ty = H,, * [45].

Ty H?
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For the model (33), average scale factor R is given by R = 1. In this model

0=3H =0,
2 2 2 _
0’2:b—’ b2:3k2(m +n 17171—&—7)1—}—71—1—1)>O7
3 m—+mn+2
p=k,
b2
G=—
127k(w + 1)
(1 - w)
314w’

In this case, our model reduces to a static model with repulsive gravity.

4. Conclusion

Bianchi Type-I cosmological models with time varying G and A are obtained. The
models obtained present an expansion scalar 6 bearing a constant ratio to the
anisotropy in the direction of space-like unit vector A\’. One of the two models has
a negative vacuum energy density, which decays numerically. In this model, we
obtain A ~ H?, A ~ Ry/R and A ~ T~2 which is in accordance with the main
dynamical laws for the decay of A. The anisotropy in the model does not die out
asymptotically. We also obtain that the model satisfies the condition for a Machian
cosmological solution, i.e. Gp ~ H?. It is interesting to note that the metric
(1) with condition (31) in the case of a perfect fluid distribution represents a stiff
matter if and only if A = 0. Incidentally our derived results in view of condition
(31) leads to solutions similar to Beesham [17] and Kalligas et al [22], ones which
were obtained by assuming a particular form of G. The second model obtained
reduces to a static Universe with repulsive gravity.
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