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Abstract. Characteristic features of low frequency transverse wave propagating in a
magnetised dusty plasma have been analysed considering the effect of dust-charge fluctu-
ation. The distinctive behaviours of both the left circularly polarised and right circularly
polarised waves have been exhibited through the analysis of linear and non-linear disper-
sion relations. The phase velocity, group velocity, and group travel time for the waves have
been obtained and their propagation characteristics have been shown graphically with the
variations of wave frequency, dust density and amplitude of the wave. The change in
non-linear wave number shift and Faraday rotation angle have also been exhibited with
respect to the plasma parameters. It is observed that the effects of dust particles are
significant only when the higher order contributions are considered. This may be referred
to as the ‘dust regime’ in plasma.
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1. Introduction

Non-linear interaction of waves in plasma and in the ionosphere exhibits many
important and fascinating characteristics of dispersive waves [1-4]. Of late, a new
scenario has emerged in Plasma Physics due to the importance of dusty plasma. The
relevance of dusty plasma in ionosphere, planetary rings, cometary tails, asteroid
zones as well as in laboratory plasmas are now well-recognised. In contrast to
the ordinary plasmas, dusty plasmas contain an additional species of large dust
sized dust grains of radii in the range of 1072-10~% cm, which in most situations
are found to be negatively charged. The presence of these massive and highly
charged particles can significantly change the collective behaviour of plasma [5-7].
In laboratory plasmas, dust particles appear as impurities in magnetohydrodynamic
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(MHD) generators, high z-impurities from the walls of Tokamaks [8,9]. Due to the
heavy mass of the dust particles the time of response of dust grains to high frequency
oscillations is very large. In fact they give rise to low frequency modes such as ‘dust
acoustic wave’, ‘dust-ion acoustic wave’. Moreover, the charge fluctuations of the
dust grains give rise to interesting characteristics of dust acoustic waves [10-12].
It is worthwhile to mention that the experimental observations on dust-acoustic
wave in dust charged plasma have been made by Barkman et al [13] supporting the
theoretical observations of Rao et al [6]. From the self-consistent equations for ion
density, envelope electric field and charge variations of dust particles in the plasma,
several authors [14] investigated modulational instability of Langmuir waves related
to dust charging process. It is interesting to note that the propagation of surface
waves on the interface of semi-infinite dusty plasma is significantly modified by the
fluctuating charge of dust particles [15]. Paul et al [16] showed that the streaming
motion and attachment coefficient for charging the dust particles have important
role on the formation of solitary waves in dusty plasma. Recently, Burman et al
[17] investigated the propagation of both low and high frequency waves in a dusty
plasma in the presence of positrons and generalised the results of the previous au-
thors regarding the characteristics of dust acoustic waves. Moreover, they found
that non-linear localisation of high frequency electromagnetic field in such a plasma
generates magnetic field. More recently, Mondal et al [18] showed that pseudopo-
tential in a dusty plasma has a positive and inverted profile which prevents trapping
of particles and does not favour the formation of solitary waves in a bounded dusty
plasma. However, propagation of low frequency waves in dusty plasma, particularly
considering the non-linear effects, has not yet been studied by any of the previous
authors. So in the present paper we have tried to exhibit the wave characteristics
like phase velocity, group velocity etc. for low frequency transverse waves in the
presence of charge fluctuations. In conformity with the usual expectations it is
seen that the charge fluctuations affect only the non-linear modes, while the left
circularly polarised (LCP) and right circularly polarised (RCP) modes behave quite
differently. The existence of cut-off frequency is displayed in the various resonance
zones. Lastly we have calculated the group travel time, Faraday rotation angle and
wave number shift with the variation of frequency, amplitude and density inside
the plasma. The results have been graphically shown by considering the plasma
parameters in dusty plasma of the Saturn E-ring and other astrophysical objects.

2. Formulation

We consider a plasma consisting of electrons, singly charged ions and negatively
charged dust grains. We further assume that a hydrodynamic description is pos-
sible, and due to the continuous collisions of the dust grains with the stream of
electrons and ions, the net charge on a dust particle varies. The equations describ-
ing the plasma can be written as follows:

Ong .

\NgUs) = —Pslls, 1
5 + V- (ngts) Bsn (1)
(9’175 - - Qs n 1—' 53 —
g (O V)i = m. (E + T % B) BsTs, (2)
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where ‘s’ stands for i, e, d denoting respectively the ion, electron and dust; @Q; =
e,Q. = —cand Qq = —qq with gq > 0 is the charge on the dust grain. Also, ns and
vs denote respectively the density and velocity of the s-species particle. Moreover,
E and B respectively stand for electric and magnetic field. In egs (1) and (2),
Be and [(; represent the attachment frequencies of electrons and ions to the dust
grains, so that the right side of eq. (1) describes the losses in the electron and ion
densities.

As the charging process in magnetised dusty plasma is not yet fully examined,
we assume that the fluctuation of charge of dust particles due to electron current
and ion current into dust particles over corresponding equilibrium values I, I;jg as
[19,20]

SKT, e(dr — dp)
2 D
I, = —7rie — Ne exp{ - , (7)
8KT; e(dr — dp)
JA— cexp|1— A2~ Pp) 8
ree , n exp[ ] , (8)

where r is the radius of the grain, K the Boltzmann constant, ¢ — ¢, the difference
between the grain potential and the plasma potential, and Ty, T; stand for electron
and ion temperature respectively.
The dust charge fluctuation due to electron and ion currents is governed by the
equation
dga
T I, + I 9)
where I, and I; are given by (7) and (8).
To derive the dispersion relation in the dust regime, we set

ng = ngo) + Engl) + ezngQ) N

’US = 6'175(1) + 62175(2) + oo

gqa = —qéo) + eq((il) =+ 62(]((12) +oee
E=¢E® L 2E® 4 ...
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where the superscripts 0, 1,2 etc. stand for the order of perturbations and qg > 0.
The forms of the LCP and RCP waves are assumed to be

o
=

— a(eiG:I: +efi0$)’ (11)
where a represents the constant amplitude of the wave and

0+ = (kiz — wt),

EY = EW +iED.

The subscripts with a + and — sign represent the LCP and RCP waves respectively.
K and w represent the wave number and frequency of the wave.
Using (10) in egs (7) and (8) we have the perturbed electron and ion currents

into the dust grain over corresponding equilibrium values Iéo), I i(O) as

(1) (1)
7 g (e € 12
O = M+ o ) (12
(1) (1)
W _ 0 (M ey
Ii - 7|Ii | <n(0) W) ) (13)
where
8KT. )
IO = 1p2e ( 7rms> (?{T w®: s=e i (14)
WS(O) = KT+ QSQSEO) (15)

and gbgl) is the fluctuation in the dust grain potential given by (Z)El) = q((il)/ C, C

being the capacitance of the dust grain and w

Substitution of (12) and (13) into (9) give

the equilibrium floating potential.

dgy” W _ o () nd

dt + nqd - |Ie | n(o) - n,(ao) ) (16)
dg? @) _ (70 n?  nl

dt + C;Qd - ‘Ie | n(o) - ngo) ) (17>

where
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and Iéo) + Ii(o) = 0 in equilibrium.
Using (10)—(17) in (1)-(6) we obtain the first-order and third-order dispersion
relations correct up to first harmonic part given by

k3 1 w? . B w? _ wg (18)
w? wwxQe+ife) wwFU+if) wlwk)
and
kL w? w? w3
w? WwEQ+i8.) wwFU+iB) wwtQq)’
a? 2 %
B e e 1)
where
4rnl®e2 47Tn(0)q(0)2
W=\ ———, wg=\—LH . s=¢i
mg mq

being respectively the plasma frequencies for electron, ion and dust grains respec-
tively and a5 = aqs(o)/mswc, s = i,e,d and qioi) = e and Ag,n5,8s = 1,2,3 are
functions of w, wy, Qs, Bs, k+, ¢ etc. In the derivations of egs (18) and (19) we have
assumed that E,gl) = Bgl) = ’ué;) = O;Ef) = vg(i) = Bf) = B§2) = 0, where
Ef) =P+ iE7§2) etc. The terms on the right side of eq. (19) which are propor-
tional to ays (s = e, i, d) and which depend on the plasma and dust gyro frequency
as well as the attachment frequencies are due to the non-linear effects in the plasma.

3. Results and discussions
A. Dispersion relations

We are now interested in the special one when w ~ Qq,w < 4, Q. and then the
linear dispersion relations (18) take the form

2.2 2
SIS (R - (20)
w? w(w +Qyq)

From (20) it is very clear that the LCP component of waves never resonates except
at w = 0 or g = 0 which are physically impossible in a magnetised plasma, whereas
the RCP component resonates with negatively charged dust grains at w = 4. The
dispersion diagram for the LCP wave is shown in figure 1 using the same scale.
From the figure it is clear that the linear LCP wave is more dispersive than the
non-linear one.
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On the other hand when w =~ Q4 the non-linear dispersion relations (19) lead to

L= w2 24;(Aw) 3wa(Aw) )’
n2 _ 02]{?37 ~ (—A1 + \/ A% + B%) Alwﬁ
R A1 (Aw) Qq+/A2 + B2
202
2X (1 - —94 22
+ ( Swd(Aw)) 1 ’ (22)

where

B 3A1wia2(2Qq + 3wa)
- 169Q4(N7 + N3)(¢2 +493)m

N1 =ReN = (2/Qq)(w? — 493) (493 — Bo;) + 2Qq(w? — 4w?)
No=ImN = 4(w] — 493)(Be + Bi) + Bowi — 43w2,
A= (¢ — 49(21V2)N1 +2Q4q(V1 4+ (V2) Ny

By = —(¢Vh — 4Q3Va) Ny + 2Q4(Vy + ¢Va) Ny,

:492 e 75 "/3
W= 05+ (et +

m2m; mi2 Me

o A V5 N 3 _ e —
‘/2 - (ﬂe 61) (4(2(21 +512 4931 +6§> » V3 &3 y V5 &3 )

where np, and ng respectively denote the non-linear refractive indices and Aw =
Qq — w. Note that here we have made use of the linear approximations

cky = w, ck‘_%wd,/%d (1—}—20&1).

In (21) and (22) the subscript ‘v’ in k denotes the real part and Aw = Q4 — w.
The dispersion diagrams for both LCP and RCP waves are presented in figures
2a—2c with respect to w with the variations of amp. of the electric field and density
inside the plasma. The numerical data taken in CGS units are those used by

Tsytovich et al [21] and Horayani [22] in Saturn’s E-ring as: n((io) = 10716 ecm~3,
n{” =2x10 cm=3, nl” =10 cm 3, By = 2.1 x 10~ G, |E| = 0.8 x 1074 stat
volt /cm, q’go) = 4.8 x 107 stat coulomb, mq = 1.67 x 1073 g, w ~ 107! rad/s,
¢=131x10"L, |I{”] = 1.3 x 108 stat amp,/cm?.

In figure 1 the dispersion diagrams for linear and non-linear RCP waves have

been compared to show that non-linear wave has larger refractive index than the
linear one.
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- - - non-linear
—— linear

Figure 1. Propagation of linear and non-linear RCP waves: variation of ng
with frequency w.

Figures 2a and 2b show the nature of propagation of the LCP component of
waves with the variation of densities inside the plasma and intensity of the electric
field. Numerical estimation shows that the LCP wave can propagate only in the
region 0 < w < 1.972 and cannot propagate for w > 1.972.

On the other hand the RCP component of waves can propagate only in 0 < w <
1.99 and cannot propagate for w > 1.99. The propagation behaviours of RCP waves
with variations of densities are shown in figure 2c.

B. Phase velocity

The phase velocity of the linear RCP wave obtained from (20) is

(i) — ﬂ (23)

k- 1_ Q4 _ @i

w w?

which shows that the RCP wave can propagate in two frequency domains 0 < w <
Qq and w > Qq + ;—‘3 The details of phase velocity, group velocity and dispersion
diagrams for linear RCP wave have already been studied by Sarkar et al [23], and
so we do not represent them here.

In the case of non-linear LCP and RCP waves, the corresponding phase velocities
from eqgs (21) and (22) are given by the expressions

—1/2

2w [ A+ /AT T B / 403 1/ 24

Vor O\ Ty Ay 3wq (Aw)

YWy e
Vp— R eV 2Aw ! " L L
1
~1/2
Alwﬁ ( 29(21 )

— 42X |1 - —F— . 25
Q4\/A? + B? 3wq(Aw) (25)
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Figure 2. (a) Propagation of non-linear LCP waves: variation of nr, with fre-
quency w for n((io) =107 em™®, 1.5 x 107!% cm™® (a fixed). (b) Propagation
of non-linear LCP waves: variation of ny, with frequency w for @ = 0.5 x 1074
stat volt/cm, 0.8 x 107* stat volt/cm (density fixed). (c) Propagation of
non-linear RCP waves: variation of nr with frequency w for n((io) = 10"1¢
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em™, 1.5 x 10719 cm ™ (a fixed).

The characteristics of the phase velocities for both LCP and RCP waves are as
shown in figures 3a and 3b. From the figures it is clear that both the velocities
decrease with the increase of w in the domain 0 < w < Q4. Moreover, the phase
velocity of the LCP wave has greater value than that of the RCP wave in the same
frequency domain; e.g., for w = 0.1 rad/s, vg4+ = 10.5 cm/s, vy— ~ 4.73 cm/s. The

- ' p———— AT S A A A Ay
I '///
1/
- ||'I -
i
™ 1 1
2 4 6
w
————— a=08x10"*
- — — a=05x10""

numerical data taken correspond to Saturn’s E-ring as mentioned earlier.

C. Group velocity

The non-linear group velocity expressions represented by (dw/dk) for both LCP

and RCP waves are obtained from (21) and (22) respectively as
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Figure 3. (a) v}, /c® vs. w diagram for LCP component of waves. (b)
Uﬁ, /c? vs. w diagram for RCP component of waves.
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Figure 4. (a) vg4 vs. w diagram for LCP component of waves. (b) vg— vs.
w diagram for RCP component of waves.

A + AT + BY

Ay

Qq /X
1/Ug+%2—c 3

{( 1 802 (26)

Aw)3/2  Bwq(Aw)5/?

1/2
1

(Aw)?/2
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1/vg— =~

(27)
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The group velocity diagrams of the corresponding waves are shown in figures 4a
and 4b. It is observed that the group velocity of the RCP wave is much larger than
that of the LCP wave. Moreover, in both cases both the velocities decrease with
the increase of frequency in the frequency domain 0 < w < Q4. For w = 0.1 rad/s,
Vgt &~ 9.26 cm/s and ve_— ~ 75.23 cm/s.

D. Group travel time

The group travel time of propagation of a wave packet consisting of waves with
frequency near €4 propagating along the path h is given by the integral (Gurnett

h
tw) = /0 dn (28)

Vg
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Using (26) and (27) in (28) we obtain the group travel time for LCP and RCP

waves as

o), ~ 2a(0) [XC0) [ Ax(0) + AT+ B0
t 2 (o) 2 Ay (o)
1 802 (0)
. [(Aw(o))w - 9wd<o><§w<o>>3/2} (29)
) Qa4(0)(v/A2(0) + B?(0) — 2 1
B 2\/_09’ 1(0)+Bf(0) (Aw(0))t/2

3/2 (0)X (o)

+cm (o) /A1 (0)

x (A2(0) + B2(0))""*

(Vo) + B2(0) - A1(0)>1/2

! __ V2%(0) 1 (30)

V2(Aw(0)1/2  3wd(o)(Aw(0))>/?

Expressions (29) and (30) give the group travel times of the LCP and RCP waves
with frequency near q from its origin to an observer (0). It is to be noted that in
the absence of non-linearity, i.e., when X (o) = 0, expression (29) does not give the
same whereas (30) leads to

(o) [0 (VEQ TG - 40
V2e5Y,(0) A2(0) + B2(0) (Aw(0))1/2

(31)

t(w)_ ~

In the expressions (29)—(31) we have assumed the variation of density in the iono-
sphere to be small. Moreover, the cyclotron frequency Qq4(h) is assumed to vary
linearly in space; Qq(h) = Qq(0) + hQ(0), where Q4(0) is the cyclotron frequency
at the observation point, and /(o) the gradient of the cyclotron frequency.

For some quantitative estimation of group travel time, particularly to see the

dependence of ¢t(w)4 on (o), density n( ) and amp. a, we have used the numerical
data [21,24]. Tt is seen that for w = 1. 2 x 107° rad/s, t(w) varies from 36.43 s to
58.19 s as (o) varies from 0.5 x 1073 rad/s/cm to 0.8 x 1073 rad/s/cm for LCP
wave and for RCP wave t(w) varies from 6.32 x 107! s to 5.69 x 107! s as (o)
varies from 0.3 x 1072 rad/s/cm to 0.35 x 1073 rad/s/cm. Thus the group travel
time is increased by 60% with the increase of Q/; for LCP wave and for RCP wave
the same is decreased by 10% with the increase of €2/.

Moreover, we see that ¢(w) also depends on the number density inside the plasma.
Numerical estimation shows that for w = 1.2 x 107° rad/s and (o) = 0.3 x 1073
rad/s/cm as nY, ng vary from 20 to 25 cm™ and 1.0 to 1.5 x107'6 cm™3, t(w)
varies from 21.86 s to 91.39 s for LCP wave, and for RCP wave this variation for
t(w) is from 6.32 to 8.2 x10711 s, i.e., in both cases t(w) increases with the increase
of number density inside the plasma. These variations are shown in figures 5a, 5b,
6b, 6c¢.
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Figure 5. (a) Group travel time ({(w)) of LCP waves with the variation of
frequency (w) for Q4 (o) = 0.3x 1073 rad/s/cm, 0.5x 1073 rad/s/cm, 0.8 x 10>
rad/s/cm (density and amp. fixed). (b) Group travel time ({(w)) of LCP
waves vs. frequency (w) diagram for n((io) =10x10"" em™3, 1.5 x 1071¢

cm™® (frequency gradient and amp. fixed).
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Figure 6. (a) Group travel time (t(w)) of RCP waves vs. frequency (w)
diagram for a = 0.0, 0.1, 0.15 stat volt/cm (frequency gradient and density
fixed). (b) Group travel time (¢{(w)) of RCP waves vs. frequency (w) diagram
for nfio) =1.0x107%,1.2x1071% 1.4 x 107 cm 3 (frequency gradient and
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amp. fixed).

E. Faraday rotation angle (FRA)

Pramana — J. Phys., Vol. 63, No. 3, September 2004

However, the variation of t(w) for different values of the amp. for RCP wave is
shown in figure 6a. The dependence of t(w) for LCP wave on the amp. is clear
from (34), i.e., as a increases ¢(w) increases. Considering the variation of a from
0 to 0.1 stat volt/cm for a particular w = 1.2 x 1075 c.p.s. we have observed from
the numerical estimation that t(w) varies from 1.43 x 107® s to 1.15 x 1072 .

Due to the different dispersion rates of the LCP and RCP components of incident
EM waves propagating along the external magnetic field By, the plane of polarisa-
tion undergoes a Faraday rotation through an angle given by
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Figure 7. (a) Linear FRA vs. frequency diagram forn
1.01 x 107'¢ em™®, 1.05 x 107'¢ em ™.
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z 2 ’

where kp, kg are the wave numbers of RCP and LCP components and z the length.
Therefore, in the presence of negatively charged dust grains, the linear and non-

linear FRA are given by
Or Qd 1_“)73)1/2_ (1_ W2 >1/2
z linear 2C Qd(w - Qd) Qd (w —+ Qd)
(32)

n{" =1.0x1071°

=1.0x10""%cm™3,
(b) Non- hnear FRA vs. frequency

m=3,1.3x 107 cm™3, 1.5 x 107'% ecm 3.

(3) i~ 7758
2/ non-linear - 2\/§C(Aw)l/2
y (wﬁ(«/A% T8 - A) | 2X (/AT B -
Ay

Qd\/AQ + B2
4X02 /A2 + B? — A1>

3wd Aw

Qq

1/2
[2 A [ 42 2
Q\fc(Aw 72 < A + B; +A1>

102\ /2
1- d : 33
x ( SwdAw> (33)
It is to be noted that though the non-linear FRA exists in the propagation band

0 < w < Qq, the linear FRA does not, rather it exists in w > Q + Qq. Linear and

non-linear FRA (figures 8a, 8b) for different values of w in the propagation band
with the variation of densities inside the plasma are shown in figures 7a, 7b. It is
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Figure 8. (a) Variation of linear FRA with frequency w. (b) Variation of
non-linear FRA with frequency w.
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Figure 9. (a) Non-linear wave number shift vs. frequency diagram for
a =0.2x 107* stat volt/cm, 0.6 x 10™* stat volt/cm, 0.8 x 10™* stat volt/cm
(density fixed). (b) Non-linear wave number shift vs. frequency diagram for

n{ =1.0x107% em ™3, 1.2 x 107" em™®, 1.3 x 107'® cm™® (amp. fixed).

seen from the numerical estimation [21,24] that for a particular w = 1.2x107° rad/s
as n0(0) and nq(0) vary from 1.0 to 0.7 x 107! em ™2 and from 1.0 to 1.3 x 10716
—3 respectively, (%) varies from 4.78 to 6.1 x 107! rad/s/cm. On the

cm z /non-linear
other hand (%F) varies from 0.9 to 2.2 x10~! rad/s/cm with the variation of

n®

linear

from 1.0 to 1.01 x 10716 em™3 for w = 91.5 rad/s in the domain w > S—(E + Q4.

F. Non-linear wave number shift

Following Chakraborty and Paul [25] and Paul et al [26] we obtain the non-linear
wave number shift of the waves with frequency near Q4. We substitute K
K + ks and K_ = K+ 6k_ in egs (21) and (22), where 0k are the wave number
shifts from their initial values K, with |K| > |6k+|. Then neglecting the higher
order terms occurring in 6k+ we obtain

XQu (41 + AT+ BY) 402
Ok, =~ 1-— 34
* 4cA (Aw) ( 3wq (Aw) ) (34)
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032 (—A1 + /AT ¥ B%)
2cwq A1 (Aw)l/2
2 2
_Awa oy (1 _ 2 >
Qq+/ A% -+ B% 3wd(Aw)
Relations (34) and (35) clearly give the mutually complimentary non-linear wave

number shifts for the LCP and RCP waves respectively. The average non-linear
shift is given by

Ok_ ~

. wWav Qd
2c(Aw) /2

(35)

1
ok = 5 (Sky + 0k, (36)

where d0ky are given by (34) and (35). The variational effects of negatively charged
dust grains as well as the nonlinear effects due to the presence of the intensity of
the electric field on the estimate of the wave number shifts are shown in figures 9a,
9b. For numerical estimation we use the data [21,24] and see that for a particular
a = 0.8 x 107* stat volt/cm, w = 1075 rad/s as nd, ngo) vary from 1.0 to 0.8 x 10
em™ and 1.0 to 1.2 x 10716 cm=3,|6k| varies from 6.17 to 5.77 x 1071%/cm and
k(initial) = 1 (ky +k_) varies from 1451.42 to 1741.50/cm. Moreover, for w = 1075
rad/s, as a varies from 0.2 to 0.6 x 10~* stat volt/cm, |0k| varies from 9.91 to 1.33
x 10710 /cm.

4. Conclusion

In our above analysis we have considered a low frequency transeverse wave propa-
gating through a magnetised dusty plasma with dust charge fluctuation and studied
the propagation of the waves through the dispersion relation. Several important
physical characteristics of the propagating waves, such as, phase velocity, group
velocity, group travel time, Faraday rotation angle etc. are theoretically evaluated.
It was shown that these parameters depend significantly on the amplitude of the
wave as given by the non-linearity of the dispersion law. Also it was shown that
the LCP and the RCP waves do differ in behaviours so far as the linearity and
non-linearity are concerned. The charging processes of the dust grain also have im-
portant consequences on the mode of propagation. Finally, the graphical analysis
of the non-linear dispersion relation explicitly gives the forbidden zone where the
propagation is not possible. We have used a simplified model for dusty plasma.
Dust particles are assumed to be spherical of definite size and mass. In fact, dust
patricles are of irregular sizes having different mass and charge. For more consistent
treatment, the distribution of dust charge and size should be incorporated.
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