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Abstract. The ground state wave function of 11Li obtained in a three-body model pro-
posed earlier (S Kumar and V S Bhasin, Phys. Rev. C65, 034007 (2002)) has been
employed to study the probability distributions, momentum distributions and n–n corre-
lation. Complex scaling method has been used to find the energy positions and widths
of the three resonant states of 11Li above the breakup threshold. The formalism is ex-
tended further to study the β-decay of 11Li to two channels. One is the β-transition of
11Li into a high lying excited state of 11Be at 18.3 MeV, i.e., 11Be∗ and the second is the
decay to deuteron + 9Li channel. The 11Be∗ state has been considered as a halo analog
state identified as a bound three-body (9Li + n + p) system. The n-9Li interaction in-
corporates both the virtual state and the p-wave resonance observed experimentally. For
p-9Li interaction, a Coulomb corrected separable interaction is constructed using charge
indepedendence for strong interaction part. The n–p interaction is operative only in 3S1

state corresponding to the isotopic spin Th = 0. As a result the 11Be∗ state has the same
isotopic spin as that of 9Li core, i.e., T = 3/2. Using these realistic parameters as input
and without invoking any other free parameter, the model has been used to predict the
strength of the Gamow–Teller β-decay of 11Li to 11Be∗, i.e., BGT = 1.5 and the value of
the branching ratio to 9Li + deuteron channel to be 1.3× 10−4. These results are found
to be in rather good agreement with the recent experimental findings.
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1. Introduction

There have been numerous investigations [1–6] both on experimental and theoret-
ical fronts in recent years on the halo structure of the 11Li nucleus. Most of the
experimental information on the neutron halo stems from the high energy reaction
experiments involving 11Li nucleus. It is now established that 11Li can be consid-
ered as a three-body system consisting of 9Li and the two valence neutrons. On the
theoretical side, despite the fact that several attempts have been made so far to get
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a deeper understanding of the two-neutron halo structure, the situation is still far
from clear. Previous investigations [7–12] demonstrate the existence of both (s1/2)

2

and (p1/2)
2 components having about equal admixtures in the halo wave function.

However, the recent experiments [13,14] carried out at ISOLDE on the β-decay of
11Li suggest that the (p1/2)

2 component may not be the dominant one in the halo
wave function.

We have recently carried out a study on the ground and excited states in con-
tinuum energy spectrum of 11Li using a three-body model employing separable po-
tentials for n–n and n-9Li interactions. Our analysis [15] also suggests a marginal
role played by inclusion of p-state in n-9Li interaction. Here we wish to extend our
study to investigate: (a) probability distributions, momentum distributions and
n–n correlation in ground state of 11Li, (b) energy position and widths of resonant
states of 11Li above breakup threshold, (c) β-decay of 11Li to halo analog 11Be∗

(18.3 MeV) state, and (d) β-decay of 11Li to deuteron + 9Li channel. Experiments
suggest that β-decay of 11Li into a high lying state of the daughter nucleus 11Be∗

(18.3 MeV) is the super-allowed Gamow–Teller decay with reduced Gamow–Teller
transition probability BGT > 1.0. Such a large value of BGT implies a large overlap
of 11Be∗ state with the ground state of 11Li. Following Zhukov et al [16], we have
considered here 11Be∗ as the isobaric halo analog state consisting of 9Li core with
halo neutron–proton pair having isospin T h = 0 and angular momentum Jh = 1.

In §2 we recapitulate the essential steps to write down the wave function of 11Li
as given in ref. [15] and outline the procedure to normalise the three-body wave
function. The normalised wave function is used to study probability distribution,
momentum distribution and n–n correlation. The results about excited resonant
states of 11Li using complex scaling method (CSM) are reported in §3. In §4, three-
body wave function of halo analog 11Be∗ state is formulated on similar lines. In the
next section we set up the formalism to calculate the BGT value for the β-decay of
11Li to 11Be∗ by computing the overlap between the parent and daughter nuclear
states. The formalism has been extended further in §6 to calculate the branching
ratio for the β-decay of 11Li to deuteron + 9Li channel. Finally §7 summarises the
main results and specific features of the present approach.

2. Three-body model of 11Li

Numbering the two valence neutrons and 9Li core as particle numbers 1, 2, 3
respectively, we work in the centre of mass momentum space such that ~p1 + ~p2 +
~p3 = 0, thereby working with only two independent momenta. We choose the
independent varibles as ~p12, the relative momentum of particles 1 and 2 and ~p3,
the momentum of third particle with respect to the centre of mass of 1 and 2. All
momenta are expressed in units of α/c where α is the deuteron binding energy
parameter such that (α2/m) = 2.226 MeV, m being the nucleon mass and hence
α = 45.7 MeV and c is the speed of light. Also we use h̄ = c = 1 so that both
energy and momentum can be expressed in units of α while solving the three-body
system. In order to write down the three-body wave function of 11Li, we employ
the separable potentials for the binary subsystems n–n and n-9Li and choose for
the n–n spin singlet 1S0 interaction
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Table 1. Parameters and observables of pairwise two-body interactions used
in the three-body models for 11Li and 11Be∗.

Binary Partial Strength Range
system wave (l) parameter parameter Observables

n–n 0 (spin λ = 18.6α3 β = 5.8α a = −23.99 fm
singlet) r = 2.32 fm

n–p 0 (spin λ12 = 23.7α3 β12 = 5.5α a = 5.43 fm
triplet) r = 1.90 fm

n-9Li 0 λ0 = 2.25α3 β0 = 3.0α as = −13.39 fm
rs = 4.93 fm

n-9Li 1 λ1 = 2000.0α5 β1 = 5.6α Er = 0.538 MeV
Γ = 0.475 MeV

p-9Li 0 λ0
c = 2.25α3 β0 = 3.0α asc = −23.98 fm

rsc = 1.14 fm
p-9Li 1 λ1

c = 2000.0α5 β1 = 5.6α Er = 2.42 MeV
Γ = 6.56 MeV

〈p′12|V12|p12〉 = −
λ

2µ12
g(p12)g(p

′
12), g(p) =

1

p2 + β2
, (1)

where strength parameter λ = 18.6α3 and the range parameter β = 5.8α are
obtained so as to reproduce the n–n spin singlet scattering length a = −23.69 fm
and effective range r = 2.32 fm. Similarly we choose the n-9Li separable potential
in momentum space as

〈~p31|V31|~p ′
31〉 =

∑

l=0,1

(2l + 1)V l
31(p31, p

′
31)Pl(cos θ) (2)

V l
31(p31, p

′
31) = −

λl
2µ31

νl31(p31)ν
l
31(p

′
31), νl31(p) =

pl

(p2 + β2
l )
l+1

, (3)

with l = 0, 1 for the n-core (9Li) interaction operative respectively in s- and p-states
to reproduce a virtual s1/2 state at an excitation energy of about 250 keV [17]
and a p-wave resonance observed experimentally at Er = 0.538 ± 0.062 MeV with
resonance width Γ = 0.358±0.023 MeV [18]. The range and strength parameters for
these interactions are accordingly adjusted to reproduce these observables. These
are summarised in table 1.

With these data in terms of two-body potentials we now write the three-body
Schrödinger equation in momentum space as

(T − E)Ψ(~p12, ~p3;E) = −
∑

ij,k

∫

〈~pij |Vij |~p ′
ij〉Ψ(~p ′

ij , ~p
′
k;E)d~p ′

ij ,

(ij, k) = (12, 3), (23, 1), (31, 2), (4)

where T is the kinetic energy and E denotes the total energy in the three-body
system and
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T − E =
p2
ij

2µij
+

p2
k

2µij−k
− E ≡ D(~pij , ~pk;E) (5)

µij =
mimj

mi +mj
, m1 = m2 = m = nucleon mass,m3 = mass of 9Li core

µij−k =
(mi +mj)mk

mi +mj +mk
, pij =

mjpi −mipj
mi +mj

.

Using the pairwise interactions given by eqs (1)–(3) in the three-body Schrödinger
eq. (4), the analytical structure of the three-body wave function in the c.m. system
can be written as

Ψ(~p12, ~p3;E) = ND−1(~p12, ~p3;E)







g(p12)G1(p3) + ν0
23(p23)G2(p1)

+ν1
23(p23)(p̂23 · p̂1)G3(p1)

+ν0
31(p31)G4(p2)

−ν1
31(p31)(p̂31 · p̂2)G5(p2)






.

(6)

The spectator functions G2(p1) and G4(p2) describe the dynamics of one halo neu-
tron when the other halo neutron and the core are interacting through s-wave.
Hence their structure is exactly the same. Similarly the functions G3(p1) and
G5(p2) describe the dynamics of one neutron when the second neutron and core
are interacting through p-wave. The function G1(p3) represents the dynamics of
9Li core in the presence of the two neutrons. In order to find a solution for these
spectator functions we substitute the three-body wave function from eq. (6) back
into the Schrödinger eq. (4) and compare the similar terms on two sides. This leads
to a set of coupled integral equations that can be written in a closed form as

Gi(p) = Λi

[

hi(p)Gi(p) +
3
∑

j=1

∫

d~qKij(~p, ~q;E)Gj(~q )

]

, i = 1, 2, 3.

(7)

The detailed structure of constants Λi, integrals hi and kernelsKij has been given in
ref. [15]. To symmetrise the kernel in eq. (7), we use the following transformations:

G1(p)→
√
2
χ1(p)

p
√
dp

√

Λ1, G2(p)→
χ2(p)

p
√
dp

√

Λ2, G3(p)→
χ3(p)

p
√
dp

√

Λ3.

(8)

The final symmetric eigensystem can now be written as

3
∑

j=1

∑

q

K ′
ij(~p, ~q;E)χj(q) = η(E)χi(p), i = 1, 2, 3, (9)

where we have introduced a parameter η(E) which corresponds to the eigenvalue of
the kernel of the above integral equation and K ′

ij(p, q;E) are the integral operators:
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Figure 1. The spectator functions G1(p), G2(p) and G3(p) for
11Li ground

state. Here p along X-axis is in units of α.

K
′

ij(p, q;E) = Λihi(p)δijδpq +
√

ΛiΛj
√

dp dq qp 2π

×
∫ +1

−1

d(cos θ)Kij(~p, ~q;E), i, j = 1, 2, 3. (10)

2.1 Ground state of 11Li

The condition η(E) = 1 yields the solution of the above integral equation in the
negative energy region and E corresponds to the bound state energy. Equation (9)
has been numerically solved using Gauss quadrature to compute the three-body
ground state energy and the momentum distribution of the spectator functions as
eigenvectors. For the ground state of 11Li obtained at energy E = −0.286 MeV,
the plots of spectator functions vs. momentum are shown in figure 1. Also there is
no excited bound state below the three-body breakup threshold in 11Li.

Now in order to estimate the normalisation constant N of the three-body wave
function subject to the condition

∫

Ψ(~p12, ~p3;E)Ψ∗(~p12, ~p3;E)d~p12d~p3 = 1 (11)

we note that, as a first step, we have to find out the analytical structure of these
spectator functions which should accurately reproduce the numerical solutions as
obtained by solving the integral equation. The analytical expressions which give
the best fit are:

G1(p) =
A1

1 + (p/p0)A2
, A1 = 1.58α−3, p0 = 0.9131α, A2 = 2.121

(12)
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G2(p) = G4(p) =
B1

1 + (p/p0)B2
, B1 = 0.343α−3,

p0 = 0.721α, B2 = 2.032 (13)

G3(p) = G5(p) = A1
(

1− e−[p/A2]
)A4

e−[p/A3], A1 = 0.62463α (14)

A2 = 1.37254α, A3 = 1.95298α, A4 = 1.13085. (15)

With these algebraic representations for the spectator functions as input in the
three-body wave function we then compute the quadrature of the integral in eq.
(11) to evaluate the normalisation constant N , keeping the momentum vectors ~p12

and ~p3 as basis to which all the other vectors such as ~p31, ~p2 etc. are properly
transformed. The value of N comes out to be 0.0732α4. The ground state wave
function of 11Li is thus completely known analytically and will be used to study
the probability distribution, momentum distributions and β-decay to 11Be∗ state
and d + 9Li channel.

2.2 Probability distribution in 11Li

Defining

P (~p12, ~p3) = Ψ(~p12, ~p3;E)Ψ∗(~p12, ~p3;E)
−→

dp12

−→

dp3 (16)

as the probability distribution of finding 9Li with momentum p3 in the volume
element p2

3dp3dΩ3 and the correlation momentum p12 of the two halo neutrons
in the element p2

12dp12dΩ12, we can get some insight by plotting the probability
density

P(p12, p3) = p2
12p

2
3

∫

dΩ12dΩ3|Ψ(~p12, ~p3)|2 (17)

versus the momenta p12 and p3 in a three-dimensional plot shown in figure 2. In
figures 3 and 4 we also depict the two-dimensional plots of the probability density
against the momenta p12 and p3 respectively (keeping the other momenta as fixed).
The curves in figures 3 and 4 are those that pass through the peak in figure 2.

These figures show that the most probable values of momenta p12 and p3 are 18.28
MeV/c and 30.16 MeV/c respectively. The FWHM (full-width at half-maximum),
Γ12 in figure 3 is 27.42 MeV/c and by uncertainty principle this gives the most
probable distance between the two halo neutrons as

r12 = rnn =
1

Γ12
= 7.19 fm. (18)

Similarly the FWHM, Γ3 in figure 4 is 45.70 MeV/c which gives the most probable
value of the distance of 9Li core from the centre of mass of the two halo neutrons
as
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Figure 2. The probability density P (along Z-axis) vs. p12 and p3. Here p12

and p3 are in units of α.

Figure 3. The probability density P (along Y -axis) vs. p12. Here p12 and
p3 are in units of α.

r3 = rc−nn =
1

Γ3
= 4.32 fm. (19)

Having calculated r12 and r3 from the three-body model, we can now estimate the
rms radius, rmatter, of

11Li using the relation

〈r2〉matter =
Ac

A
〈r2〉core +

1

A
〈ρ2〉 (20)

originally given by Fedorov et al [19]. Here 〈r2〉core is the mean square value of the
radius of 9Li core and ρ2 = r212 + r23. Taking the value of the 9Li core radius to be
2.32 fm and substituting the values of r12 and r3 from eqs (18) and (19) into eq.
(20), we obtain the value of the matter radius of 11Li to be 3.27 fm which is to be
compared with the limits 3.2± 0.1 fm recently established by Garrido et al [20].

The study of the behaviour of probability amplitude with respect to the angle
between vectors ~p12 and ~p3 shows that the ground state of 11Li has a maximum
probability for a configuration when the n–n relative motion and the recoil motion
of 9Li are at right angle to each other in such a way that the halo neutrons when
away from the core are closer and they are far away when closer to the core.
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Figure 4. The probability density P (along Y -axis) vs. p3. Here p12 and p3

are in units of α.

2.3 n–n correlation in 11Li from momentum distributions

One can also find the behaviour of longitudinal momentum distribution of 9Li and
that of the halo neutron by defining ~p = ~p‖ + ~p⊥. The longitudinal or parallel

momentum distribution of 9Li is by definition, the momentum distribution of 9Li
in the beam direction in fragmentation reaction of 11Li beam on a target at certain
beam energy. In the present model this implies that one should take ~p3 along beam
direction only and integrate over the solid angle. Thus longitudinal momentum
distribution of 9Li in the present model is given by

dN

dp3‖

=

∫

dp12dΩ12dΩ3 p
2
12|Ψ(~p12, ~p3)|2. (21)

This distribution which is compared with the latest experimental data [21] is shown
in figure 5. Here the overall agreement with the experimental data shows that the
inner structure of the 9Li core has only a marginal role to play at large momenta in
so far as the longitudinal component of the momentum distribution is considered.
To derive the longitudinal momentum distribution of halo neutron, we first express
the three-body wave function in terms of momentum vectors ~p31 and ~p2. Then the
longitudinal momentum distribution of halo neutron is simply defined as

dN

dp2‖

=

∫

dp31dΩ31dΩ2 p
2
31|Ψ(~p31, ~p2)|2. (22)

The longitudinal momentum distribution of halo neutron is shown in figure 6. How-
ever, the corresponding experimental data is not yet available to the best of our
knowledge. From figure 5 the FWHM is estimated to be 46 MeV/c, which is in
agreement with the experimental value of 45± 3 MeV/c [21]. In figure 6 FWHM is
found to be 35 MeV/c for the halo neutron. Comparison of the two widths shows
that
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Figure 5. The longitudinal momentum distribution of 9Li (along Y -axis)
vs. p3‖ . Here p3‖ is in MeV/c.

Figure 6. The longitudinal momentum distribution of halo neutron (along
Y -axis) vs. p2‖ . Here p2‖ is in MeV/c.

(FWHM)9Li

(FWHM)n
= 1.314 (23)

which is only slightly less than the value for uncorrelated neutron pair, i.e.,
√
2 [22].

It can thus be inferred that the two halo neutrons in 11Li are nearly uncorrelated.

3. Resonant states of 11Li above the three-body breakup threshold

For positive values of three-body energy E, the kernels of the integral eq. (9) in
momentum space contain singularities on the real axis. In particular, there exists
a range of p and q such that the kernel becomes a rapidly varying function of these
variables. Hence the methods of bound states cannot be used here. A powerful
method known as complex scaling method (CSM) has been recently developed (ref.
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Table 2. Resonance states of 11Li above the three-body

breakup threshold.

No. Er (MeV) Er (MeV) Γ (MeV)
calculated exp. data [23] calculated

1 0.038 0.03± 0.04 0.056
2 1.064 1.02± 0.07 0.050
3 2.042 2.07± 0.12 0.500

[24] and references therein) for solving the many-body resonances and continuum
states. In this method, the linear momenta (wave numbers) are transformed into
complex numbers as

~p −→ ~pe−iθ, ~q −→ ~qe−iθ. (24)

The resonance solutions are obtained as a complex energy: E = Er−iΓ. The values
of Er and Γ are found to be independent of θ provided 1

2 tan−1(Γ/2Er) < θ < θc.
Here Er is the resonance energy, Γ is the decay width and θc ≈ 0.7 is an upper
bound on the value of θ. Thus in CSM, resonance states are treated in a way similar
to the bound states. The first three resonant states of 11Li with the values of the
corresponding widths are given in table 2. The available experimental data on the
resonance energies are also shown in table 2.

4. Wave function of halo analog 11Be∗ (18.3 MeV) state
in a three-body (9Li + n + p) model

Using the fact that the excess mass of 11Be ground state is 20.174 MeV [25] and the
excitation energy of 11Be∗ is 18.3 MeV, we get separation energy Esp = 1.8 MeV
relative to the 9Li + n + p threshold in 11Be. The 11Be∗ (18.3 MeV) state can thus
be identified as a bound three-body (9Li + n + p) system with binding energy of 1.8
MeV of the halo neutron and proton pair to the 9Li core. To set up the three-body
Schrödinger equation for 11Be∗ (18.3 MeV), we label the neutron, proton and the
9Li core as particles 1, 2, and 3 respectively. The n-9Li interaction is the same as
explained in the previous section. The additional problem in the study of p-9Li
system is the handling of Coulomb interaction. The Coulomb potential is of course
not separable and, at low energies, with particles held together in bound or resonant
states as in halo nuclei, cannot be treated as a small perturbation. In this context
Harrington [26] and Cattapan et al [27] have shown that the problem of determining
the ‘Coulomb corrected’ phase shifts δcl due to a short range separable potential
acting between two charged particles, is essentially the same as the corresponding
problem with neutral particles. The effect of Coulomb potential is completely
accounted for by the use of Coulomb modified functions V l

c23 rather than the original
separable potential functions V l

23. These potentials are written as

〈~p23|V23|~p ′
23〉 =

∑

l=0,1

(2l + 1)V l
c23(p23, p

′
23)Pl(cos θ), (25)
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V l
c23(p23, p

′
23) = −

λlc
2µ23

νlc23(p23)ν
l
c23(p

′
23), (26)

νlc23(p23) = νl23(p23)
(2l + 1)!

(2l)!!
Cl(η)e

2η tan−1(p23/βl),

νl23(p) =
pl

(p2 + β2
l )

2
, (27)

Cl(η) =
(l2 + η2)1/2

(2l + 1)
Cl−1(η), C0(η) =

[

2πη

e2πη − 1

]1/2

, η(k) =
µe1e2
k

.

(28)

In eq. (28) e1, e2 denote the two charges, µ is the reduced mass and k is the wave
number between the two particles.

In the case of p-9Li interaction, unfortunately, the experimental data, particularly
at low energies are hardly available. We have therefore to resort to applying the
hypothesis of charge independence and assume that the strong interaction part of
p-9Li interaction is essentially the same as that of n-9Li system. With this proviso
we can then use the parameters of n-9Li potential and predict the low energy
observables as influenced by the presence of Coulomb force in p-9Li scattering.
Employing the potential of eqs (25)–(28), we solve the Schrödinger equation for
p-9Li system and compute the scattering amplitude both in s- and p-waves. From
this we can then predict the values of the low energy observables for p-9Li scattering
as scattering length asc = −23.98 fm and effective range rsc = 1.143 fm in the case
of s-state interaction while the position and width of the p-wave p-9Li resonance
are found to be Er = 2.42 MeV and Γ = 6.56 MeV. Thus it appears that Coulomb
force plays a significant role at such low energies in so far as it affects the values of
these observables considerably.

For Gamow–Teller β-decay of 11Li involving the halo neutron pair in T = 1 and
S = 0 state, one of the neutrons transforms to a proton resulting in the n–p pair
in T = 0 and S = 1 state. For this 3S1 spin triplet state of the halo neuteron and
proton pair we choose the separable potential

〈~p12|V12|~p ′
12〉 = −

λ12

2µ12
f(p12)f(p

′
12), f(p) =

1

p2 + β2
12

. (29)

The strength and the range parameters are adjusted to obtain the values of the
scattering length a = 5.43 fm and range r = 1.90 fm deduced from the low energy
scattering data [28]. All the binary interactions employed in the present work are
summarised in table 1.

Substituting these potentials for n–n, n-9Li and p-9Li interactions in the three-
body Schrödinger equation (4), we can read the structure of the three-body wave
function as
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Ψ
11Be∗

(~p12, ~p3;E) = N1D
−1(~p12, ~p3;E)











f(p12)H1(p3)
+ν0

c23(p23)H2(p1)
+ν1

c23(p23)(p̂23 · p̂1)H3(p1)
+ν0

31(p31)H4(p2)
+ν1

31(p31)(p̂31 · p̂2)H5(p2)











,

(30)

where, in eq. (30), Hi(p) (i = 1–5) denote the spectator functions which describe
the dynamics of the one particle in the presence of the other two mutually inter-
acting particles. The dynamical structure of these functions can be obtained by
substituting eq. (30) back into eq. (4) and comparing the corresponding terms on
both sides. We thus obtain a set of five coupled integral equations involving the
five spectator functions Hi(p), which can be written in a concise manner as

Hi(p) = Λi



hi(p)Hi(p) +

5
∑

j=1

∫

d~qKij(~p, ~q;E)Hj(~q )



, i = 1–5, (31)

where

Λ1 =
λ12

2µ12
, Λ2 =

λ0

2µ31
, Λ3 =

λ1

2µ31
, Λ4 =

λ0
c

2µ23
, Λ5 =

λ1
c

2µ23

and the elements of the kernel Kij(~p, ~q;E) are written explicitly in Appendix 7.
Before performing the numerical computation, the kernel of the integral in eq. (31)
is symmetrised by using the transformation:

Hi(p) −→
χi(p)

p
√
dp

√

Λi, i = 1–5. (32)

The final symmetric eigensystem can now be written by applying the suitable
quadrature rule (Guass–Legendré) to eq. (31) as

5
∑

j=1

∑

q

k′ij(~p, ~q;E)χj(q) = η(E)χi(p), i = 1–5, (33)

where we have introduced a parameter η(E) which represents the eigenvalue of the
above equation and K ′

ij(p, q;E) are the integral operators:

K ′
ij(p, q;E) = Λihi(p)δijδpq +

√

ΛiΛj
√

dp dq qp 2π

×
∫ +1

−1

d(cos θ)Kij(~p, ~q;E), i, j = 1–5. (34)

The numerical solution is achieved by use of the standard library routine ‘cg.f’
available on internet at EISPACK. The condition η(E) = 1 gives the solution for
the three-body energy and the momentum distribution of the spectator functions
as eigenvectors. We find that for the input parameters of the two-body potentials
the resulting three-body system is somewhat overbound. Thus for instance using
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Figure 7. The spectator functions H1(p) vs. p for 11Be∗ excited state at
18.3 MeV. Here p along X-axis is in units of α.

Figure 8. The spectator functions H2(p), H3(p), H4(p) vs. p for 11Be∗ ex-
cited state at 18.3 MeV. Here p along X-axis is in units of α.

the value of the spin triplet n–p strength parameter λ12 = 23.7α3 predicts the
separation energy of the halo neutron–proton pair as 2.28 MeV instead of the
required 1.8 MeV. This is possibly due to the fact that the binary n–p interaction
does not include a small tensor component. It has however been found that if
we reduce the strength parameter λ12 to 22.89α3 (less than 3%) it can exactly
reproduce the separation energy of the valence n–p pair as 1.8 MeV. For the 11Be∗

(18.3 MeV) state, the plots of spectator functions Hi(p) (i = 1–5) are shown in
figures 7–9.

As a next step in order to estimate the normalisation constant N1 of the three-
body wave function we first find out the analytical structure of the spectator func-
tions which should accurately reproduce the numerical solution as obtained by
solving the integral equation. The algebraic structures that give the best fit are
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Figure 9. The spectator functions H5(p) vs. p for 11Be∗ excited state at
18.3 MeV. Here p along X-axis is in units of α.

H1(p) =
A1

1 + (p/p01)A2
, A1 = 60.920α−3, p01 = 0.0760α,A2 = 2.020, (35)

H2(p) =
B1

1 + (p/p02)B2
, B1 = 0.036α−3, p02 = 0.7647α,B2 = 1.918, (36)

H3(p) = (C1× p)× e−C2×p, C1 = 0.179α−3, C2 = 0.974α−1, (37)

H4(p) =
D1

1 + (p/p03)D2
, D1 = 0.015α−3, p03 = 0.7647α,D2 = 2.259, (38)

H5(p) = (E1× p)× e−E2×p, E1 = −0.101α−3, E2 = 0.800α−1. (39)

The three-body wave function is then normalised subject to the condition
∫

Ψ
11Be∗

(~p12, ~p3;E)Ψ∗
11Be∗

(~p12, ~p3;E)d~p12d~p3 = 1. (40)

Using the algebraic representations for the spectator functions given in eqs (35)–
(39), we then compute the quadrature of the integral in eq. (40) and determine the
value of the normalisation constant N1. The value of N1 is found to be 0.157α4.

5. β-Decay of 11Li to halo analog 11Be∗ (18.3 MeV) state

Having equipped with the necessary details to write the complete three-body wave
function for 11Li and 11Be∗ states, we are now in a position to calculate the transi-
tion probabilities of β-decay of 11Li to the different decay channels. Experimental
studies [13,14,29,30] of β-delayed charged particles like deuterons, tritons, 4He and
9Be and neutrons and γ-rays that follow the 11Li β-decay, indicates a β-feeding to
an excited state at excitation energy of 18.3 MeV in 11Be with a large Gamow–
Teller strength, BGT ≥ 1. Now such a large value of BGT implies a large spatial
overlap of the 11Be∗ state and the ground state of 11Li. Using the three-body wave
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functions, obtained in the present approach, we calculate the value of the overlap
integral, viz.

Mfi =
〈

Ψ
11Be∗

|Ψ
11Li

〉

=

∫

Ψ∗
11Be∗

(~p12, ~p3;E)Ψ
11Li

(~p12, ~p3;E)d~p12d~p3.

(41)

By substituting the wave functions given by eqs (30) and (6) we obtain the value to
be 0.51. For Gamow–Teller β-decay of 11Li involving the halo neutron pair in T = 1
and S = 0 state, when one of the neutrons transforms to a proton resulting in the
n–p pair in T = 0 and S = 1 state, the spin triplet state has a statistical weight of
3. Since any of the two halo active neutrons may be undergoing β-decay, the total
statistical factor should therefore be 6. Thus the reduced transition probability,
BGT, is defined as

BGT = 6|Mfi|2 (42)

which in the present case gives the value of 1.5. This large value of Gamow–Teller
strength appears to be in rather good agreement with the experimental findings. It
is important to note that this is in fact a ‘parameter free’ prediction of the present
model. As for the sensitivity of the detailed structure of 11Li to β-decay, we find
that the admixture of (p1/2)

2 configuration plays only a marginal role as is evident

from the comparison of the spectator functions representing the neutron and 9Li
core in s- and p-states (see figure 1). This is also in qualitative agreement with the
conclusions arrived at by Mukha et al [13] and Borge et al [14].

6. β-Decay of 11Li to 9Li + deuteron channel

As the next immediate application to check the sensitivity of the wave function of
11Li we study β-decay of 11Li to the d-9Li channel. The branching ratio for the
deuteron channel decay 11Li −→ 9Li + d + e + ν, for fixed initial and final states,
per unit energy can be written as [16,31]

dB

dE
=

dW (11Li −→ 9Li + d + e + ν)

W ( 11Li −→ 11Be)dE
, (43)

where

dW

dE
=

(

G2
β

8π5

)

(

mec
2

h̄4

)

(µk) f(Q− E)BGT(E) (44)

and

W =

(

G2
β

2π3

)

(

mec
2

h̄

)

ft(0+ −→ 0+)

t1/2
. (45)
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Figure 10. Energy spectrum of deuterons dB/dE (along Y -axis) vs. E. The
peak is observed at around 0.32 MeV.

Substituting eqs (44) and (45) in eq. (43) we get the final expression for the
branching ratio as

dB

dE
=

1

4π2

µk

h̄3

BGT(E)f(Q− E) t1/2

ft(0+ −→ 0−)
(46)

BGT(E) = 6λ2

∣

∣

∣

∣

∫

Ψd(~p12)Ψf (k, ~p3)Ψi(~p12, ~p3)
−→

dp12

−→

dp3

∣

∣

∣

∣

2

. (47)

In eqs (44) and (45), t1/2 = 8.5 ms is the β-decay half-life of 11Li; k is the wave

number of the 9Li + d channel at c.m. energy E; µ is the reduced mass of the
9Li + d system; Q = 2.76 MeV is the Q value for the decay of 11Li to the 9Li
+ d channel; λ = −1.268 is the ratio of the axial vector to the vector coupling
constant; f(Q − E) is the phase space (Fermi) integral for the deuteron channel
and ft(0+ −→ 0−) = 3072.4 s.

For the deuteron wave function we use the following standard wave function in
momentum space as given in [32]:

Ψd(p12) =

√

αβ1(α+ β1)3

π(p2
12 + β2

1)(p
2
12 + α2)

, β1 = 6.255α, (48)

where α is the deuteron binding energy parameter (α2/m = 2.226 MeV). For the
initial state 11Li wave function (Ψi) we use the normalised wave function of eq. (6).
Here we consider only the direct decay to the deuteron continuum and assume that
due to the low decay Q value (2.76 MeV), the relative d-9Li motion can be described
only by s-wave. The general normalised scattering wave function for d-9Li relative
motion can be written as

Ψf (~p3) = δ(~p3 − ~k)−
1

2π2

fk(p3)

k2 − p2
3 + ιε

(49)
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where the delta function represents the plane wave part of the d-9Li relative motion
and fk(p3) denotes the off-shell scattering amplitude to take into account the final
state interaction. For this purpose, we need to construct the scattering amplitude
for d-9Li system in the presence of Coulomb interaction. As explained in §4, the
effect of Coulomb potential is completely accounted for by the use of Coulomb
modified functions Vc(p3) rather than the original separable potential functions
V (p3). This Coulomb modified separable potential has been constructed similar to
the case for p-9Li interaction in §4 and has been used to find the off-shell scattering
amplitude appearing in eq. (49).

Thus using eq. (48) for deuteron wave function, eq. (49) for 9Li-d wave function
and eq. (6) for the three-body initial state of 11Li, the overlap integral appearing
in eq. (47) can be computed to find dB/dE. The plot of dB/dE vs. E is shown
in figure 10 which depicts the maximum probability for deuterons being emitted
at 0.32 MeV. Finally, the numerical integration of dB/dE over energy E gives us
the total branching ratio to the deuteron channel which is found to be 1.3× 10−4.
Clearly this value is in close agreement with the experimental value 1.5 × 10−4

reported in [13,14]. As pointed out in these references, the small discrepancy may
be largely due to systematic error in experimentally detecting low energy deuterons
indistinguishable from tritons.

7. Summary and conclusions

To summarise, we have here presented a three-body analysis studying the struc-
tural properties of 11Li such as the ground state energy; the energy spectrum of
first three resonant states above the three-body breakup threshold; the momentum
distribution of the halo neutrons as well as that of the core; the n–n correlation
and the separation of the core from the centre of mass of the halo neutrons in the
nucleus. The matter radius of 11Li has been calculated to be 3.27 fm which is in
close agreement with the limits 3.2 ± 0.1 fm recently established by Garrido et al
[20]. The three-body model has also been extended to study β-decay observables
with a view to test the sensitivity of the three-body wave function. It predicts the
BGT value of 1.5 for β-decay of 11Li to the 11Be∗ (18.3 MeV) state approximated
as an isobaric halo analog state (9Li + n + p). It may be mentioned that such an
isobaric analog state of 11Li in 11Be∗ was investigated by Teranishi et al [33] using
charge exchange reaction 11Li(p,n) 11Be∗ in inverse kinematics at E(11Li) = 64 A
MeV. The branching ratio for β-decay to deuteron plus 9Li channel is also found
to be in good agreement with the experimentally observed value. We also find that
the (p1/2)

2 components due to the p-state n-9Li interaction in the three-body wave

function of 11Li contribute marginally in reproducing the β-decay observables. The
main assumptions in the present three-body model are: (a) to assume 9Li core a
structureless and spinless object and (b) to identify 11Be∗ (18.3 MeV) state as a
composite of 9Li + n + p configuration thereby neglecting some contributions from
the complex structure of the 11Be wave function in the excited state. Apparently, so
long as we restrict ourselves to the low energy phenomena, the above effects would
not significantly change the results of the present analysis. Nevertheless, these fine
details need to be incorporated within the framework of a three-body approach in
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the near future. It may however be emphasised that the present approach has the
following distinct advantages: (i) It provides direct information about the momen-
tum distribution of single particles within the nucleus through the knowledge of
the spectator functions; (ii) the information about the two-body correlation can be
obtained in a rather simple way from the solution of the three-body wave function
and (iii) since the three-body observables are computed without resort to any ap-
proximation, any discrepancy between the calculated and observed quantity should
directly reflect on the limitation of the input two-body potentials used.

Appendix A: Kernels of integral equations of 11Be∗

K12(~p, ~q;E) =
V 0

12(|~q + ~p
2 |)V 0

c23(|− ~q m3

m+m3
− ~p |)

( q
2

m + ~q·~p
m + p2

2µmm3

− E)
(A1)

K13(~p, ~q;E) = −
V 0

12(|~q + ~p
2 |)V 1

c23(|− ~q m3

m+m3
− ~p |)

( q
2

m + ~q·~p
m + p2

2µmm3

− E)
∆1 (A2)

K14(~p, ~q;E) =
V 0

12(|− ~q − ~p
2 |)V 0

31(|~q m3

m+m3
+ ~p |)

( q
2

m + ~q·~p
m + p2

2µmm3

− E)
(A3)

K15(~p, ~q;E) =
V 0

12(|− ~q − ~p
2 |)V 1

31(|~q m3

m+m3
+ ~p |)

( q
2

m + ~q·~p
m + p2

2µmm3

− E)
∆1 (A4)

K42(~p, ~q;E) =
V 0

31(|− ~q − m
m+m3

~p |)V 0
c23(|~q m

m+m3
+ ~p |)

( q2

2µmm3

+ ~q·~p
m3

+ p2

2µmm3

− E)
(A5)

K43(~p, ~q;E) =
V 0

31(|− ~q − m
m+m3

~p |)V 1
c23(|~q m

m+m3
+ ~p |)

( q2

2µmm3

+ ~q·~p
m3

+ p2

2µmm3

− E)
∆2 (A6)

K52(~p, ~q;E) = −
V 1

31(|− ~q − m
m+m3

~p |)V 0
c23(|~q m

m+m3
+ ~p |)

( q2

2µmm3

+ ~q·~p
m3

+ p2

2µmm3

− E)
∆3 (A7)

K53(~p, ~q;E) = −
V 1

31(|− ~q − m
m+m3

~p |)V 1
c23(|~q m

m+m3
+ ~p |)

( q2

2µmm3

+ ~q·~p
m3

+ p2

2µmm3

− E)
∆2∆3 (A8)

K23(~p, ~q;E) = K45(~p, ~q;E) = Kii(~q, ~p;E) = 0 (A9)

Ki,j(~p, ~q;E) = Kj,i(~q, ~p;E), i, j = 1–5 (A10)

h1(p) =

∫

d~q [V 0
12(q)]

2

p2

2µ12−3
+ q2

2µ12
− E

, h2(p) =

∫

d~q [V 0
c23(q)]

2

p2

2µ23−1
+ q2

2µ23
− E

(A11)
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h3(p) =

∫

d~q [V 1
c23(q)]

2(q̂ · p̂)2
p2

2µ23−1
+ q2

2µ23
− E

, h4(p) =

∫

d~q [V 0
31(q)]

2

p2

2µ31−2
+ q2

2µ31
− E

(A12)

h5(p) =

∫

d~q [V 1
31(q)]

2(q̂ · p̂)2
p2

2µ31−2
+ q2

2µ31
− E

(A13)

∆1 =

[

(~q m3

m+m3
+ ~p ) · q̂

]

[

( m3

m+m3
)2q2 + p2 + 2 m3

m+m3
~q · ~p

]1/2
(A14)

∆2 =

[

(~q m
m+m3

+ ~p ) · q̂
]

[

( m
m+m3

)2q2 + p2 + 2 m
m+m3

~q · ~p
]1/2

(A15)

∆3 =

[

(~p m
m+m3

+ ~q ) · p̂
]

[

( m
m+m3

)2p2 + q2 + 2 m
m+m3

~q · ~p
]1/2

. (A16)
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