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Abstract. Analytical and numerical study of the stability of sheet electron beam in periodically
cusped magnetic field (PCM) is made. The beam has been considered as having diffused density
profile. The conditions for beam focusing are discussed.
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1. Introduction

One of the problems in scaling high power vacuum and plasma microwave sources to
higher frequencies is the need to transport beams with higher space charge density, since
the radio frequency circuit transverse dimensions tend to decrease with wavelength. The
use of sheet electron beams can alleviate this difficulty since large amounts of current
can be transported at reduced space charge density by increasing the width of the beam.
Sheet beams permit reduction in space charge effects on the efficiency of the devices in
which electron energy is recovered. However, due to unneutralized charges, the electron
beam erosion can occur. This can be overcome by using an axial magnetic field. This
is an unstable configuration due toE�B drift forces arising from the guiding magnetic
field B and the transverse electric space charge fieldE of the beam. Due to shearing
effects a diocotron instability is created in the beam. Physical consequence of the diocotron
instability is that the beam forms localized kinks and vortices with the eventual result of the
filamentation, ‘heating’, breakup, and possibly interception on the confining vessel walls.
A finite length of propagation is required before this instability becomes unacceptably
pronounced. A lower bound estimate for the diocotron instability growth length can be
obtained as

Ld(cm)iνz
ωc

ω2
p
� 800γ3β 2

z
Bz(kG)

Jb(A=cm2)
;

whereωc = eB=m is the electron cyclotron frequency,ω 2
p = ne2=γ3mε0 is the square of

the relativistic beam plasma frequency (n is the beam density in the laboratory frame),
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γ = (1� β 2
z )

�1=2 is the relativistic energy parameter, andβz = νz=c is the beam axial
velocity normalized to the speed of light in vacuum. Clearly, the diocotron instability can
be suppressed by large beam energies (largeγ) or low-beam current densitiesJb. This is
just a consequence of a space-charge instability being reduced by reducing the effect of
space charge. In the present paper we have depicted analytically that by proper tailoring
of the beam density profile the space charge effect can substantially be reduced. We are
considering periodic cusped magnetic field [1] for focusing purpose.

Section 2 of this paper presents an analysis of the low frequency stability of the sheet
electron beams in periodic magnetic field. Expressions for magnetic and space charge
fields are derived inx3 for the sheet beam with density profile in periodic cusped magnetic
field (PCM) focusing configuration. Inx4 of this paper the conditions of focusing in case of
the beam with diffused density profile are discussed. Results and discussions are presented
in x5.

2. Analysis of the stability of sheet electron beam in periodic magnetic focusing

In the magnetic system such as wiggler or PCM, focusing of rectilinear electron beams
is the result of a ponderomotive force effect that arises from coupledV�B forces in two
component periodic magnetic fields. We consider a configuration such as that shown in
figure 1 with rectangular cross-section and periodic cusps in both transverse planes. The
near axis field for this configuration can be approximated by the following expressions,
which are derived from a scalar potentialχm:

~B=�~∇χm;

where

χm =

�
B0

km

�
[cosh(kxx)cosh(kyy)cos(kmz)]:

Figure 1. The two plane rectangular PCM focusing configuration.
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From this scalar potential the magnetic field can be expressed as

Bx ��(k2
x=km)xB0cos(kmz); (1)

By ��(k2
y=km)yB0cos(kmz); (2)

Bz� B0sin(kmz); (3)

wherek2
m = k2

x +k2
y.

Our model of sheet electron beam assumes a thin beam with charge density per unit area
N and the electron density per unit volumen that are related asNq= ntq, wheret is the
thickness of the beam andq denotes the charge. We consider the harmonic perturbation of
sort given in figure 3b. To find stability criteria our model assumes a uniform solenoidal
field B= B0Ẑ. We assume thatz� u0t andu0� ujẏj, whereu0 is the beam axial velocity.
And focusing on the dynamics of electron at the beam center, thex andy component of
Lorentz force equations of motion are

ẍ=
qEx

mγ3 �

�
ωc0

γ

�
ẏ; (4a)

ÿ=
qEx

mγ3 +

�
ωc0

γ

�
ẋ; (4b)

whereγ is relativistic factor andωc0 = qB0=m. In eqs (4a) and (4b) we implicitly incor-
porated self-magnetic field through a 1=γ 2 reduction of the self-electric fields, and have
ignored bunching effects. For the harmonic perturbation of the sort ei(kx�ωt) of the beam,
the linearized equations of motion are

�ω2x̃=
qẼx

mγ3 � iω
ωc0

γ
ỹ; (5a)

�ω2ỹ=
qẼy

mγ3 � iω
ωc0

γ
x̃; (5b)

wherex̃; ỹ denote the perturbed quantities. In the perturbed state the electrons in the beam
center experiences an electric fieldẼ that is approximately the average of the field at the
top Ẽ+ and the bottomẼ

�
(figure 3b), and is given by

Ẽ =
1
2
(Ẽ++ Ẽ

�
): (6)

For the electrons at the center of the beam, the perturbed equation of continuity is approx-
imated as

Ñ =�ikNx̃: (7)

Assuming thatkt � kjỹj � 1 (figure 3a), continuity of tangential field and the jump in the
normal field components results in

Ẽx+� Ẽx� =�i(Nq=ε0)kỹ; (8)

Ẽy+� Ẽy� = (Ñq=ε0): (9)
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Next by assuming the time scale of the perturbation to be slow (i.e.ω � ω c0) equation
(5)–(9) can be combined to yield

Ẽx++ Ẽx�

Ẽx+� Ẽx�
=

ω
k

2ε0

Nqγ
B0; (10)

Ẽy++ Ẽy�

Ẽy+� Ẽy�
=�

ω
k

2ε0

Nqγ
B0: (11)

Boundary conditions at the beam vacuum edges are obtained by assuming a quasistatic
limit k� ω=2πc such that fields in this vacuum region are separable in their dependence
onx andy. For a curl-free electric field this results in the approximation

Ẽx� ��iẼy�: (12)

Finally we can combine eqs (10), (11), and (12) to yield

ω
k
=�i(Nqγ=2ε0B0); (13)

i.e. a purely growing mode.
The above model is applied to the case of the sheet electron beam in periodic magnetic

focusing field. Again, we are assuming the perturbation as ei(kx�ωt) and that the perturba-
tion evolves on a time sufficiently long to justify averaging dynamics over a magnet period.
Hence, the equations of motion are

�ω2x̃=
qẼx

mγ3 +
ω2

c0

2γ
Cxx̃; (14)

�ω2ỹ=
qẼy

mγ3 +
ω2

c0

2γ
ỹ: (15)

Using eqs (8), (9) and (12) we obtain for this case the following two equations:

ω2 =

�
Nq2

2mγ3ε0

�
k+

ω2
c0

2γ
Cx; (16)

ω2 =�

�
Nq2

2mγ3ε0

�
k+

ω2
c0

2γ
: (17)

Normal mode solutions exist only for simultaneous solution of eqs (16) and (17). Upon
substituting this yields

ω2 =
ω2

c0

4γ
(1+Cx); (18)

i.e. bounded harmonic betatron motion (no growing instability). This is valid for perturba-
tions for which(ω=u0)� km or

ω2
c0(1+Cx)� 4γk2

mu2
0; (19)

whereu0 is the beam axial velocity. That is one can expect to achieve stabilization (to dio-
cotron modes) of the sheet beam in PCM focusing provided the magnetic field fluctuation
frequencykmu0 is larger than the growth rate given in eq. (18).
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Figure 2. Horizontal density profile of diffused parabolic beam for which the space
charge fields are calculated.

3. Analytic expression for space charge electric field

In this section of the paper we obtain the space charge electric fields for the case of a
wide sheet beam when the beam has diffused edges along its width (figure2). We consider
the propagation of sheet electron beam of thicknesst and widthw (wheret � w) into
a conducting waveguide of cross section dimensions asa andb alongx andy directions
respectively. We are considering the diffused density profile. The Poisson’s equation for
scalar potentialφE in case of a wide rectangular sheet electron beam confined between
parallel conducting plates is given by

∇2φE(x;y) =
�ϕ(x;y)

ε0
; jxj � a=2; jyj � b=2 (20)

with boundary conditionφE(jxj= a=2) = φE(jyj= b=2) = 0. A Green’s function solution
to the relevant equation

�
∂ 2

∂x02
+

∂ 2

∂y02

�
G(x;x0;y;y0) =�

δ (x0�x)δ (y0�y)
ε0

;

with the boundary conditions

G(jx0j= a=2) = G(jy0j= b=2) = 0;

is obtained as

G(x;x0;y;y0) =
∞

∑
j=0

gj cos(kjy)cos(kjy)

�sinh
h
kj

�a
2
�x
�i

sinh
h
kj

�a
2
�x0

�i
; x0 ? x;

where

gj �
2

ε0bkj sinh(kja)
; kj �

(2 j +1)π
b

:

In the limit a! ∞, the above Green’s function is
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G(x;x0;y;y0) =
∞

∑
j=0

1
ε0bkj

cos(kj y
0)cos(kjy)e

�kj (x�x0); x0 ? x: (21)

The solution to eq. (20) is therefore

φE(x;y) =
ZZ
swg

dx0dy0G(x;x0; y;y0)ϕ(x0;y0);

whereswgrepresents the waveguide cross section.
The formulas for electrostatics space charge fields are investigated when beam has the

diffused density profile

n(x;y) = n0 f (x)g(y);

where

f (x) =

8<
:

1� 1
2 exp

n
�(w=2+x)

L

o
; �w=2< x� 0

1� 1
2 exp

n
�(w=2�x)

L

o
; 0� x< w=2

(22)

and

g(y) =

8>>>>>>><
>>>>>>>:

1
2 exp

n
(t=2+y)

l

o
; �b=2� y��t=2

1� 1
2 exp

n
�(t=2+y)

l

o
; �t=2< y� 0

1� 1
2 exp

n
�(t=2�y)

l

o
; 0< y� t=2

1
2 exp

n
(t=2�y)

l

o
; t=2< y� b=2

: (23)

When the density varies sufficiently slowly inx we can expect

∂ 2φE

∂x2 �
∂ 2φE

∂y2 : (24)

Poisson’s equation thus gives

∂ 2φE

∂y2 = (q=ε0)n(x;y): (25)

By solving the above equation, the potential can be obtained as

φE =
qn0 f (x)

2ε0

8>>><
>>>:

y2� l2exp
n
�(t=2�y)

l

o
+ ly+2l2

�l2exp
n
�(b�t)

2l

o
� tb

2 + t2
4 ; 0< y� t=2

l2 exp
�

t
2l �

y
l

	
+ l2� ly+ lb+(t� l)

�
y� b

2

�
; t=2� y� b=2

(26)

and for the electric field component in the regionjyj � t=2,
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E(x) =�
qn0

2ε0

�
y2
� l2exp

�
�(t=2�y)

l

�
+ ly+2l2

�l2exp

�
�(b� t)

l

�
�

tb
2
+

t2

4

�
d f (x)

dx
; (27a)

E(y) =�qn0 f (x)

�
2y� l exp

�
�(t=2�y)

l

�
+ l

�
: (27b)

To establish the validity of the above equations we calculated the electric fields by Green’s
function solution with a prescribed diffused density variation as given in eqs (22) and (23).
The horizontal electric component can be expressed as

Ex(x;y) =
Z ∞

�∞
dx0qn0 f (x0)

Z b=2

�b=2
dy0g(y0)

∂G(x;x0;y;y0)
∂x

;

whereG(x;x0;y;y0) is as given in eq. (21),

Ex(x;y) =
qn0

ε0bkj

∞

∑
j=0

cos(kjy)
Z ∞

�∞
(�) f (x0)exp(�kj(x�x0)dx0

�

Z b=2

�b=2
cos(kjy

0)g(y0)dy0: (28)

Let
Z ∞

�∞
(�) f (x0)exp(�kj(x�x0)dx0=Aj x? x0; and

Z b=2

�b=2
cos(kjy

0)g(y0)dy0=Yj ;

then by substituting the values off (x0) andg(y0), and evaluating the above integrals we get

Aj =

exp(kj(x�w=2))�exp(�kj(x+w=2))+kjLexp(�w=2L�kjx)

�kjLexp(�w=2L�x=L)

kj(k
2
j L

2�1)

and

Yj =
2

kj(1+k2
j l

2)
[fkj l cos(kjt=2)�k2

j l
2sin(kjt=2)g

+exp((t�b)=2l)f�kjl cos(kjb=2)+k2
j l

2 sin(kjb=2)g

+2sin(kjt=2)+kj l exp(�t=2l)�kjl cos(kj t=2)]:

Substituting these values in eq. (28) we have

Ex(x;y) =
qn0

ε0

∞

∑
j=0

cos(kjy)

bkj

�

0
BBB@

exp(kj(x�w=2))�exp(�kj(x+w=2))+kjLexp(�w=2L�kjx)

�kjLexp(�w=2L�x=L)

kj(k
2
j L

2�1)

1
CCCA
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�

0
B@

2
kj (1+k2

j l
2)
[fkj l cos(kjt=2)�k2

j l
2 sin(kjt=2)g

+exp((t�b)=2l)f�kj l cos(kjb=2)+k2
j l

2 sin(kjb=2)g
+2sin(kjt=2)+kjl exp(�t=2l)�kjl cos(kjt=2)]

1
CA : (29)

Similarly the value ofEy(x;y) can also be evaluated as

Ey(x;y) =
qn0

ε0bkj

∞

∑
j=0

sin(kjy)
Z ∞

�∞
f (x0)exp(�kj(x�x0)dx0

�

Z b=2

�b=2
cos(kjy

0)g(y0)dy0: (30)

By solving the above equation we have the value ofEy(x;y) as

Ey(x;y) =
qn0

ε0

∞

∑
j=0

sin(kjy)

bkj

�

0
BBB@

exp(kj(x�w=2))�exp(�kj(x+w=2))+kjLexp(�w=2L�kjx)

�kjLexp(�w=2L�x=L)

kj(k
2
j L

2�1)

1
CCCA

�

0
B@

2
kj (1+k2

j l
2)
[fkj l cos(kjt=2)�k2

j l
2sin(kjt=2)g

+exp((t�b)=2l)f�kjl cos(kjb=2)+k2
j l

2sin(kjb=2)g
+2sin(kjt=2)+kjl exp(�t=2l)�kj l cos(kjt=2)]

1
CA : (31)

4. Focusing of sheet electron beam with diffused parabolic density profile

The problem of matching a rectangular sheet beam with two-plane focusing periodic mag-
netic fields is a nonlinear, nonseparable problem involving the balance of magnetic focus-
ing forces, space charge defocusing forces and transverse kinetic pressure associated with
finite beam emittance. We first consider the guidelines for periodic cusped magnetic fo-
cusing of an infinitely wide sheet beam with uniform density. In this limit the problem
depends only on they dimension for which the equation of motion is

dvy

dt
� q

q
mγ3Ey�

ωc0

2γ
y�

ω2
p

γ3 �
ω2

c0

2γ
y:

For beam focusing

ω2
c0

γ
�

2ω2
p

γ3 : (32)

For the validity of the period averaged equations, as well as to ensure stability against
diocotron modes, we require a spatial magnet period short enough to satisfyk β � km;kp =
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ωp=u0 � km andkd = 2π=Ld � km, wherekβ is the betatron wave number andLd is the
diocotron stability growth length. Simultaneous satisfaction of these requirements leads
to the following conditions for a stable confinement regime of periodically focused sheet
electron beams,

2ω2
p � ω2

c0: (33)

We now consider bulk focusing of sheet beam in the horizontal dimension. For a closed
magnetic configuration and a sheet beam neary= 0, the approximate equation of motion
is

dvx

dt
�

q
mγ3 Ex�

ω2
c0

2γ
k4

x

k4
m

x; (34)

whereEx(x;y) is the electric field for the beam whose edge have a definite density varia-
tion. The expression for the electric field at beam edge(x= w=2) and under the condition
kjw� 1 can be given as

Ex(x;y) =
mω2

p

q

∞

∑
j=0

cos(kjy)Yj

bkj
[1+kjLexp(�w=2L)�kjL]: (35)

The condition for focusing to exceed over defocusing is d ˜vx=dt � 0, one gets

q
mγ3 Ex �

ωc0

2γ
k4

x

k4
m

x; (36)

by substituting the value ofEx(x;y) from eq. (35) in eq. (36) we have,

ω2
p

γ3

∞

∑
j=0

cos(kjy)Yj

bkj
[1+kjLexp(�w=2L)�kjL]�

ω2
c0

2γ
k4

x

k4
m

w
2
: (37)

By taking a particular case we depicted the values of peak PCM magnetic fields for stable
sheet beam confinement for different beam current densitiesj b.

5. Results and discussion

Figure 3 displays variation of normalized electric fieldÊx with respect to the normalized
horizontal position for a parabolic sheet beam between two conducting planes separated
by distanceb in theŷ= 0 and 0.01 planes for̂L = 1:0 and 3.0. Here normalized quantities
are introduced aŝL = L=b;ŵ= w=b, x̂= x=b, l̂ = l=b andÊx(x;y) = Ex(x;y)=E0. From the
figure it is evident that space charge fields get substantially reduced for a diffuse edge sheet
beam. For a given scale length of density variation of the diffused edge that is normally
located atjyj = t=2, the space charge fieldŝEx decreases with increase in̂L. Figure 4
represents the variation of the confining magnetic field as a function of the beam current
density jb, where jb is related to the beam voltage asj b = P=Av3=2

b
whereP=A represents

perveance per unit area of the beam. To control emittance growth in periodically focused
beams, a precise balance of space charge fields and magnetic focusing fields are needed.
For a laminar sheet beam they component of the space charge field decreases atjxj= w=2
due to fringing effects. When the condition (37) is satisfied, the beam matching in the
center results in over focusing.
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Figure 3. Sheet electron beam in (a) unperturbed state; (b) perturbed state.

Figure 4. Variation of normalized space charge field for a beam parabolic density
profile with respect to horizontal position. —— line is for ˆy= 0:001,L̂= 1, - - - line is
for ŷ= 0:00, L̂= 1, ... line is forŷ= 0:00, L̂= 3, and -.-.- line is for ˆy= 0:01, L̂= 3.
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Figure 5. Variation of confining magnetic field for PCM focused sheet beam with
respect to the beam current densityJb. Solid line shows the Booske’s result and dotted
line gives our results for a magnet periodlm= 1, t=b= 1 andw=b= 6.
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