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1. Introduction

Geometric phase has been studied extensively since Berry [1] discovered it in adiabatic and
cyclic evolutions of a general quantal system. Geometric phase has since been identified
with the phase anholonomy of a parallel transported quantal system and shown to arise
in completely general evolutions [2—7]. Determined solely by the geometry of the curve
traced in the ray space, geometric phase encompasses a broad range [8—10] of scientific
fields.

In this paper, we present a density operator-based, hence gauge-invariant, formalism for
geometric phase and associated features of quantal evolutions, from a physicist’'s view-
point. We delineate the properties of the finite differedgebetween a pair of pure state
density operators of a general quantal system. UgiagdAp, we construct a complete
set of generators for the related 2-sphere ray subspaydighlighting the physical oper-
ations performable with each generator. In the limit of an infinitesimal separation between
the pair of rays, we characterise the differential density opetitdf3). We derive an
expression for the general curve len§tin the ray space@) and examine its relationship
with a time-energy uncertainty principle enunciated previously [11]. Using the 2-subspace
generators, we proposesmgle-query quantum search algorithm to extract a desired ray
exactlyfrom a given array of, rays §5). Showing that each infinitesimal step of a general
evolution is confined to the local 2-subspace, we express the most general Ham#itgnian
generating a given ray space evolution in terms of Pauli operators in local 2-subspaces con-
structed frormp and ¢ (§6). This leads to a natural physical delineation of dynamical and
geometric phase components, the latter originating from the parallel trangf)atfécted
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by the commutator betwegnand ¢, in H . In §8, we obtain a density operator equa-

tion for geodesics. Section 9 expresses the general geometric phase as the integral of the
projected solid angles in 2-subspaces, evaluated with an appropriately selected reference
ray.

2. The difference density operator

A general wavefunctio® in the Hilbert space is shown of its norm and phase information,
by multiplying it with a nonzero complex number, to be represented in the ray space by a
normalized ray). An n-state wavefunction therefore hag ®"~' complex , i.e. (2 —
2) dimensional real, ray space. The pure state density opgratob ¥ f /UT¥ = ¢y is
thus a ray space quantity with the propertigd := p, p?> = p and Tp = 1. Furthermore,
the density operator is gauge invariant, unlike the ray. Curves, surfaces and evolutions
in the ray space can therefore be described in terms of the density operator in a gauge-
independent manner.

For two distinct density operatops = p andp2 = p + Ap, say, in the ray space, the
difference operatah p is Hermitian and traceless. Using the equalities Ap)2 = p+Ap
andp? = p, we obtain

Ap = pAp+ (Ap)p + (Ap)*. 1)
On post- and pre-multiplying eq. (1) wigh we get

(Ap)*p = p(Ap)* = —p(Ap)p = p(Ap)*p = pTrp(Ap)* = p(Al)* . (2)
HereAl = AS/2 denotes the semi-distance between the two rays, defined by the relation

(A1)? = 1= | lehs [P= 1= Tep(p + Ap) = =TrpAp = Trp(Ap)* . (3)
Equation (2) shows that the operatdrp)? commutes wittp. Similarly,

(Ap)*(p+ Ap) = (p+ Ap)(Ap)* = (p + Ap)(Al)?, (4)

i.e. (Ap)? also commutes with + Ap. It therefore commutes with every density oper-
ator representing an arbitrary linear combinationygfand),, i.e. belonging to the ray
subspace shared by andp,. This implies that

2
(%ﬁ) -1, (5)

7 being the 2-dimensional projector, the unity operator for this 2-subgfiade= 2) and
a null operator for all rays orthogonal to this subspace. Pre- or post-multiplying eq. (1)
with Ap, dividing by (A7)2 and using eq. (5), we obtain

Ap\? Ap A
(ﬁ) =p+ﬁpﬁ+Ap=p+ﬁ=I- (6)

Thus the density operatgr= (Ap/Al)p(Ap/Al) + Ap corresponds to the ray, or-
thogonal toyy; and co-habiting the 2-subspace (cf. eq. (10)).
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Any density operator belonging to this 2-subspace may be expresped=a$Z + o -
s.)/2. The corresponding ray, then gets represented by the directign= Trp,o on
theCP' complex, i.e. 2-sphere real, ray subspace. Heigthe vector of the Pauli spin
operators in this 2-subspace and a null operator for rays orthogonal to the subspace. Hence
the finite difference ratio
A As
KIIJZU'A—S:Udif; (7

becomes the component®falong the direction of the differences = s 5 — s; between
the respective directions in the 2-subspace associated with the)sagad),. Since
o3¢ = Z, the unitary operation

A
exp(—iadifa/Q):1—I+Icos%—iﬁ sin% , (8)

effects a rotatiom about the directioths/AS in this 2-subspace and leaves the remaining
n — 2 substates of the wavefunction, orthogonal to this subspace, unaltered. id¢he
full unity operator rl = n).

The vectorAs bisects the directions; and—s»,. A 7 rotation abouf\s therefore takes
s1 to —s». Hence the operation (8) with = 7 brings the ray); to the rayy., orthogonal
to ¢, in the 2-subspace and represented by the density opgratos.

Ap Ap
NN
The samer rotation operation takes the unit vectgy to —s; and hence the ray. to the
ray ¢, corresponding to the density operagtarthogonal tg in the 2-subspace. Thus

_ ___Ap Ap  Ap Ap B
P=p=3 Pt AR = 7P Ay TAPET -0 (10)

For a non-orthogonal pajr,, p2, we can define a generator

A _ o
—igg = > Pr=p+Ap= =T —p. ©)

P11 — P _P—%P%_ S1 + S2
Osum = — =0 - ) (11)
VTrpips \/1 — (Al)? | s1+s2 |
viz. the component of along the vector sum &f; ands,. The generator (11) operated
on byog;is (7) leads to the generator

01 = 104if0. = i[m’ /)1]
- 1 sum —
V(1 =Trpy1p2) Trpy s
i[%ap] B S1 X 83

T V- Tsxs ]

Thusosum, o4if @ando . form a trinity of e components along the triad of orthogonal unit
vectors parallel te; + s2, so — s; ands; X s, satisfying the familiar Pauli commutation

and anticommutation relations. For the 2-subspace defined laydp, therefore ggum,

oaif, 01 andZ constitute a complete set of generators. The ray 2-subspace is thus a unit 2-
sphere of ‘spin’ directions, and the distanc2Al between rayg; andy is the length of

the chord joining the tips of unit vectoss ands, on this 2-sphere. During the discussion

of geodesics§8), we will return to the generater, .

(12)
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3. Density operator and its differential

Applying the limit Al — 0 to egs (1), (2), (3) and (5), we arrive at the following relations
for the Hermitian and traceless differentik:

dp = pdp + (dp)p , (13)
p(dp)p =0, Trpdp =0 (14)
and
dp 2 L dp dp
() =z=r+ S0 (19

Equation (14) implies thatpy is orthogonal ta). Up to the irrelevant factor-i in eq. (9),
the unitary operatiotip/dl takes the rayp to its orthogonal ray in the 2-subspace, i.e.

dp —

— = 16

V=0 (16)
corresponding to the density operator

__—+ _dp dp
pP=y = rPar 17)

orthogonal t (cf. eq. (15)). One more operatiap/d! brings the ray back tg, due to
the identity (15). Each successive operatigridl hence flips the ray betweenand its
orthogonal ray).

Any general differential variatiodp in p therefore takes place in the 2-subspace of
the orthogonal density operatgssand (dp/dl)p(dp/dl). As Al approaches zero, the
generator (11)

dp dp

apa =2p-1, (18)

Osum —2 0s = P —
becomes the component®falong the ‘spin’ directiors = Trpo of the equivalent spin-
1/2 particle for the 2-subspace. In the limif — 0, the generators (7) and (12) likewise
tend to

dos ds dp
Udlf%E—U E—a (19)
and
ds . [dp
Ulﬁa-sxﬁ—z{a,p , (20)

respectively. For the local 2-subspace of the orthogonal density operatarsl
(dp/dl)p(dp/dl), the three generators (18), (19), (20) form the componenis aibng
the orthogonal directions ds/dS ands x ds/dS.
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4. Curve length and energy uncertainty

Adjacent rays represented by density opergi@ndp + dp are separated by the infinite-
simal length segment (cf. (3))

dS = 2dl = 24/ Trp(dp)? . (21)

Hence the length of any curgetraversed in the ray space is given by

S = 2/0 VTrp(dp)? . (22)

Since
Trp(dp)* = ¢ (dp)* = 1 (dp)(dp)y = [(dp)¥]" [(dp)¥] = [|(dp)¥||*
(23)
and
(dp) = pdy = (T — p)dy = d¢p — Y(¥Tdy) (24)
it follows that
ds =2[[(dp)¥ll , (25)

i.e. the elementary curve lengdl$ identifies with twice the norm of the resolved part of
dv orthogonal tay. The semi-curve length anay be expressed as

(d1)? = (dy*)Tdyt (26)
where

dyt = dy — (pTdy)y, (27)
symbolises the part afy) orthogonal ta). Comparing egs (24) and (27), we note that

dyt = (dp)¢ (28)

thus establishing the equivalence between the expressions (26) and (21) for the elementary
curve length. The result (21) however expresses the gauge-invariant length elément d
directly in terms of the gauge-invariant operatoend .

So far we have taken the quantum kinematic approach, characterising the ray space
purely in terms of a gauge-independent ray space quantity, viz. the density operator. We
have taken recourse neither to a Hamiltonian driving a quantal system nor indeed to any
equation governing the evolution of the system. Anandan and Aharonov [11] derived
the curve length in the projective Hilbert (i.e. ray) space for a quantal system from its
Schidinger evolution in a Hermitian Hamiltoni&s. The corresponding density operator
variation

ih (3—’;) = [#,4], (29)
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operated on the wavefunctidnyields

it (%) U= (Hp—pH)¥ =HT — (H)T = (1 — (H)o,)T . (30)

Hence the changglp) ¥, orthogonal to?, is produced in¥ by the parallel transport
Hamiltonian™ — (#H)o, viz. that part of the Hamiltoniai which effects a change in the
ray ¢ (cf. §7 and egs (43) and (49)). The Hermitian conjugate of eq. (30), viz.

—ihwt (%) = 0N (H - (H)oy) , (31)

operated on eq. (30) yields

2
Rt (%) U =0 (H - (H)o,)?T, (32)
i.e.
2
K2 Trp <%> = (H?) — (H)? = (AE)? . (33)

Here AE signifies the energy uncertainty. The elementary curve length (21) therefore
becomes

2AFE
ds = dt (34)
h
and the finite curve length
2 [At 2
S = AEdt = —(AE)At, (35)
hJo h

(AE) = fOAt AEdt/At denoting the time-averaged uncertainty in energy during the time
interval At. For the curve length between two orthogonal rays which must at least equal
m, viz. the geodesic (c§8) length, Anandan and Aharonov arrived at the relation [11]

(AEYAL > g (36)
and termed it a new and more stringent time-energy uncertainty principle. It is true that
smaller the averaged uncertainty in energy, the longer a ray takes to traverse a given curve
lengthS (eq. (35)). An eigenstate for instance has a null uncertainty in energy and the
ray therefore remains stationaty & 0). HoweverAt here is the time taken to traverse a
curve between a pair of orthogonal rays and does not quite represent the time uncertainty
in the spirit of Heisenberg’s principle. It would be more appropriate therefore to regard eq.
(36) as just a restatement of the geometric fact that no curve joining a pair of orthogonal
rays can ever be shorter tharn length.

310 Pramana — J. Phys.yol. 56, Nos 2 & 3, Feb. & Mar. 2001



Description of geometric phenomena
5. Quantum search algorithm

In a classical computer, a search for a desired number from an amayuofibers involves,

on an averagédn + 1)/2 comparisons or ‘queries’. On the other hand, the quantum com-
puter search for a desired ray; from a given array of rays stored in the form of a
normalizech-state rayy,,, is implemented [12] with an algorithm making successive iden-
tical ‘queries’,@ in number, to reach as close as possible to the desired ray. Each query
comprises the unitary operatié®p, — 1)(1 — 2p,4). As seen ir§2, these operations are
confined to the 2-subspacewf andiy4. In this 2-subspace, let the two rays be represented
by ‘spin’ directionss , ands respectively enclosing an angte §), with an inner product

g[;;zﬁd = /Trpgpq = sin (6/2) = 1/+/n. Applied to any ray in this 2-subspace, each of
the quantum queries performs the operation (cf. eq. (18))

(2pg —1)(1 —2pg)T = —0404 =L cosd —io  sind, (37)

I.e. successive rotations—io 4 and—io, abouts; ands, respectively, yield a net rotation

20 about the direction of the vectsy, x sq in this 2-subspace. The net rotat®@d along

the geodesic (cf§8) between), andy,, achieved inY queries should equal the desired

rotation7 — § to within +6/2, i.e. @ should be the integer closestto/d — 1)/2 =

[r/2arcsin (1/4/n) — 1]/2. For large arrays thereforé) equals the integer closest to

(my/n — 2)/4. In contrast to the linear rise with of the number of classical queries, this

rise with/n of Q renders the quantum search a far more efficient and economic process.
We now explore the possibility of effecting the quantum search withglequery. For

any two directions; ands, in thes, — s, plane and enclosing an andle + 4)/2, the

operation

7r_(s—z'aj_sinwgé, (38)

—o102 =7 cos

would produce the required rotatiém — ¢) abouts | to take, to the desired ray,. In
the special cas®, = s,, the directiors; is given by—s;, where

s — Sg + Sa _\/ﬁ(sg+sd)
"7 25in(6/2) 2 ’

(39)

denotes the bisector ef; ands,. The corresponding component of the Pauli operator is
expressible aggum (cf. €q. (11)) foro; andoy, viz.

oy = \/ﬁ(UgZ-i—Ud) _ \/ﬁ(pr_I2+2pd_I) =Vn(py +pa —1I) . (40)

Since the operation, leaves the given ray, unaltered, the required query _,o, can
be replaced with just

oy =0y =2p,—1 — 2pp — 1, (41)
viz. a7 rotation about the bisectsy,. This quantum search therefore extracts the desired

ray exactlyin asinglequery. The proposed query (38), (41), when realized, will constitute
a powerful search algorithm.
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6. Ray space evolution

We will now extend results derived previously [13—19] for a 2-state system, epitomised by
a spin-1/2 particle, to a general quantal system undergoing an arbitrary evei{ttion

the ray space. With each density operatowve may associate a ‘full’ Pauli-like operator

¥ -8 = 2p — 1 and a corresponding ‘full spinS, defined over the entiref — 2)
dimensional real ray space, having a one-to-one correspondence.wits shown in

§3, each infinitesimal steppdt) in the evolution is confined to the 2-subspace of the two
orthogonal density operatop$t) andppp/ I2 and their sunt(t), the overdots signifying
differentiation w.r.t. time. During this infinitesimal evolution, the projection = Z(¢)X-

SZ(t) = 2p — Z(t) of this operator in the instantaneous 2-subspace (cf. eq. (18)) alone
becomes operational. The corresponding Pauli operatox ds/dS (cf. eq. (20)) evolves

the ray in the 2-subspace, thus changing only the projesfiothis 2-subspace of the full
spinS. The projection ofS in the remainingZn —4) dimensional ray-subspace orthogonal

to this 2-subspace remains unaltered during this time intéivat ¢. This infinitesimal
evolution yields the density operafal(t + dt¢) with the associated full spif (¢ + dt). The

next steplp(t + dt) may in general occur in another 2-subspace characterized bydlt)

and a corresponding(t + dt). As p evolves, a triad of mutually orthogonal directions

in the ray space attacheds¢), gets transported through the instantaneous 2-subspaces,
along the curve traversed in the ray space. A Hermitian HamiltcHiaffects a unitary
evolution of the wavefunction. The corresponding ray space evolgtigrthen satisfies

the relation[H, p] = ihp. Since each infinitesimal stefp(t) of this general evolution
takes place in a 2-subspace, we can express the Hamiltonian at each tinstérims

of the generators (18), (19), (20) appropriate for the 2-subspace visited during the time
interval dt at¢. A given evolutionp(t) can thus be implemented by any member of the
infinite set of Hermitian Hamiltonians

Hs=h {i[b, P+ s 1) (p - %p%>} , (42)

2

ws(t) denoting an arbitrary real function of time. We have omitted here physically unin-
teresting terms iX and1 which would just add/ (1) phases to the wavefunction. The

set of interaction Hamiltonians may be expressed in terms of the local 2-subspace Pauli
operators as

Hs = ga -{s x $+ws(t)s} . (43)
The ray space evolution corresponds to successive ‘precessions’ [13] of instantaneous
‘spins’ s(t) about ‘magnetic fields’ [14,15b 5(t) = s x § + w,(t)s, expressed in ap-
propriate angular velocity units. Only the first term7ify (42), (43) brings about the
variation, since the second term commutes withn a frame of reference say, rotating
with a time-dependent angular velocity s, the instantaneous changes in the full sfin
due to these rotations get continuously nullified. In this framtherefore the ray and
the full spinS remain fixed at their initial valueg; andS;, say, respectively. The inverse
of the ordered produdf —! (¢) of successive unitary transformations given by

U™'(t) = Pexp (—i/ota-sxédt/2> , (44)
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yields the wavefunctio¥,. = U (¢) ¥ in the rotating frame. The wavefunctio ,. evolves
satisfying the Schudinger equation under the effective Hamiltonian [16]
- h

H, =UH U +ihUU ' = §ws(t)a .S, (45)
for the rotating framer, corresponding to a ‘magnetic field’ [16,17] of magnitude di-
rected along the now stationary si#n. This Hamiltonian effects a rotatiofiw; (¢)d¢ of
S, about its own direction, implementing the evoluti®n(¢) = exp {— [iw;(t)dt/2}T;.
The wavefunction in the lab frame is then derived by making the inverse transformation at
timet, viz.

W(t) = UL (1)U, (1) = exp <_ / iws(t)dt/2>7?
X exp (—i/ota-sxédt/2>\lfi. (46)

The operations of the two terms in (42), (43) thus stand separated. The first term causes a
variation of the ray while the second yields a pure dynamical phase [4,18]

bp =~ [ (difn= 3 [wtat =~ [ ()ae/n. @7

The second term in the Hamiltonian (42), (43) is thus the exclusive source of the dynam-
ical phase (47) acquired by the wavefunction during the evolution. The first term parallel
transports the wavefunction and transports the full spiparallel to itself, generating a
pure geometric phase as shown in the next section. An evolution wherein the final ray
coincides with the initial rayd; = p;, Sy = S;), is said to be cyclic. The angle anholon-
omy associated with the parallel transport part of a cyclic evolution equals th& safm
solid angles spanned in the 2-subspaces traversed. The parallel transport operation is hence
equivalent to a local spin rotation equal to the angle anholorferagoutS ; (= Sy) for
the equivalent spin-1/2 particle, yieldirgp (—iX - S;Q2/2)¥; = exp (—iQ2/2)¥;. The
geometric phase, viz. the parallel transport phase anholonomy, therefore is givex by
Geometric phase acquired in a noncyclic evolutiSry (7 S;) can similarly be obtained
by suitably closing (cf§9) the open curve betweern andy; traced in the ray space.
Experimentally, the first clear separation of geometric and dynamical phases was
achieved neutron interferometrically [19]. For spin-polarized neutrons used in this ex-
periment, geometric and dynamical phases arose from a relative rotation and translation
respectively between spin flippers in the two arms of the interferometer. In the neu-
tron polarimetric version [20] of this experiment performed subsequently, agreement of
the observed geometric and dynamical phases with theory was improved to about 1%.
Since in a noncyclic evolution, the final ray is distinct from the initial ray, the interfer-
ence amplitude [2,3,21] is less than unity and varies with the noncyclicity. The interfer-
ogram for a noncyclic evolution is hence governed by both the phase and the amplitude.
The first observation [22] of noncyclic amplitudes and phases was made in a neutron in-
terference experiment. For neutrons polarized at an @htgle, the noncyclic evolution
comprised a fractional revolution of the spin about a magnetic Béldpplied in one arm
of the interferometer. The phase and amplitude for the noncyclic evolution were deter-
mined from the shift and attenuation respectively of the interference pattern relative to a
pattern recorded simultaneously for a cyclic evolution.
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7. Parallel transport

Kato [23] introduced the special Hamiltonian
H, = ih[p, p] , (48)

as a generator of adiabatic evolutions. This Hamiltonian just equals the first term of the
general Hamiltoniart{; (42), obtained by settings(¢) = 0. In terms of the locab
generators, it is expressible as

h dS ds
. — 49
=5 5 a5 (49)
Each infinitesimal stepxp (—i#,d¢/k) in the evolution under this Hamiltonian rotates
by dS about the directios x ds/dS, transverse te. A triad in the ray space attached to
s hence propagates without ever twisting about the local norsnaks. gets transported
parallel to itself. The infinitesimal evolution takes the wavefuncfign) to

U(t + dt) = exp (—iH,dt/h)T(t) = exp (—io - s x ds/2)V(t)

- (cos <§>1+ sin <g>a - j_; as> (1)
— cos (A1) U(t) + sin (A1) (7) , (50)

which is in phase witl (¢) in accordance with the Pancharatnam connection [2,3,5-7,21],
since the inner produd f (£)¥ (¢ + dt) = cos (dl) is real positive [cf. (50)]. Here the nor-
malized wavefunctiol (t) = (dp/dl)¥(t) is orthogonal tol (cf. egs (16), (19)). Such

an evolution, wherein wavefunctiodgt) and¥ (¢ + dt¢) before and after each infinitesi-
mal durationd¢ are in phase, is said to parallel transport [6,24] the wavefunction. For any
given ray space variation(t) therefore, the wavefunctioli can be parallel transported

by choosing the Hermitian Hamiltonigi, (48). When the direction x ds/dS is time
dependent, the parallel transport is nontrivial. The tsiadds/dS — s — ds/d.S attached

to the ‘field’s x § then rotates with the instantaneous angular velocity [14,16],

wy(t) =sx§— ‘%(s x ds/dS)|s

(51)

viz. the difference between two mutually perpendicular vectors of magnifudes = |$|
and|d(s x ds/dS)/dt|. The magnitude

\/| 24 sxds/dS)

of this angular velocity can never be less than the magnjtudes| = |$| of the precession
rate for the spirs. The directions x ds/dS specifying the Hamiltoniari , thus must
change at least as fast aswhich characterises the ray. A nontrivial parallel transport
evolution is thereforeecessarily nonadiabatjd 6].

The dynamical phase [ (#,)dt/h for the parallel transported wavefunction vanishes
identically, since(H,) = 0. In the Hamiltoniar#{,, an initial wavefunctionl ; undergoes

2
; (52)
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an ordered evolutio® exp (—i [ H,dt/h) to reach®; = Pexp (—i [ o -s x ds/2)¥;,
acquiring a phase [2,3,7]

dg = arg \III\IIf = arg TrP exp <—i/a -8 X ds/2>pi

= arg TrP exp ( / [dp, p]> Pi » (53)

which depends only on the geometry of the curve traced in the ray space. The phase an-
holonomy of a parallel transport evolution therefore is the geometric ghgsé&or a given

ray space evolutiop(t), the geometric phase is independent of the actual Hamiltonian, i.e.

of w;(t), selected from the infinite sét, (42), (43), to implement the evolution.

In a general evolution effected by a Hamiltonidn (42), the parallel transport compo-
nent#,, (48), viz. the first term in (42) corresponding to the component of the ‘magnetic
field’ perpendicular to the instantaneous spin direction, alone evolves the spin and hence
the ray, producing a concomitant pure geometric phase. The geometric phase is indepen-
dent of the second term &f; (42), (43), representing the component of the magnetic field
along the spim(t) which only makes the spin precess about its own direction, thus yield-
ing the dynamical phase. The dynamical phase so generated by the non-parallel transport
component of the evolution, is hence integrable and Hamiltonian-dependent, unlike the
geometric phase.

8. Geodesics

The equation of a curve in the ray space can be expresseeag ), by specifying the
density operator as a function of the curve len§itmeasured from a fixed point on the
curve. We consider a curve along which

d2p]
5| 0. (54)

which on integration implies that the commutator

[dp ]
i {E’P_ _x, (55)

say, remains invariant. Such a curve is a geodesic. In the Pauli operator representation,

. ds ds ds
z<a-E>(a-s)—a-sx£—0’c = SXE_C’ (56)

i.e. the unit vectoe denoting the direction normal to battandds/d.S remains a constant
all along a geodesic. A parallel transport evolution along this geodesic implemented by the
Hamiltonian?,, = hlK (cf. egs (48), (49)) takes an initial wavefunctidm to

¥ = cos <§> ¥; + sin <§> v, . (57)
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Here the rayy; orthogonal to the initial ray is separated from it By= = along the
geodesic. The final wavefunctidn, is in phase [2,3,7] with¥; for traversed curve lengths
S < m. The final rayy) also remains constrained to the 2-subspace of the pair of orthog-
onal raysy; and),. Since a parallel transport evolution produces a pure geometric phase
(cf. §7), geometric phase vanishes identically [5,6] along a geodesic (55) less than
length.

A differentiation of the operatar, = p — (dp/dl)p(dp/dl) (cf. egs (18), (19)) along a
geodesic, viz.

d d
o= ot] _ar _ao_ 1 a0 o) [ de dn]
as s T w ! ala| =P wPa|
(58)
i.e.
dgs_ . ds . .
dS——z <0' sx£> (05) = —iKos = iosK | (59)

is obtained by just pre-multiplying it with the invariant operataiXC or postmultiplying
with its Hermitian conjugate. Applying this result repeatedly, we get

dNo,
dsN

for any positive integeN. The special cas® = 2 yields the second derivative

= (—iK)No, , (60)

2 s 2S
((115('72 =—0, = j—Szz—s, (61)
which brings about a mere change of siga in(ands). A geodesic therefore represents an
arc of a great circle for the sp#on the 2-sphere subspace of orthogonal density operators
pand(dp/dl)p(dp/dl). A geodesic between two rays andi, is hence the shortest
possible curve joining them and lies wholly in their 2-subspace, its invaftidrging the
operatolr | (cf. eq. (12)) defined in terms of the commutator betweeandp,.

We have defined a geodesic here as the curve along which the density operator commutes
identically with its second derivative. Conventionally, a geodesic is defined as the shortest
curve between any two rays through which it passes. We observe that the two definitions
of a geodesic are equivalent.

9. Geometric phase

Geometric phase is the phase acquired by a parallel transported wavefunction and depends
only on the ray space geometry. The basic building block of geometric phase is the Pan-
charatnam 3-vertex phase [2,3,7] associated with the triangle formed by shorter geodesics
between mutually nonorthogonal rays, v, andiy, say. The wavefunctiodr, subjected

to two successive phase-preserving projections, i.e. filtering measurements, alapg rays
ands), picks the 3-vertex geometric phase
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@é = arg Trpop2p1 = arg TrpoZpap1 L
= arg TtZpoZp2p1 = arg Trpopp2p1 - (62)

HereZ is the unity operator (5) for the 2-subspace pindp». The density operater, =
ZpoZ/TrpoT represents the normalized ray, = Zto//TrpoZ along the projectioff)

of ¢ in the 2-subspace af; and«-,. Using eq. (18), we may express the triangle phase
(62) as

A
. X
tan 4 = — Sop 51 % 52 = P8 =2 (63)
].-f-Sgp'Sl-f-Sl'Sz—FSZ'Sgp 2

The 3-vertex geometric phase thus equals minus half the solid angle subtended by the
spherical triangle formed by the shorter geodesics betwegny, andi,, i.e. by the
shorter great circle arcs joining the tips of the unit spin veatggss, ands,, at the centre
of the 2-sphere ray subspace. The Pancharatnam triangleqa@abence depends solely
on the ray space geometry. It vanishes if and only if the triangle encloses null area, i.e. if
the raysyo,, 11 andy- lie on a single geodesic of lengshless thanr.

The triangle phase (62) can be expressed as

in B2 = — \/ (1 = Trpoppr) (= Trpopps) PR T U Ry

Trp1p2 V1- AL,

(64)

(cf. eq. (3)) in terms of the anglg between the shorter geodesics joinifig, to ¢, and
1 and of the semidistances between the three pairs of these rays. In theliterding
to the rayi,,, orthogonal to),, the triangle tends to an ‘orange’ slice between the two

geodesics of length each, joiningy, and%p. The phas@é then tends to the angle
¢. This is the phase jump encountered in a general evolution in passing a ray orthogonal
to the reference ray,, discussed previously [6,7,14] and observed in interference [19,22]
experiments.

If 41 andy, are separated infinitesimally; = p andp, = p+dp, i.e. the spins; =s
ands; = s + ds, the triangle phase becomes

dQS i Trpoy[p, dpl .
Aol = ——2 — Ol5 P~ (1 —Tr dé = —AI%d 65
G 2 2 TI‘/)()pp ( pOpp) (z) P (z) ) ( )

whereAl, denotes the semidistance betwegp andq, i.e. half the length of the chord
joining the tips of unit spin vectoks, ands.

The geometric phas(C) acquired in any general evolution frogn; to +; along
a curveC can be obtained [6] by integrating the phases (65) associated with contiguous
infinitesimal triangles having a common vertgx and bases formed by infinitesimal seg-
ments of the curvé. Such an integral

os °r dQS
<1>G<c,po)=/ d@%z—/ /)

Pi Pi 2

p
. / " (1~ Trpnpp)dé = B6(C) + B3 (po, pirpy) . (66)

i
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equals the sum [2,6] of the actual geometric phase acquired and the 3-vertex phase for the
triangleyy — ¢; — . For a cyclic evolution,( closed, i.e.p; = py), the integral
(66) yields the correcd ;(C) irrespective of the referengg chosen, since the additional
3-vertex phase vanishes identically (cf. eq. (62)). A changsg,aforresponds to a gauge
transformation [6,14] of the ray. The gauge freedom is therefore complete for a cyclic
evolution. IfC is open, however, the reference ray has to be selected so that the addi-
tional 3-vertex phase vanishes, i, 1; andy ¢ lie on a single geodesic shorter than
Hereo, stands for the normalized projectionf§ in the 2-subspace af; andy;. The
gauge freedom thus gets restricted for a noncyclic evolution.

Using a Stokes-like theorem, we may convert the line integral (66) into the integral
[6,25]

Q
d4(C) :i/Trpdp/\dp: —/u, (67)
s s 2

of the curvature 2-form over the surfaBenclosed by the cur, closed if necessary by
joining its ends with the shorter geodesic. Sidpe= o -ds/2 = o - (A0 +sin 8d¢ ¢)/2

(cf. eqs (18),(19)) in terms of the orthogonal tri@d@—¢ in the local 2-subspace [5],
Trpdp A dp = isinfdfde/2 = idQ,/2. The phase (67) is therefore just minus half the
integral of the 2-subspace solid angles over the suSanehe ray space.

10. Conclusions

Two nonorthogonal density operators of a quantal system characterise a complete set of
SU(2) generators (5), (7), (11), (12) for their 2-sphere ray-subspace. A quantum search
algorithm harnessing these generators can retrieve a desired ray frorareay with a
singlequery (38), (41). Each infinitesimal displacement in the ray space takes place in the
2-subspace of orthogonal density operagoend (dp/dl)p(dp/dl) (cf. eqgs (15), (17)).

It can therefore be treated as a ‘spin’ precession for the equivalent spin-1/2 particle in
an effective magnetic field. Any general ray-space evolution comprises such successive
‘spin’ precessions in the local 2-subspaces. A Hamiltonian (48), (49) parallel transporting
the ‘spin’ through successive 2-subspaces produces a pure geometric phase. Dynamical
phase is the phase acquired in a rotating frame of referemcerhich the ‘spin’ becomes
stationary (cf. eqs (44), (45)), latched to the fixed direction of the effective magnetic field.

A geodesic (cf. egs (54), (55), (58), (61)) is an arc of a great circle on a 2-sphere ray
subspace. An identically null geometric phase is obtained along a geodesic of length less
thanz. In any general ray-space evolution, the geometric phase (66), (67) equals minus
half the integral of projected solid angles in the local 2-subspaces, evaluated with a proper
choice of the reference ray.
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