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Test of Bell’s inequality using the one-atom micromaser
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Abstract. We examine a local realist bound in the case of a one-atom micromaser. It is shown that
such a bound is violated using a simplified treatment of the micromaser. We consider the effect
of dissipation in a proposed experiment with the real micromaser. It is seen that the magnitude of
violation of a Bell-type inequality depends significantly on the cavity parameters.
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1. Introduction

It was demonstrated by Bell [1] that realistic interpretations of quantum mechanics cannot
be consistent with locality. This, and a large amount of subsequent work [2] has had
profound implications on our perspective of the underlying nature of quantum mechanics.
Furthermore, Bell’s inequalities provided a basis for experimental proposals [3] to test the
concept of local realism. The advance of technology and the actual feasibility of several of
these proposals have led to a renewed upsurge of interest in this field in recent years.

Schemes for demonstrating violations of Bell’s inequalities have so far mostly involved
spin-1=2 particles [3] or photons [4,5]. Other notable proposals include experiments in-
volving mesons [6]. However, the advantages of using two-level Rydberg atoms for test-
ing Bell’s inequalities are being increasingly appreciated [7–9]. In such schemes two-level
Rydberg atoms are considered in analogy to the spin system in Bell’s original reasoning.
The role of the polarization axis of the Stern-Gerlach apparatus used for spin-1=2 systems
is played here by the phase of an auxiliary electromagnetic field, as we shall see later.
The velocity of Rydberg atoms is much smaller compared to the velocity of photons used
in, for example, the experiment [4]. Hence, the realization of spacelike separation for a
pair of detected atoms is less problematic. In addition, the efficiency of detectors used for
Rydberg atoms is considerably higher compared to photodetectors.

In this paper we consider the following experimental scenario. A couple of two-level
Rydberg atoms initially in their upper excited statejei pass through a high-Q micromaser
cavity one after the other such that there is no spatial overlap of their wavefunctions. The
cavity is in a steady state and tuned to mode resonant with the transitionjei ! jgi. The
emerging single-atom wavefunction is a superposition of the upperjei and lowerjgi state.
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After passing through the cavity, the atoms pass through an electromagnetic field which
gives a�=2 pulse to the atoms, and the phase of which can be varied for different atoms.
Finally, each atom is detected in the upper or lower state by a detector placed far away.
Note that there is no direct interaction between the two atoms. However, the passage of
the first atom through the cavity modifies the cavity (photonic) wavefunction which is
subsequently entangled with the wavefunction of the second atom. In this way secondary
correlations [8,9] are built up between the two atomic wavefunctions through the atom-
photon interactions. This feature is exploited in obtaining Bell-type inequalities, with the
phase of the electromagnetic field acting as the variable Bell parameter. To avoid spatial
overlap between the two atoms, the rate of pumping from the source is so monitored that
the time during which the cavity is devoid of atoms is much longer compared to the atom-
cavity interaction time. Dissipation of the cavity photons is an important consideration in
actual experiments, and we derive its effects on the Bell sum.

The paper is organised as follows. Inx2 we present the derivation of a Bell-type inequal-
ity for the case of an idealized micromaser [8] which is initially in a photon number state,
and dissipation is neglected. The purpose of this exercise is to show that Bell’s inequalities
can be set up and proved to be violated using a simple analytical treatment in the context
of a one-atom maser. However, the actual experimental situation is more complicated. To
get a better handle on this we discuss the theory of a real micromaser inx3. The effects
of decoherence on atomic statistics obtained through numerical analysis is presented inx4
where we also make some concluding remarks about the scope of extension of this work.

2. Violation of Bell’s inequality in an ideal micromaser

In this section we shall first briefly go through the derivation of a Bell-type inequality
which is suitable in context of the micromaser [7,8]. In order to do so, we shall as usual,
assume the twin criteria of locality and reality, wherever required.

As stated earlier, the experiment consists of a source of two-level Rydberg atoms which
are pumped randomly one at a time. An atom first passes through a high-Q microwave
cavity, and then interacts with an electromagnetic field which acts as a�=2 pulse on the
atom and whose phase is labelled by�. Finally, the atom is detected by a detector which
assigns value+1 whenever the atom is detected in the upper statejei, and�1 for the lower
statejgi. In any local realistic theory one can define functions

f(�1) = �1; g(�2) = �1 (1)

describing the outcome of measurement on the atoms 1 and 2 when the phase of the e.m.
field is set to be�1 and�2 for the respective atoms. The ensemble average for double click
events is therefore defined as

E
�(�1; �2) =

Z
d�f(�1)g(�2); (2)

where� is a suitable probability measure on the space of all possible sets.
The quantum mechanical expectation value for double click events is calculated from

the probabilities of all possible double-click sequences. This is given by

E(�1; �2) = Pee(�1; �2) + Pgg(�1; �2)� Peg(�1; �2)� Pge(�1; �2); (3)
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wherePeg(�1; �2) stands for the probability that the first atom is found to be in statejei
after traversing the�=2 pulse with phase�1, and the second atom is found to be in state
jgi with the phase of the�=2 pulse being�2 for its case. DefiningE0 = E

�(�1 = �2)

andM0 = Pee(�1 = �2) + Pgg(�1 = �2), and assuming perfect detections, i.e.,

E(�1; �2) = Pee(�1; �2) + Pgg(�1; �2) + Peg(�1; �2) + Pge(�1; �2) = 1

(4)

it follows that

E0 = 2M0 � 1: (5)

Returning to the functionsf andg, it is easy to see thatf(�) = +g(�) with probability
M0, andf(�) = �g(�) with probability(1�M0). Hence,E�(�1; �2) can be written as

E
�(�1; �2) =M0

Z
d�f(�1)f(�2)� (1�M0)

Z
d�f(�1)f(�2)

= E0

Z
d�f(�1)f(�2); (6)

where the last equality follows from eq. (5). Further, one has

E
�(�1; �2)�E

�(�1; �3) = E0

Z
d�[f(�1)f(�2)� f(�1)f(�3)]

= E0

Z
d�f(�1)f(�2)[1� f(�2)f(�3)]: (7)

Taking the modulus of both sides, one obtains the following Bell-type inequality [8]:

jE�(�1; �2)�E
�(�1; �3)j+ sign(E0)[E

�(�2; �3)�E0] � 0: (8)

We shall now evaluate the quantum mechanical expectation value for double click events
using an idealised micromaser, and compare the Bell sum thus obtained with eq. (8). To
begin with, we assume that the cavity is initially in a number state and both the atoms enter
the cavity in their upper excited statejei. The initial state of the atom-cavity system is thus
written asjee; ni. Dissipation is neglected in this simplified treatment. The interaction of
the atoms with the cavity photons is governed by the Jaynes-Cummings interaction [10].
After the pair of atoms have passed both the micromaser and the�=2 pulse (with different
phases�1 and�2 for the two atoms), the atom-field state is given by [8]

j i = c
2

1
[jee; ni+ e

�i�2 jge; ni] + e
�i�1c

2

1
[jeg; ni+ e

�i�2 jgg; ni]
+i[e

i�1c2s1 + e
i�2c1s1]jee; n+ 1i+ i[e

i(�1��2)c2s1 � c1s1]jge; n+ 1i
+i[e�i(�1��2)c1s1 � c2s1]jeg; n+ 1i � i[e�i�2c2s1 + e�i�1c1s1]jgg; n+ 1i
+ei�1s2s1[�e�i�2 jee; n+ 2i+ jge; n+ 2i]
�s2s1[�ei�2 jeg; n+ 2i+ jgg; n+ 2i]; (9)

wherecj = cos(�
p
n+ j) andsj = sin(�

p
n+ j), and� is the Rabi angle. The Bell sum

B, in this case is given by
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B = jE(�1; �2)�E(�1; �3)j+ sign(E0)[E(�2; �2)�E0]: (10)

For a particular choice of the phase angles, e.g.,�1 = 0, �2 = �=3, and�3 = 2�=3, it is
easy to verify that

S = jAj � 0; (11)

where

A = sin2(�
p
n+ 1) cos(�

p
n+ 1) cos(�

p
n+ 2): (12)

Hence, we see that for this particular choice of the phases�1, �2 and�3, the Bell-type
inequality (8) is violated for all feasible choices of the Rabi angle�. Of course, the mag-
nitude of violation does depend on the cavity parameter�. However, in order to describe
a real experimental situation, one cannot proceed with the above idealised treatment for
the micromaser. The corresponding equations are rather complicated for the case of the
real micromaser where dissipation of the cavity photons has to be taken into account. One
has to take recourse to numerical methods to deal with this case, as we shall see in the
following sections.

3. Micromaser dynamics

The micromaser [11], or the one-atom maser, consists of a superconducting microwave
high-Q cavity at sub-kelvin temperatures. Rydberg atoms in the upper of two masing
levels, the transition frequency of which is in resonance with the single eigenmode of the
cavity, are pumped into the cavity at such a rate that at most one atom is present there at
any time. The very first atom that enters the cavity interacts with the thermal radiation field
having average photon number�n th and in equilibrium with the cavity temperature. The
atom interacts with the field for a duration� , fixed for every atom. The radiation field, after
this interaction, evolves under its own dynamics until the second atom enters the cavity,
which interacts with the resultant field in the cavity. The process repeats itself after every
�tc seconds, where�tc = 1=R, withR being the number of atoms passing through the cavity
per second. Thus one has a repetition timetc = � + tcav wheretcav is the duration for
which the cavity is empty of atom.�tc is the average oftc with respect to the distribution
in time of the incoming atoms, which for the purpose of the present study, we consider to
be Poissonian, such as in the experimental set-up [11]. This dynamics and its steady-state
characteristics have been discussed in ref. [12–14]. The above mechanism shows that the
cavity radiation field is in interaction with its reservoir all the time whereas the interacting
atom is coupled to its reservoir during time� only. Naturally, the dynamics carries the
signature of these two reservoirs to the steady-state situation of the cavity which has been
discussed in ref. [14]. We adopt the results of this paper for the present purpose.

The Hamiltonian for the interaction between the single mode of the radiation field and
the single atom is

Hint = g(s
+
a+ s

�
a
y
); (13)

whereg is the atom-cavity coupling constant,a(ay) is the annihilation (creation) operator
for the radiation field.s+ ands� are the Pauli pseudo-spin operators for the two-level
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atoms with[s+; s�] = s
z, wheresz is the population operator. The equations of motion

for the composite atom-field density matrix� due to the interaction in eq. (13) is

_� = �i[Hint; �]: (14)

The interactions of the atoms and the radiation field with their respective reservoirs are
considered to be Markovian, and the equation governing these interactions can be seen in
ref. [15]. The derivations leading to the steady-state results are given in ref. [14].

The steady-state photon statistics of the cavity field is

Pn = P0

nY
m=1

vm (15)

andP0 is obtained from the normalisation
P
1

n=0
Pn = 1. Thevn is given by the continued

fractions

vn = f
(n)
3
=(f

(n)
2

+ f
(n)
1
vn+1) (16)

with f (n)
1

= (Zn + Cn)=�, f (n)
2

= �2N + (Yn + Bn)=� andf (n)
3

= �(Xn + An)=�.
� is the cavity bandwidth andN = R=2� is the number of atoms passing through the
cavity in a photon lifetime.An = 2n��nth, Bn = �2�(n + �nth + 2n�nth) andCn =

2(n+ 1)(�nth + 1)�. Xn, Yn andZn are given by

Xn = R sin
2
(g
p
n�) expf�[
 + (2n� 1)�]�g; (17)

Yn =
1

2
R

 �
2 cos2[g

p
n+ 1� ] � 1

2
(
=�+ 2n+ 1)

+F1(n� 1)

�
expf�[
 + (2n+ 1)�]�g

+

�
1

2
(
=�+ 2n+ 1)� F2(n� 1)

�
expf�[
 + (2n� 1)�]�g

!
;

and

Zn =
1

2
R

��
1

2
(
=�+ 2n+ 3) + F2(n)

�
expf�[
 + (2n+ 1)�]�g

�
�
1

2
(
=�+ 2n+ 3) + F1(n)

�
expf�[
 + (2n+ 3)�]�g

�

where
 represents reservoir induced spontaneous emission from the upper to the lower
masing level. The functionsFi are

Fi(n) =
�=4g

(
p
n+ 2�pn+ 1)2

"



�
(
p
n+ 2�pn+ 1) sin (2g

p
m�)

�

g
cos (2g

p
m�) � [2n+ 3 + 2

p
(n+ 1)(n+ 2)]

Pramana – J. Phys.,Vol. 56, Nos 2 & 3, Feb. & Mar. 2001 165



A S Majumdar and N Nayak

�(
p
n+ 2�pn+ 1) sin (2g

p
m�)

#
+

�=4g

(
p
n+ 2 +

p
n+ 1)2

�
"
�

�
(
p
n+ 2 +

p
n+ 1) sin (2g

p
m�) � 


g
cos (2g

p
m�)

�[2n+ 3� 2
p

(n+ 1)(n+ 2)](
p
n+ 2 +

p
n+ 1) sin (2g

p
m�)

#
; (18)

wherem = n+ 2 andn+ 1 for i = 1 and2, respectively, with the upper sign fori = 1.

4. Decoherence effects on the Bell sum and directions of further study

We evaluate the Bell sum given in eq. (10) numerically. We start with the steady-state
photon statistics of the cavity given by eq. (15). This is the field that the first of the two
experimental atoms encounter. The second atom interacts with the field modified due to

Figure 1. Plot of the Bell sum versus the pump parameter (atom-cavity interaction
time) for two different values of the cavity band-width�. The dotted curve corresponds
to a higher value of�. Dissipation brings down the magnitude of violation of Bell’s
inequality, except for very small interaction times. (In our units, the value of pump
parameter� 14 corresponds to the cavity Rabi angle�=2).
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the first atom. This is how the secondary correlations between pairs of experimental atoms
are built up. We set the phase of the electromagnetic field to be the same as in the case
of the idealised micromaser inx2 (i.e.,�1 = 0; �2 = �=3; �3 = 2�=3). The Bell sum is
calculated for different values of the cavity pump parameter. The magnitude of violation of
Bell’s inequality is plotted versus the atom-cavity interaction time for two different values
of the cavity bandwidth� in figure 1. We clearly see that dissipation reduces the magnitude
of violation of the Bell’s inequality. However, one notices a little deviation from this for
low interaction times. The reason for this is being investigated and will be reported in a
future publication with other details.

In this paper we have reported the preliminary results of our investigation of violation of
Bell’s inequality using a one-atom maser. We find a general violation of Bell’s inequality,
the magnitude of which depends on the cavity parameters. However, these results are
subject to the assumption we have made that the cavity field does not dissipate significantly
during the period between the departure of the first atom and the arrival of the second atom.
But this dissipation, however small, can be significant in the micromaser dynamics [14].
We plan to include this effect in our study. In addition, between two detector clicks, atoms
may go unnoticed, which in fact, is an experimental reality. We plan to incorporate this
fact in our investigation, as well. Finally, the micromaser might be useful for realization
of several variants of Bell’s inequality, for instance, inequalities involving more than two
particles.
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