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Analysis of two recent tests ofT -invariance
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Abstract. Inequality of the rates forK0
! �

+
e
�

�� and �K
0
! �

�

e
+
� transitions, reported by

CPLEAR, and an asymmetry in the distribution of the dihedral angle between the�
+
�
� ande+e�

planes inKL ! �
+
�
�

e
+
e
� decays, found by KTeV, have been announced as demonstrations of

T -noninvariance. These results are critically interpreted and compared as proofs of the failure of
reciprocity.
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1. Introduction

In 1964, Fitch, Cronin and collaborators discovered CP-noninvariance inK 0 ! 2� decays
which, together with the CP-asymmetry found inKL ! �l� decays, remained until 1998
the only clear experimental indications that CP is not a universal symmetry. Accordingly,
the only assurance of observingT -asymmetric effects, required by the TCP theorem, is
from the associatedT -asymmetricK 0 � �K0 mixing. The most obvious consequence is
an asymmetry [1] betweenK 0 ! �K0 and �K0 ! K0 transformations, viz. a failure
of reciprocity which would signal simultaneous CP- andT -noninvariance. The CPLEAR
collaboration reported [2] detection of a closely related effect in agreement with theoret-
ical prediction, but the identification of the observed CP-asymmetry with the predicted
T -asymmetry depends on an additional assumption which should, in principle, be avoided
[3]. A second, less direct, method of testingT -invariance, reported [4] by the KTeV group,
is through measurement of a CP-asymmetric angular dependence inK 0

L ! �+��e+e�

decays, predicted [5] by Sehgal and partners, belonging to the class of ‘T -odd’ correlations
[6] long sought for without success in nuclear and particle reactions.

2. Direct test of reciprocity

Annihilations of stopping antiprotons in hydrogen provide a symmetric source ofK 0 and
�K0 mesons, which made possible a significant comparison ofK 0 ! �K0 and �K0 ! K0

transformation-rates. Any non-zero value of the strangeness-inversion asymmetry [1]:
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AT =
PK �K(�) � P �KK(�)

PK �K(�) + P �KK(�)
(1)

would manifestly display a simultaneous failure of CP- andT -invariance. CP-invariance
requires that the mirror-image ofK 0 ! �K0 transformations should show�K0 ! K0 trans-
mutations, which must therefore proceed at the same rate.T -invariance clearly requires the
rate for the first process and its inverse to be equal. In Weisskopf–Wigner approximation,

Ath

T = 2Re(�S + �L) = 2RehKLjKSi (2)

to lowest order in the parameters�S;L which determine the structure of the exponentially
decaying statesKS andKL. The right-hand-side (RHS) can be estimated by appeal to
unitarity which, in the Weisskopf–Wigner approximation, requires [7]:

hKSjKLi = [1 + 
L=
S + 2i(mL �mS)]=
S ]
�1 � 2�fB

f
S�f ; (3)

whereBf
S is the fraction ofKS decays into the channelf and�f = hf jT jKLi=hf jT jKSi.

Improved knowledge aboutK 0 ! 3� decays and leptonic decay modes has reduced the
uncertainty about contributions to the RHS fromknown decay channels, but did not sig-
nificantly change the size of the effect predicted previously:

Ath

T = (6:4� 1:2):10�3 : (4)

TCP-invariance imposes�S = �L, and requiresAT = 2ÆL, where

ÆL =
R[KL ! f��e+�g]�R[KL ! f�+e���g]

R[KL ! f��e+�g] +R[KL ! f�+e���g]
(5)

apart from possible corrections arising from�S = ��Q transitions, which are
theoretically contra-indicated and have not been detected experimentally. The value
ÆL = (3:27� 0:12):10�3 is known [8] considerably better than the uncertainty in eq. (3).

The method adopted by CPLEAR to measureAT is to assume associated production
in �pp ! KK��� annihilations to select neutral kaons of known strangeness at birth.
For those neutral kaons which subsequently beta-decay, the sign of the pion’s charge in
K ! �e� identifies the strangeness at the moment of death by the�S = �Q rule, and
thus permits the study ofK 0 ! �K0 and �K0 ! K0 transformations. Assuming the validity
of the�S = �Q rule, the quantity:

Al =
R[ �K0(� = 0)! f��e+�g� ]�R[K0(� = 0)! f�+e���g� ]

R[ �K0(� = 0)! f��e+�g� ] +R[K0(� = 0)! f�+e���g� ]
(6)

becomes

Al =
PK �K(�)R[K0 ! ��e+�] � P �KK(�)R[ �K0 ! �+e���]

PK �K(�)R[K0 ! ��e+�] + P �KK(�)R[ �K0 ! �+e���]
: (7)

TCP-invariance requires the (perturbatively calculated) beta-decay rates to be equal, in
which case the common factors in eq. (7) cancel, and the RHS reduces to that of eq. (1),
so that a measurement ofAl becomes equivalent to a measurement ofAT . But, if the
purpose is to testT -invariance, one should preferably not invoke TCP-invariance because
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TCP-invariancerequires T -noninvariance if CP-noninvariance is taken as established. If
TCP-invariance isnot assumed for neutral kaon beta-decays, measurements ofA l andAT

are no longer equivalent and a non-zero value ofA l, eq. (7), could equally be interpreted,
under the hypothesis of exact reciprocity,PK �K(�) = P �KK(�), as arising from a difference
between conjugate beta-decay rates! The CPLEAR group sought [9] to exclude this alter-
native by appealing to the unitarity relation, eq. (3). Since their evaluation of2Re(� S+�L)
accounts entirely for the asymmetryA l which they measured, they concluded that possible
TCP-noninvariant contributions toKL beta-decays are limited to a level which could not
possibly be thesole cause of the observed asymmetry. But, if one is prepared to accept
the unitarity sum, eq. (3), as evidence for non-vanishingRehKLjKSi – which signals
T -noninvariance, then this was already known in 1970! There is no need to invokeA l.

The difficulty with the use of eq. (3) is that it requires a summation overall channels of
neutral kaon decay. Contributions fromknown channels yield a value of order10�3 for
the RHS of eq. (3); but the various branching ratios have not been measured with accuracy
sufficient to exclude the possibility that one or more unknown (neutral?) decay channels
could cancel [10] the contributions of known channels. Possible TCP-noninvariance in
neutral kaon beta-decayscan be limited without recourse to unitarity arguments, but these
require [11] measurements beyond the asymptotic asymmetries reported by CPLEAR.

3. Observation of ‘T -odd’ correlations

True tests ofT -invariance necessarily involve some form of detailed balance: compari-
son of a chosen time-dependent process with its inverse, e.g. the case discussed above
of K0 ! �K0 and �K0 ! K0 transformations. For decay processes describable by per-
turbation theory, viz. those in which the final particles may be treated as non-interacting,
the appearance of ‘T -odd’ correlations [6] signalsT -noninvariance.T -invariance requires
reciprocity [12]:

hfinjiouti = h~iinj ~fouti; (8)

where the tilde denotes a motion-reversed channel:~c is obtained fromc by reversing all
momenta and spins.The RHS of eq. (8) is the complex-conjugate ofh ~foutj~iini and the
labels ‘in’ and ‘out’ are superfluous for non-interacting particles, thus we obtain

R(i! f) = R(~i! ~f) (9)

if interactions between the particles in the initial and final states, respectively, can be ne-
glected. Fora ! b + c + � � � ; the process~a ! ~b + ~c + � � � must occur with equal
frequency if interactions betweenb; c; ::: are negligible. Ifa is a spinless particle, the
overall decay distribution must therefore transform into itself under motion-reversal. The
KTeV group found [4] a significant deviation from this requirement in the rare decay mode
KL ! �+��e+e�. For given values of the invariant masses,m2

�� = (p+ + p�)
2 and

m2
ee = (k+ + k�)

2, of the dipion and the electron-pair, an arbitrary decay configuration
is specified, in theKL rest-frame, by the angle�� at which the�+ is emitted with re-
spect to the relative velocity of the particle-pairs, and the polar angles�; � of the positron
relative to this axis. Motion-reversal does not change�� or �, but reverses the sign of�,
thereforeT -invariance would require the distribution ofKL ! �+��e+e� decays to be
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symmetric with respect to the transformation� ! �� if interactions between the final
particles are negligible. Consequently, the positron should not exhibit any preference to be
emitted on either side of the�+�� plane. KTeV found a strong�-dependence and a clear
preponderance of decays with� > 0 according to their convention.

Dalitz conversion of the photon from the known process ofKL ! �+��
 suffices to
describe all observed features ofKL ! �+��e+e� decays, so we need [10] to retain only
this essential part of the model proposed by Sehgalet al to correctly predict the branching
ratio and nature and magnitude of the azimuthal correlation seen by KTeV. The observed
[13] photon spectrum fromKL ! �+��
 clearly shows two components: the theoreti-
cally unambiguous ‘inner’ bremsstrahlung (IB), dominant for lowE 
 , which necessarily
accompaniesKL ! �+�� decays, is supplemented by ‘direct’ radiation for photon ener-
gies in the middle of the kinematically allowed range. The absence of interference between
the two components supports the theoretical expectation that the direct radiation is M1,
which is CP-allowed and can thus compete favourably with IB, whose matrix-element is
proportional to the CP-forbidden amplitude forKL ! �+�� decays.

Since IB must be polarizedin the�+��
 plane (in theKL rest-frame), Dalitz pairs from
the conversion of such photons cannot favour either side of the� +��
 plane and could
not possibly give rise to the�-asymmetry found by KTeV. Addition of a magnetic radiative
amplitude contributes a component polarizedperpendicular to the�+��
 plane, which
could account for the observed asymmetry if its magnitudeand phase are appropriate. The
excess of the observed photon spectrum above the predictable IB distribution determines
themagnitude of the direct radiative amplitude but says nothing about its phase, if it is
purely magnetic. Let us denote the radiative amplitude symbolically by

A = E � x̂+M:ŷ; (10)

where we explicitly display the polarization directions of the electric and magnetic ampli-
tudesE andM, respectively, choosing thez-axis along the direction of the virtual pho-
ton which materializes into the electron-pair. If the two terms inA, eq. (10), have the
same phase, the corresponding photons are linearly polarized in thexy-plane at an an-
gle = tan�1 jM=Ej relative to thex-axis. Electron-pairs from such linearly-polarized
photons have an angular distribution:

W (�; �) = cos2 � + sin2 � � sin2(��  ) (11)

which serves as an analyzer for the photon polarization. For purely electric radiation,
 = 0, the distribution is symmetrical about� = 0 as we stated already for IB. For 6= 0,
the form of the angular distribution is unchanged, but the symmetry-axis is rotated away
from � = 0 and loses, in general, its symmetry in�. If M is �=2 out of phase with
E , the two amplitudes contribute incoherently to the decay rate and the distribution again
becomes symmetrical in�, because the angular distribution from purely magnetic radiation
is also symmetric, as can be seen from the form of eq. (11) for = �=2.

The phase of the non-radiative amplitude forKL ! �+�� is required to be(�+�+ Æ0)
where�+� is the well-measured [8] phase of�+� andÆ0 is the less well-knowns-wave
phase shift of the presumably dominantI = 0 �� final state atE = mK . TCP-invariance
requires [14], apart from corrections of order�, that the phase ofM should be(�=2 + Æ 1)
whereÆ1 is thep-wave�� phase- shift at the same energy. Within the uncertainties of the
�� phase-shifts,(�+� + Æ0) cannot be distinguished from�=2; which is almost true also
for the phase ofM, sinceÆ1 is a small angle. Therefore, ifE in eq. (10) is approximated by
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the IB contribution andM is assumed to have the phase required by TCP-invariance, both
terms have thesame phase within the accuracy of our present knowledge, so the associated
photon is linearly polarized to the same precision. This accounts very satisfactorily for
the strong azimuthal variation and asymmetry observed by KTeV. On the other hand, the
original estimation [5] by Sehgal and Wanninger was based on the assumption thatM has
the phaseÆ1, which is small and causesM to be nearly real, which cannot generate much
�-asymmetry sinceE is close to being pure-imaginary. Therefore, to the extent that the
original estimate doesnot yield the observed asymmetry, KTeV’s measurement rules out
the original phase-hypothesis which, although the authors did not mention it, corresponds
to the assumption ofT -invariance.

Even though the particular mechanism described above is probably the most important
contributor, the occurrence ofKL ! �+��e+e� decays and the asymmetry reported by
KTeV do not depend specifically on it. Whatever may be the contributing processes, the
argument leading to eq. (9) shows that ‘T -odd’ asymmetries are forbidden by reciprocity,
eq. (8), for all decays in which interactions between the final particles can be neglected.
For the case ofKL ! �+��e+e�, electromagnetic interactions between the pions and
the electrons are not expected to generate ‘T -odd’ asymmetry to account for the effect
observed by KTeV. Detailed discussion will be presented elsewhere [11].

In completely different and complementary ways, the two experiments strongly support
the theoretical expectation that the long-established CP-noninvariance in neutralK-meson
decays is associated withT -noninvariant interactions. Even more conclusive results are
awaited.
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