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Abstract. We have carriedout a multi-fractal analysisof the distribution of galaxiesin the three
Northernslicesof the Las Campanasedshiftsuney. In this analysiswe have studiedthe scaling

propertiesof the distribution of galaxieson lengthscalesfrom 20 h™!Mpc to 200h~*Mpc. Our
mainresultsare: (1) The distribution of galaxiesexhibits a multi-fractal scalingbehaiour over the

scales20 h™'Mpc to 80 h™*Mpc, and, (2) the distribution is consistentwith homogeneityon the

scales80 h~'Mpc to 200h~!Mpc. We concludethat our resultsare consistenwith the Universe
beinghomogeneouatlarge scalesandthetransitionto homogeneitypccurssomavherein therange

80h~1Mpc to 100h~ ! Mpe.
Keywords. Cosmologyjarge scalestructures.
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1. Introduction

The isotropy of the cosmicmicrowave backgroundradiation(CMBR) strongly suggests
thatthe Universeseemdo be homogeneousn large scales.The standardnodelof cos-
mologyis built onthis foundation.Fromthe point of view of mathematicasimplicity, the
Einsteins equationgake a simpleform if we make the assumptiorof homogeneityand
isotropy of spaceandthedistribution of matteroverlargescales.Therehas,however, been
alot of debateon thisissue.

ColemanmandPietronerd1] appliedthefractalanalysisto galaxydistributionsandcon-
cludedthatit exhibits a self-similarbehaiour up to arbitrarily large scales. Their claim
thatthefractalbehaiour extendsoutto arbitrarily large scalesmpliesthatthe Universeis
nothomogeneousn ary scaleandhenceit is meaninglesso talk aboutthe meandensity
of the Universe. Theseconclusionsarein contradictionwith the cosmologicalprinciple
andthe entireframewnork of cosmologyaswe understandoday will have to berevisedif
theseconclusionsaretrue.

Ontheotherhand,severalothers[5,4] have appliedthe fractalanalysisto arrive at con-
clusionsthataremorein keepingwith the standardcosmologicaimodel. They conclude
thatwhile the distribution of galaxiesdoesexhibit self similarity and scalingbehaiour,
thescalingbehaviour is valid only overarangeof lengthscalesandthe galaxydistribution
is homogeneousn very large scales. Variousother obsenationsincluding the angular
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distribution of radiosourcesandthe X-ray backgroundestify to the Universebeinghomo-
geneou®n largescaleq6,7].

Recentanalysisof the ESOslice project[8] alsoindicateshatthe Universeis homoge-
neousover large scales.The fractal analysisof volumelimited subsamplesf the SSRS2
[9] studiesthe spatialbehaiour of the conditionaldensityat scalesup to 40 h—1 Mpc.
Their analysisis unableto conclusvely determinewhetherthe distribution of galaxiesis
fractalor homogeneouandit is consistentvith boththe scenariosA similaranalysiscar
ried outfor the APM-Stromlosuney [10] seemgo indicatethatthedistribution of galaxies
exhibitsafractalbehaiour with adimensiorof D = 2.14+0.1 onscalesupto 40h—! Mpc.
In amorerecentpapeir{11] thefractalanalysishasbeenappliedto volumelimited subsam-
plesof theLasCampanasedshiftsurey. Thisusegheconditionaldensityto probescales
upto 200h~! Mpc. They find evidencefor afractal behaiour with dimensionD ~ 2 on
scalesup to 20-40h—! Mpc. They alsoconcludethatthereis atendeng to homogeniza-
tion on larger scaleg(50-100h—! Mpc) wherethe fractal dimensionhasa value D ~ 3,
but the scattelin theresultsis toolargeto conclusvely establisthomogeneityandrule out
afractalUniverseon largescales.

Here we study the scalingpropertiesof the galaxy distribution in the Las Campanas
redshiftsurey (LCRS)[12]. Thisis the deepestedshiftsurvey availableat presentHere
we applythe multi-fractalanalysig5,4] which is basedn a generalizatiorof the concept
of amono-fractako addresshefollowing questiong14]:

(a) Doesthe Universeshaw transitionto homogeneities?
(b) If so,whatis thelengthscaleatwhichthis transitionoccurs?

We first discusghe basicfeaturesof the Las Campanasedshiftsurey (LCRS)which
arerelevantto us. We thenintroducethe conceptf mono-fractalsmulti-fractalsandthe
generalizeddimensionspectrum.For a gooddiscussioron fractalsthe reademay refer
to [2,3]. After this we discusgheintricaciesand constraintdn the analysisof the surwey
andthe kind of workaroundswhich are necessaryo circumvent theseproblems. From
our analysisthe multi-fractal natureof LCRS s thendiscussed.For a discussionon the
applicationof fractalconceptgo galaxydistributions,thereademayreferto [13]. Lastly
we summarizehe conclusions.

2. Las Campanasredshift survey

The Las Campanagedshift surwey consistsof dataof angularpositionsand red-shifts
(amongotherdetails)of about24000galaxies.Thesurey goesto adepthof aboutz = 0.2

or equivalentlyto arecessiorvelocity of about600km/s. These24000galaxiesarespread
over 6 slices. We treatthe galaxiesaspoints. The distribution of pointsis studiedusing
multi-fractalcharacterizationln particular we areinterestedn investigatingasto whether
or not, thedistribution of pointstendsto homogeneity

3. Fractal dimension

Considera distribution of pointsin a box. Divide eachsideof thebox into half. Thusthe
numberof smallerboxeswill now be 2¢, whered is the dimensionof spacein which the
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particlesareembeddedWe thencountthe numberof nonemptyboxes. All the 2¢ boxes
neednot necessariljhave pointsin them. We thenfurther divide eachof theseboxesinto
halves. This procedurds repeatedandat every stagewe countthe numberof non-empty
boxes,N(r), wherer is thelinearsizeof theboxes.If N (r) scalesasapower- law in r in
thelimit r — 0 we call the exponentasthe box-countingdimensionDy, o,

B . dlogN(r)
Drox = = lim = e

1)

A naturalquestionwhich arisesat this stageis the justification of calling this param-
eteras‘dimension’. To understandhis, considera smoothcurve in, say 3 dimensions.
Adoptingthe abore procedurewe encloset in a3D box, divide thebox into smallerand
smaller(andhence moreandmore) boxesand countthe numberof non-emptyboxesat
every stage. Clearly only the infinitesimally small boxesalongthe curve will contrilbute
to this number Hence,in the limit of the size of the boxestendingto zero, the number
of non-emptyboxeswill scaleasN(r) o 7!, thusgiving the box-countingdimensionto
be 1 which is the sameas our usualunderstandingf dimensionof a smoothcurve. We
can,however, ervisageasituation,in which, thereis a distribution of points,for which, the
parametekvhich we call dimensionturnsout to be a fraction. We call suchdistributions
asfractals.

Thereis, however a problemin usingthe above definitionin practice. In a physically
relevantsituation,we only have a countablesetof points.In suchacasewhenwe take the
limit » — 0, oncethesizeof the boxesbecomesmallerthantheinter-particleseparation,
the numberof non-emptyboxesdo not changeaswe reducethe box-size.In sucha case,
the box-countingdimensionturnsout to be zeroin thelimit » — 0. Hence,in practice,
usingthe definitionin this strict senseis of little value. Operationallywe look for area-
sonablerangeof r in which N (r) scalesasa power-law in » andcall the exponentasthe
box-countingdimension.

Box-countingdimensionis only one of the definitionsof fractal dimension. Another
measur@f thefractaldimensionis thecorrelationdimension.Considemlagainadistribution
of points. Choosea point at randomanddrawv boxes (centeredat this randomlychosen
point) of increasingsize. Countthe numberof pointsinside the boxes. We denotethe
numberof pointsinsidea box of linearsizer andcenteredat the ith point by n;(r). For
everyvalueof r, n;(r) is averagedover all the centers We denotethis averageby N (r).

N(r) = (ni(r))i- )

If A'(r) scalesasrP- we define D, asthe correlationdimension. From the above defi-
nitionswe cannow generalizehe conceptof dimension.We countthe numberof points
ni(r) by theproceduresketchedabove for correlationdimension.Thegeneralizedlimen-
sion D, is definedas,

_ 1 dlog({n¥'(r)))
Dy = g—1 dlog(r) '

Clearly, ¢ = 1 correspondgo the box-countingdimensionandq = 2 to correlation
dimension.(Sincethe right handside of this is ill-defined for ¢ = 1 we needto take the
limit asq — 1) for box-countingdimension. If for a distribution of points, D, is in-
dependenbf ¢, the distribution is a mono-fractal,while otherwiseit is a multi-fractal.

3)

Pramana-J. Phys.,Val. 53, No. 6, December 1999 991



T R Seshadri

2.8 q

2.6 q

2.4+ Curve A g

Dq

1.2 b

Figure 1. Thespectrunof generalizedlimensions shavn for a subsampl®f theslice
with declinationsd = —12°. Curve A refersto smallscaleg<80h~! Mpc) andCurve
B to largescaleg>120h"! Mpc).

If the value of D, is constantwith ¢ andfurther, if this constantvalueis also equalto
the ambientdimension,the distribution is homogeneous.n the analysisof LCRS, we
essentiallystudythe natureof D, for differentrangesof length-scales.

4, Constraints and their workarounds

The surwey consistsof galaxiesin 6 conicalslicesof declinationsd = —3°, —6°, —12°,
—39°, —42° and—45°. Of thesethefirst threearein the northgalacticcapwhile thelast
threearein the southgalacticcapandwe have restrictedour analysisto the threeslicesin
the north galacticcap. The vertex angleof eachconeis # = 90° — 4. Thereareseveral
constraintarisingfrom thegeometryandtheobsenationalstrateyy of thesurwey. To begin
with, the slicesarevery thin (1.5°) ascomparedo a rangeof about80° in RA. Hence,if
we useit for a3D analysiswe cannotstudythe largescalebehaiour. (Thelargestscales
thatcanbe containedwithin the slice is severelyrestrictedby the slice thickness.Hence,
we collapsethesliceinto a2D conicalsurface,openthe surfaceandmalke it flat, analyze
the distribution of points (galaxies)on the 2D and computethe generalizeddimension
spectrum,D,.

Sincethecircleswe draw shouldbe containedwithin the surwey region, thecirclescan-
not be centerecbn the galaxiesnearthe boundaryof the suney. Thelargerthe scaleswve
analyzethelargerthecirclesandhenceargerarethe galaxiesexcludedfrom choice.

5. Conclusions

We have analyzedthe suney in two rangesin lengthscalesonebelov 80 h—! Mpc and
the otherabove 120 h—! Mpc. The averagedquantity (ng—l(r))i shows a scalingbe-
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haviour with . However, the valueof D, remainsconstanwith g over scaledargerthan
120h~! Mpc while it is afunctionof g for scalessmallerthan80h—! Mpc. Thebehaviour
of D, is shown in figure 1. Further the g-independenvalueof D, for scaledargerthan
120h~! Mpc is closeto 2, theambientdimensionof the slice. This stronglysuggestshe
following conclusions:

1. ThattheUniverseseemsgo attainhomogeneityverscalesiggerthan120h~! Mpc.
2. Thatthetransitionto homogeneityoccursat a scaleof around100h—Mpc.
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