
PRAMANA c
�

IndianAcademyof Sciences Vol. 53,No. 6
— journalof December1999

physics pp. 989–993

Multi-fractal analysis of the galaxy distribution in the
Las Campanas redshift survey

T R SESHADRI
MehtaResearchInstitute,ChhatnagRoad,Jhusi,Allahabad211019,India
Email: seshadri@mri.ernet.in

Abstract. We have carriedout a multi-fractal analysisof the distribution of galaxiesin the three
Northernslicesof the Las Campanasredshiftsurvey. In this analysiswe have studiedthe scaling
propertiesof the distribution of galaxieson lengthscalesfrom 20 h �������	� to 200 h �
�����	� . Our
mainresultsare: (1) Thedistribution of galaxiesexhibits a multi-fractalscalingbehaviour over the
scales20 h ��� ���	� to 80 h �
� ���	� , and,(2) the distribution is consistentwith homogeneityon the
scales80 h �
�����	� to 200h �������	� . We concludethatour resultsareconsistentwith theUniverse
beinghomogeneousat largescalesandthetransitionto homogeneityoccurssomewherein therange
80h �
� ���	� to 100h �
� ���	� .
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1. Introduction

The isotropy of the cosmicmicrowave backgroundradiation(CMBR) stronglysuggests
that theUniverseseemsto be homogeneouson largescales.The standardmodelof cos-
mologyis built on this foundation.Fromthepoint of view of mathematicalsimplicity, the
Einstein’s equationstake a simpleform if we make the assumptionof homogeneityand
isotropy of spaceandthedistributionof matterover largescales.Therehas,however, been
a lot of debateon this issue.

ColemanandPietronero[1] appliedthefractalanalysisto galaxydistributionsandcon-
cludedthat it exhibits a self-similarbehaviour up to arbitrarily large scales.Their claim
thatthefractalbehaviour extendsout to arbitrarily largescalesimpliesthattheUniverseis
not homogeneouson any scaleandhenceit is meaninglessto talk aboutthemeandensity
of the Universe. Theseconclusionsare in contradictionwith the cosmologicalprinciple
andtheentireframework of cosmology, aswe understandtoday, will have to berevisedif
theseconclusionsaretrue.

On theotherhand,severalothers[5,4] haveappliedthefractalanalysisto arriveat con-
clusionsthataremorein keepingwith the standardcosmologicalmodel. They conclude
that while the distribution of galaxiesdoesexhibit self similarity andscalingbehaviour,
thescalingbehaviour is valid only overa rangeof lengthscalesandthegalaxydistribution
is homogeneouson very large scales. Variousother observationsincluding the angular
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distributionof radiosourcesandtheX-ray backgroundtestify to theUniversebeinghomo-
geneouson largescales[6,7].

Recentanalysisof theESOsliceproject[8] alsoindicatesthattheUniverseis homoge-
neousover largescales.Thefractalanalysisof volumelimited subsamplesof theSSRS2
[9] studiesthe spatialbehaviour of the conditionaldensityat scalesup to 40 h ��
 Mpc.
Their analysisis unableto conclusively determinewhetherthe distribution of galaxiesis
fractalor homogeneousandit is consistentwith boththescenarios.A similaranalysiscar-
riedoutfor theAPM-Stromlosurvey [10] seemsto indicatethatthedistributionof galaxies
exhibitsafractalbehaviour with adimensionof ����������������� onscalesupto 40h ��
 Mpc.
In amorerecentpaper[11] thefractalanalysishasbeenappliedto volumelimited subsam-
plesof theLasCampanasredshiftsurvey. Thisusestheconditionaldensityto probescales
up to 200h ��
 Mpc. They find evidencefor a fractalbehaviour with dimension����� on
scalesup to 20–40h ��
 Mpc. They alsoconcludethat thereis a tendency to homogeniza-
tion on largerscales(50–100h ��
 Mpc) wherethe fractaldimensionhasa value � �"! ,
but thescatterin theresultsis too largeto conclusively establishhomogeneityandruleout
a fractalUniverseon largescales.

Here we study the scalingpropertiesof the galaxydistribution in the Las Campanas
redshiftsurvey (LCRS)[12]. This is thedeepestredshiftsurvey availableat present.Here
we applythemulti-fractalanalysis[5,4] which is basedon a generalizationof theconcept
of a mono-fractalto addressthefollowing questions[14]:

(a) DoestheUniverseshow transitionto homogeneities?
(b) If so,whatis thelengthscaleat which this transitionoccurs?

We first discussthebasicfeaturesof theLasCampanasredshiftsurvey (LCRS)which
arerelevantto us. We thenintroducetheconceptsof mono-fractals,multi-fractalsandthe
generalizeddimensionspectrum.For a gooddiscussionon fractalsthe readermay refer
to [2,3]. After this we discussthe intricaciesandconstraintsin theanalysisof thesurvey
and the kind of workaroundswhich arenecessaryto circumvent theseproblems. From
our analysisthe multi-fractal natureof LCRS is thendiscussed.For a discussionon the
applicationsof fractalconceptsto galaxydistributions,thereadermayreferto [13]. Lastly
we summarizetheconclusions.

2. Las Campanas redshift survey

The Las Campanasredshift survey consistsof dataof angularpositionsand red-shifts
(amongotherdetails)of about24000galaxies.Thesurvey goesto adepthof about#$�����%�
or equivalentlyto a recessionvelocityof about600km/s.These24000galaxiesarespread
over & slices. We treatthe galaxiesaspoints. The distribution of pointsis studiedusing
multi-fractalcharacterization.In particular, weareinterestedin investigatingasto whether
or not, thedistributionof pointstendsto homogeneity.

3. Fractal dimension

Considera distribution of pointsin a box. Divide eachsideof thebox into half. Thusthe
numberof smallerboxeswill now be �(' , where ) is thedimensionof spacein which the
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particlesareembedded.We thencountthenumberof nonemptyboxes.All the �*' boxes
neednot necessarilyhave pointsin them.We thenfurtherdivide eachof theseboxesinto
halves. This procedureis repeatedandat every stagewe countthenumberof non-empty
boxes, +-,/.10 , where. is thelinearsizeof theboxes.If +2,/.10 scalesasapower- law in . in
thelimit .�3�45� wecall theexponentasthebox-countingdimension�7698;:

��6<8=:>�?3A@�BDCE �GF>H

I @DJ*KL+2,/.10I @DJ*KL. � (1)

A naturalquestionwhich arisesat this stageis the justificationof calling this param-
eteras ‘dimension’. To understandthis, considera smoothcurve in, say, ! dimensions.
Adoptingtheaboveprocedure,we encloseit in a !*� box,divide thebox into smallerand
smaller(andhence,moreandmore)boxesandcountthe numberof non-emptyboxesat
every stage.Clearly only the infinitesimally small boxesalongthe curve will contribute
to this number. Hence,in the limit of the sizeof the boxestendingto zero, the number
of non-emptyboxeswill scaleas +-,/.10>MN.*
 , thusgiving thebox-countingdimensionto
be � which is the sameasour usualunderstandingof dimensionof a smoothcurve. We
can,however, envisageasituation,in which,thereis adistributionof points,for which,the
parameterwhich we call dimension,turnsout to bea fraction. We call suchdistributions
asfractals.

Thereis, however a problemin usingthe above definition in practice. In a physically
relevantsituation,weonly haveacountablesetof points.In suchacase,whenwetakethe
limit .�3
4O� , oncethesizeof theboxesbecomesmallerthantheinter-particleseparation,
thenumberof non-emptyboxesdo not changeaswe reducethebox-size.In sucha case,
thebox-countingdimensionturnsout to bezeroin the limit .P3
4Q� . Hence,in practice,
usingthe definition in this strict senseis of little value. Operationallywe look for a rea-
sonablerangeof . in which +-,R.S0 scalesasa power-law in . andcall theexponentasthe
box-countingdimension.

Box-countingdimensionis only oneof the definitionsof fractal dimension. Another
measureof thefractaldimensionis thecorrelationdimension.Consideragainadistribution
of points. Choosea point at randomanddraw boxes(centeredat this randomlychosen
point) of increasingsize. Count the numberof points inside the boxes. We denotethe
numberof pointsinsidea box of linearsize . andcenteredat the T th point by U�V�,/.10 . For
everyvalueof . , U V ,/.10 is averagedoverall thecenters.We denotethisaverageby W?,/.10 .

W?,/.10L�YX/U V ,/.10�Z V � (2)

If W?,R.10 scalesas .S[]\ we define �_^ asthe correlationdimension.From the above defi-
nitionswe cannow generalizetheconceptof dimension.We countthenumberof points
U V ,R.10 by theproceduresketchedabovefor correlationdimension.Thegeneralizeddimen-
sion �_` is definedas,

� ` � �
a 3b�
I @�J(K�,�XRU ` ��
V ,R.S0�Z V 0I @DJ*K
,/.10 � (3)

Clearly, a �5� correspondsto the box-countingdimensionand a � � to correlation
dimension.(Sincethe right handsideof this is ill-defined for a �c� we needto take the
limit as a 3�4d� ) for box-countingdimension. If for a distribution of points, �_` is in-
dependentof a , the distribution is a mono-fractal,while otherwiseit is a multi-fractal.
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Figure 1. Thespectrumof generalizeddimensionis shown for asubsampleof theslice
with declinationegfihkjml<n . Curve A refersto smallscales( o 80 h �
� Mpc) andCurve
B to largescales( p 120h��� Mpc).

If the valueof � ` is constantwith a and further, if this constantvalue is also equalto
the ambientdimension,the distribution is homogeneous.In the analysisof LCRS, we
essentiallystudythenatureof �_` for differentrangesof length-scales.

4. Constraints and their workarounds

Thesurvey consistsof galaxiesin & conicalslicesof declinationsqr��3s!(t , 3s&ut , 3v�9�*t ,
3s!*wut , 3kxu�(t and 3kxuy*t . Of these,thefirst threearein thenorthgalacticcapwhile thelast
threearein thesouthgalacticcapandwe haverestrictedour analysisto thethreeslicesin
the north galacticcap. Thevertex angleof eachconeis z{�"w(�(t|3bq . Thereareseveral
constraintsarisingfrom thegeometryandtheobservationalstrategy of thesurvey. To begin
with, theslicesarevery thin ( �(� y(t ) ascomparedto a rangeof about }(�(t in ~>� . Hence,if
we useit for a !*� analysis,we cannotstudythelargescalebehaviour. (Thelargestscales
thatcanbecontainedwithin theslice is severelyrestrictedby theslice thickness.Hence,
we collapsetheslice into a �1� conicalsurface,openthesurfaceandmake it flat, analyze
the distribution of points (galaxies)on the �1� and computethe generalizeddimension
spectrum,�_` .

Sincethecircleswedraw shouldbecontainedwithin thesurvey region, thecirclescan-
not becenteredon thegalaxiesneartheboundaryof thesurvey. The largerthescaleswe
analyze,thelargerthecirclesandhence,largerarethegalaxiesexcludedfrom choice.

5. Conclusions

We have analyzedthe survey in two rangesin lengthscales,onebelow 80 h ��
 Mpc and
the other above 120 h ��
 Mpc. The averagedquantity X/U ` ��
V ,/.10�Z V shows a scalingbe-
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haviour with . . However, thevalueof � ` remainsconstantwith a over scaleslargerthan
120h ��
 Mpc while it is a functionof a for scalessmallerthan80h ��
 Mpc. Thebehaviour
of �_` is shown in figure1. Further, the a -independentvalueof �_` for scaleslarger than
120h ��
 Mpc is closeto � , theambientdimensionof theslice. This stronglysuggeststhe
following conclusions:

1. ThattheUniverseseemsto attainhomogeneityoverscalesbiggerthan120h ��
 Mpc.
2. Thatthetransitionto homogeneityoccursat a scaleof around100h ��
 Mpc.
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