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Abstract. In re-ionizedmodels,themeasurementof polarizationof CMBR canbeagoodcriterion
to narrow down the parameterspacefor cosmologicalmodels. A Vishniac-typeeffect in second
orderpolarizationoverarcminutescaleshasbeencalculated.It hasbeenshown thatwhile theeffect
is very small ( �������	��
 K) for CDM models,it canbe significant( ����
 ��
 K) for someisocurvature
models.
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1. Introduction

Reionizationof matterin the Universein the post-decouplingeracanaffect the cosmic
microwave backgroundphotonsthroughscatteringprocesses.While Comptonscattering
canleadto distortionin spectrumof theCMB photons,Thomsonscatteringcandistortthe
anisotropy aswell aspolarizationof the CMB. Suchdistortionsplay a diagnosticrole in
thestudyof thestateof matterafter thestandarddecouplingepoch.This in turn canshed
light on thephysicalprocessestakingplacein theUniversein thepostrecombinationera.

Therearea numberof plausiblephysicalprocessesthat canre-ionizethe mattercon-
tent in theUniversein thepost-decouplingera. Althoughat presentoneis not sureasto
preciselywhich arethe physicalprocessesthat actuallycausedre-ionization,oneknows
from observationsthat thepresentUniversearoundusis in an ionizedstate.Theabsence
of ‘Gunn-Peterson’dips in the spectraof distantquasarsindicatesthat the Universewas
probablyreionisedatsomeredshift ����������� ( [6]). Thevalueof ��� is notknown obser-
vationally, while differenttheoreticalmodelshavedifferentpredictionsfor this redshift.

Here,wewill discussthenatureof polarizationsignalsgeneratedby Thomsonscattering
from this re-ionizedmatterin theUniverse.In ourmodelwewill assumethattheUniverse
underwentstandardrecombinationat an epoch ��� correspondingto a red-shiftof about�������

. After this epoch,theUniversewasin anunionizedstatetill anepoch���! whenthe
mattercontentin the Universegot re-ionized. Let us denotethe red-shiftof this epoch
by �"�! . We assumethat the Universeremainedionizedafter this till the presentepoch.
The CMB photonscomingfrom the surfaceof last scatter(SLS) get Thomsonscattered
by the ionizedmatterandhencegeta non-zerodegreeof polarization,muchlike theway
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thelight raysfrom themorningsunThomsonscatterfrom theelectronsin theionosphere
producinganon-zerodegreeof polarizationexceptin thedirectionaroundthesun.Hence,
in there-ionizedUniverse,we caneffectively view ourselvesto belocatedat thecenterof
a cosmicionosphere.Thesourceof incidentradiationis theCMBR.

The plan of presentationis asfollows: We introducethe conceptof optical depthand
discusstherelatedparametercalledthevisibility functionin # 2. In # 3 we discussthefirst
andsecondorderpolarization.Lastly, in # 4 we presenttheresultsof numericalestimates,
anddiscusstheexpectedpolarizationfrom specificmodels.

2. Optical depth and the visibility function

Considera distribution of chargedparticles,sayelectrons,in space.Considera photon
traveling throughit alonga trajectory $�%'&)( . Theopticaldepthalonga pathis a measureof
thenumberof scatteringof thephotonasit traversesthepath.It is givenby* � +-,/.10 %2$2(436587	9 (1)

where,: is thepathof thephoton.A relatedquantity, thevisibility function, ; is givenby,;<�>=*@?BADC!EGFIH (2)

wherethedot representsderivative with respectto time. In thecosmologicalcontext, the
visibility functionis givenby,;G%J� H �	KL(/� . 0 %'�	KM(4NG%J�	K'(43 5 ?BADC EPORQQ�S�T�UWVYX S S[ZJ\ V]X S S[ZJ^�_/` X S S H (3)

where � K is the conformaltime and � is the conformaltime correspondingto the present
epoch. Physically ;!%'� H � K (D7D� K measuresthe probability that the photonreceived by the
observerat theepoch� got scatteredfor thelasttime between� K and � K-a 7D� K .

In the caseof modelsin which the Universedid not undergo a phaseof re-ionization
in the post recombinationera, ;!%'� H � K ( hasa singlesharppeakat � K �b� � . In the case
of reionization,thevisibility functiongetsanadditionalpeakat theepochof reionization.
This peakis smallerthanthefirst andits width is larger. We modelthesecondpeakasa
Lorentziangivenby;G%J� H � K (/�dc �3 ?�EPe Q S'f Qhg�i�jk l %'� K6m � �! (Bn (4)

3. Polarization from re-ionization

Theequationsgoverningtheevolution of polarizationperturbationo<pP%Jq H4rsH �I( for scalar
modescanbederivedfrom themomentsof theBoltzmannequationfor photons.They are
givenby [3] =o p a rDtJu-t o p � .10 3I51NG%J�I(@v m o p a �wyx � m{z}| %'~1(��L����n (5)
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Here q is thecomoving co-ordinate,� is conformaltime,
. 0

theelectrondensity, v the
velocity field of the fluid of chargedparticles, r is the directionof photonpropagation,
andthegradientin thepolarizationperturbation.A dot representsderivative with respect
to conformaltime, ~����B����% l ( , where l is theanglebetweenthe directionof thephoton
propagationvectorandthegradient.We havealsodefined��%Jq H �I(/� m o<5 | %'q H �I( m o p | %'q H �I( a o p!� %Jq H �I( H (6)

with o 5 � , o<p!� themonopole,and o 5 | , o<p | thequadrupoletemperatureandpolarization
perturbations,respectively. We definetheseangularmomentsbyo p6� 5�%'q H4rsH �I(����6��% w 9 a � ( z � %'~1(�o p � � 5 � %'q H �I(��

o p � � 5 � � + 7	~w z � %J~1()o p6� 5�%J~1(�n (7)

Thepolarizationtermson theright handsideof eq. (5) arenegligible. Thusthedomi-
nantsourceterm for the polarizationequationarisesfrom the quadrupoleanisotropy of
temperature.Therequiredequationin realspacefinally turnsout to be=o p a rDtJu-t o p � m .10 % � a�� 0 (4365}NG%J�I( �w x � m{z}| %'~1(��Mo<5"��n (8)

We had mentionedearlier that anisotropicunpolarizedradiationcan throughThom-
sonscatteringproducelinearly polarizedlight. The above equationshows the natureof
anisotropy requiredto producethiseffect. Fromsymmetryonecannoticethatisotropicra-
diationcannotproducepolarization.It alsoturnsout thatradiationwith dipoleanisotropy
alsocannotproducepolarization.As we seefrom equation(8), polarizationcanbecaused
by scatteringof radiationwhich hasa quadrupoleanisotropy.

In termsof Fouriermodes,theequationgoverningtheevolution of polarizationpertur-
bationcanbeexpressedas=o<p a��4� ~1o<p{� m . 0 3 5 N �w % � m{z | %'~1(�(!x�o 5 � a�� %J� H �I(h� (9)

where � %'� H �I( is givenby,� %'� H �I(/� + 7	�B�% w�� ( � � 0 %'� m � H �I(!x o<5���%'� H �I(���n (10)

Thetermin thesquarebrackets,in eq. (9) dependson �� aswell as � .
Theformal solutionof thepolarizationperturbationequationis givenbyo<pP%J� H �I(�� m �w % � m�z | %J~1()( + X� x o 5 ��%'� H � K ( a�� %J� H � K (��  ;G%J� H � K ( ? tY¡B¢ V]X S E X Z 7D� K n (11)

Wenow expresso<5"� asasumof first andsecondorderterms.As hasbeenshown in [2],
thedominantsecondordertemperatureterm(theVishniacterm)arisesfrom thecoupling
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of the first-ordertemperatureanisotropy andthe electrondensityperturbationandhence
this is theonly second-ordertemperaturetermweconsider. Sowehave,o 5 ��o VL£ Z5 a o VL¤ Z5 H (12)

where o VL¤ Z5 is theVishniacterm. Similarly thepolarizationtermcanalsobeexpressedas
a sumof first andsecondordertermso<p{�¥o VL£ Zp a o V | Zp H (13)

where o VL£ Zp %'� H �I(/� m �w % � m{z}| %'~1(�( + X�§¦ o VL£ Z5"� %'� H � K (h¨©;G%J� H � K ( ? tL¡�¢ V]X S E X Z 7D� K (14)o V | Zp %'� H �I(/� m �w % � m{z}| %'~1(�( + X�§¦ o VL¤ Z5 � %J� H � K (h¨s;!%'� H � K ( ? tL¡�¢ V]X S E X Z 7D� Km �w % � m{z | %'~1(�( + X� x � %J� H � K (h�ª;G%J� H � K ( ? tL¡�¢ V]X S E X Z 7D� K n (15)

In (15)theright handsidecomprisesof two terms.Thefirst onearisesdueto theproduct
of theVishniactemperaturetermandtheuniform componentof theelectrondensity. The
secondtermis alsoa secondordertermbut arisesbecauseof theproductof thefirst order
temparatureanisotropy termandtheperturbationsin theelectrondensity. Thustheorigin
of thesecondtermcloselyresemblestheorigin of theVishniactemperatureterm. Hence
we will call this the Vishniactype polarizationterm anddenoteit by o VL¤ Zp . It hasbeen
shown in [4] that the first term on the right handsideof eq. (15) is negligible especially
for small angularscales.Thusthe only secondorderpolarizationterm which needto be
consideredis o VL¤ Zpo VL¤ Zp � m �w % � m{z}| %'~1(�( + X� x � %'� H � K (���;!%'� H � K ( ? tL¡�¢ V]X S E X Z 7	� K (16)

and o<p«��o VL£ Zp a o VL¤ Zp .
Wenotethatonly thefirst ordertemperatureanisotropy is of relevanceto thecalculation

of thefirst andthedominantsecondorderpolarizationterm. Thequadrupolecomponent
of thefirst ordertemperatureperturbationat anepoch�¬�­� �y® canbeexpressedin terms
of Besselfunctionin thefollowing way [5]:o 5 ��% � H �I(��do 5"¯ % � H ���"(2° | x � %'� m ���P(h�hn (17)

We now discussthe contribution of the first orderand the Vishniactype polarization
terms.

3.1First order polarization term

As pointedout, this term arisesbecauseof the coupling of the first order temperature
perturbationswith theuniform componentof theelectronenergy density. A semi-analytic
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calculationof this term hasbeendonein ref. [1]. When thereis no re-ionization,the
visibility function hasa singlepeakaroundthe decouplingepoch. This ensuresthat the
Besselfunction in the integrand(obtainedby substituting(17) in (15)) hasa dominant
contribution for large valuesof � . As pointedout earlier the visibility function hastwo
peaksin the modelswith re-ionization. Oneof the peaksis at the samevalueof � asin
thecaseof themodelswith no re-ionization.Theextra peakthatappearsin thecasewith
reionizationappearsarounda valueof � K �±���! . Thesecondpeakis generallyof lesser
heightandis alsobroaderthanthefirst one. Theneteffect is that, theBesselfunction in
theintegrandis non-zeroat a smallervalueof � also.This is over-and-abovecontribution
at large � asin thecasewith no re-ionization.As a resultof all this, in reionizedmodels,
thefirst orderpolarizationhasanextrapeakat largeangularscales.

3.2Vishniac-type polarization term

This term involvesthe productof the first order temperatureanisotropy andthe electron
densityperturbationin real space[7]. Hence,in Fourier spacethereis a modecoupling
between� 0 and o VL£ Z5�� asis clearfrom theexpressionfor � in (10). Becauseof this mode-

coupling, o VL£ Z5�� overonescalecanleadto polarizationperturbationin anentirelydifferent
scaledependingon the form of the electrondensityperturbation. This is in contrastto
the caseof o VM£ Zp whereits contribution at a particularscaleis directly relatedto the � -
dependenceof o VM£ Z5"� . Thusin thecaseof o VL¤ Zp , theevolutionof � 0 playsacrucialrole.

We areinterestedin calculatingsecondorderpolarizationoverarc-minutescales,These
correspondto � -valuesof about10Mpc E £ to1Mpc E £ . For � �! m ���³² �����

Mpc, ° | x ´}%J� K m����(�� peaksat ´µ�¶´I��²·%J¸ ���y¹ C ��( E £ to % �������y¹ C ��( E £ for �±�º�ª� . For �¼» ´I� ,� 0 %'� m �s(y² � 0 %J�1( in o ¤p . Usingthis form for � 0 themodecouplingtermin � in eq. (10),
we get, � %'� H � K (y� � 0 %'� H � K (�½ | %J� K ( H (18)

where ½ | %J� K (y� + %J7 � ´G¾	% w¿� ( � (�o VM£ Z5 � %J� H � K (�n
(For moredetailsthereaderis referedto [7] andreferencestherein.)

4. Numerical estimate of Vishniac type polarization

In the previous sectionwe have derived the expressionsfor the computationof Vishniac
typepolarizationperturbations.As we saw, the degreeof secondorderpolarizationover
differentangularscalesdependson the electrondensityperturbationspectrum.After the
epochof decoupling,atared-shiftof about

�������
, matterandradiationdecouplefrom each

otherandperturbationsin mattergrow freely via gravitational collapse.This is dictated
by the scenariosof structureformation. When the matterin the Universegetsionized,
thespectrumof matterdensityperturbationstranslatesto thespectrumof electrondensity
perturbations.It is thisspectrumof electrondensityperturbationthatgovernstheVishniac
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typepolarizationdiscussedin thelastsection.Thus,thepolarizationterm, o ¤p , dependson
thescenariosof structureformation.Fasterthegrowth of densityperturbations,thelarger
thevalueof o ¤p oversmallangularscales.Theelectrondensityperturbationat any epoch
in thepostdecouplingerais givenby,

� 0 %J� H �I(��¶v �� � � | � 0 %'� H � � (�À %2ÁÂ%2�6%J�I()()(À %2Á � ( H (19)

andthepowerspectrumof electrondensityperturbationbyo | 0 � � ��Ã�Ä � 0 Ä |�Åw�� | n (20)

Here, %'� | ( À %ÆÁÂ%J�Ç%'�I()(�( is thegrowth factorof densityperturbationwith time. Definingthe
Vishniac-typecontribution to thepolarizationpowerspectrumby½ ¤p % � (y� � �w¿� | �w + E £È £ Ã�Ä o ¤p Ä | Å 7D~ (21)

andsubstitutingfrom theabove,weget

½ ¤p % � (y� o | ¡� 3 �� v oÊÉÉ � | n (22)

Here,

v oÊÉÉ � |Ë %'� �! (yÌ ��Í�5 | %J���! ¿(Î � �d� + 7 � �% w¿� ( � ÃÏÄ o 5 | %J� H � �! ( Ä | Å n (23)

As pointedout earlier, differentscenariosof structureformationleadto differenttypes
of polarizationsignals.Wewill broadlyconsidercolddarkmattermodelsandisocurvature
models.

4.1CDM models

In the standardcold dark matter models ( Á � � �
, Á�Ð�ÑÏÒ�� � n � � and ÓÔ� � n�� ),Õ %2½ ¤p (�² w n w   �ª� E | ~ K. In Ö aØ×�Ù ¹ models( Á���� � n ¸�� , Á ÐªÑ�Ò � � n � Î , Á�Ú¥� � n Û�� ,ÓÜ� � nÞÝ andthespectralindex,

. � �
),
Õ %Æ½ ¤p (�² � n ß   �ª� E | ~ K. Thepeakof thepolariza-

tion signalin thesecasesoccurstypically at a multi-polemoment9h²�� ����� corresponding
to anangularscaleof about

� n Û�Û arc-minutes.

4.2 Isocurvature models

Thesemodelsinvolve a relatively early collapseof densityperturbationleadingto a rel-
atively larger value of � 0 and hencea larger value of Vishniac type polarization. For
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Polarization of the CMBRÁ � � � n w , Á@à \Bá � � n � � and Ó­� � n â we get
Õ %Æ½ ¤p (6² � n ¸�~ K. The peakoccursat a 9

valueof about
�ª�������

correspondingto anangularscaleof about
� n ¸�¸ arc-minutes.

Weseethattheisocurvaturemodelsarethebestcasesfor possibledetectionof Vishniac
type polarizationof the CMBR. Futureexperimentscanusethis measurementto narrow
down theparameterspacefor cosmologicalmodels.
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