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String dynamics near a black hole
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Abstract. Thedynamicsof a stringneara Kaluza–Kleinblackholearestudied.Solutionsto the
geodesicequationsareobtainedusingthe world sheetvelocity of light asanexpansionparameter.
For a string falling into a magneticallychargedblackhole, it is shown that thecompactdimension
decreaseswith theworld-sheetcoordinate� .
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1. Introduction

String theory [1] hasrecentlybecomeimportant in the context of studyingblack hole
andcosmologicalbackgrounds.Sincea stringpossessesinternaldegreesof freedom,the
dynamicsarefundamentallydifferentfrom the point particlecase. A string tracesout a
world-sheetasopposedto apointparticlewhichtracesaworld-line,thereforetheequations
of motion of a string areparametrizedby two variables� and � . The string world-sheet
actionis givenby�����
	���
�� � � ��� ������������� (1)

where
� ��� ���! #"�$&%�')( � %  ( � % "

is the two dimensionalworld-sheetmetric. We can
usereparametrizationinvarianceof the world sheetandtake the conformalgauge

� ��� �* $ ��+�� '),- #" , where
,- #"

is thetwo-dimensionalMinkowskianmetric.
Theclassicalequationsof motionin this gaugearegivenby(�./ %  ��0�.1(�.2 %  43657 "�8!9 ( / % " ( / % 8 �:0�.�( 2 % " ( 2 % 8�; �=<�> (2)

with theconstraints ( / %  ( 2 % " �! #"?�@< (3)A ( / %  ( / % " 3 0 . ( 2 %  ( 2 % "1B �! #"?�@< +
where

0
is theworld-sheetvelocityof light.

The systemof equationsbeinghighly non-linear, varioussimplifying ansatzeexist for
solving theseequations. We follow the approachas suggestedin [3], wherethe string
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Figure 1. Kaluza–Kleinradiusasa functionof � .
coordinatesareexpandedusingtheworld-sheetvelocityof light asanexpansionparameter.
In thesmall

0
limit, thederivativeswith respectto � dominateover the � derivatives. As

opposedto the limit of large
0
, this givesa dynamicalpicture. If

0DC!CFE
, thecoordinate

expansionis suitableto describestringsin a stronggravitational background(see[4,5]).
This limit correspondsto thevanishingstringtensionlimit, astheworld-sheetvelocity of
light is proportionalto thestringtension.

2. Kaluza-Klein black holes and string dynamics

Werestrictourselvesto thecasewheretheworld-sheetvelocityof light is small.Thestring
coordinatesareexpressedas%  $ ��+�� 'G�@H  $ ��+I� ' 3 0�.�J  $ ��+�� ' 3 0�KML  $ ��+I� ' 3@N�N1N + (4)

andsolve theequationof motion for thezerothorder
H  $ ��+�� ' . Theseequationsdescribe

thehighenergy behaviour of stringscorrespondingto thelimit of vanishingstringtension.
Themetricbackgroundto studystringpropagation[6] is�PO . �Q�
� KSR!TU V $W�YX[Z 3 H]\[�YX \ ' . 3 �-^ .SR_TU V ��\a`P�YX \ ��X ` + (5)

where b . �dc-ef� ,
X[Z

is theextra dimensionandshouldbeidentifiedmodulo g efh � . Here��\#`
is the four-dimensionalspacetime.Thesphericallysymmetric,time-independentso-

lutions in the Kaluza–Kleinblack holescanbe characterizedby mass i , total electric
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charge j andtotalmagneticcharge k (for detailssee[6]). For simplicity, wediscussonly
theelectricallyneutralblackhole,i.e j �@< , asa testcase.

The equationsof motion in the purely magneticcasecanbe reducedto quadraturesif
we restrictthemotionof thestringin theequatorialplane,i.e. l �@e�m g . Theintegralscan
thenbeevaluatednumericallyto obtainthestringcoordinatesin termsof theworld-sheet
coordinate� . We work in the region where npo!orq , q is the total scalarcharge, andnsoti i.e., theregion justoutsidethehorizon.asa functionof � .

Thephysicallyinterestingquantityto studyhow theextra compactdimensionunfold is
theKaluza–Kleinradiuswhich is definedashD$ n 'u�vh � �1.SR�wyxSz { (6)hD$ n ' is a dynamicalquantityasit dependsimplicitly on � as

hD$ � 'G�@hD$ n $ � '�' . Theeffect
of themagneticfield is to shrinktheextra dimension(asalreadymentionedin [6]) i.e., as
the string approachesthe black hole, the valueof the Kaluza–Kleinradiuswhich it sees
becomessmallerthanits asymptoticvalue;asillustratedin figure1.

3. Conclusions

We have studiedpropagationof a null string in a five-dimensionalmagneticallycharged,
Kaluza–Kleinblackholebackground.Here,we have tried to explorethebehaviour of the
extra fifth dimensionas the string approachesthe black hole horizon. The solutionswe
have obtainedarevalid in the region outsidethe horizonbut not asymptoticallyfar from
thehorizon.

The solutions,in the limit q �}|~<
, matchwith the onesgiven in [5]. The essential

differencelies in thepresenceof theextra dimension.Anotherpaperthat follows a com-
plementaryapproach[7] findsout stringcorrectionsto thefive-dimensionalKaluza–Klein
blackholemetric,while our approachis to studythedynamicsof a stringprobein a clas-
sicalbackground.

Theaboveconsiderationsclearlyshow thatevenin theclassicalregimewe canexplore
the behaviour of the extra dimensions.It would be interestingto explore higherdimen-
sionalcosmologies;to understandhow four-dimensionalcosmologicalsolutionsarisedy-
namicallyfrom a higherdimensionaltheory.
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