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String dynamics near a black hole
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Abstract. Thedynamicsof a string neara Kaluza—Kleinblack hole are studied. Solutionsto the
geodesieequationsare obtainedusingthe world sheetvelocity of light asan expansionparameter
For a string falling into a magneticallychagedblack hole, it is shavn thatthe compactdimension
decreasewith theworld-sheetoordinater.
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1. Introduction

String theory [1] hasrecentlybecomeimportantin the context of studyingblack hole
andcosmologicabackgrounds Sincea string possesseisiternal degreesof freedom,the
dynamicsare fundamentallydifferentfrom the point particle case. A string tracesout a
world-sheeasopposedo apointparticlewhichtracesaworld-line, thereforeheequations
of motion of a string are parametrizedy two variabless andr. The stringworld-sheet
actionis givenby

S = —To/de(T\/ —detgab (1)

where gy, = Gu (X)0, X 0, X" is the two dimensionalworld-sheetmetric. We can
usereparametrizatiomvarianceof the world sheetandtake the conformalgaugeg,;, =
p(o, T)nuw, Wheren,,, is thetwo-dimensionaMinkowskianmetric.

The classicalkequationf motionin this gaugearegivenby

O2XH — 2P2XH + ry, [8TX”BTX” - c"’a,X"a,X”] =0. 2
with the constraints
0- X 0, X"Gy, =0 3)
[0, X0, X" + 0, X" 0, X" ]Gy =0,

wherec is theworld-sheet/elocity of light.
The systemof equationsbeing highly non-linear varioussimplifying ansatzeexist for
solving theseequations. We follow the approachas suggestedn [3], wherethe string
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Figure 1. Kaluza—Kleinradiusasafunctionof r.

coordinatesreexpandedisingtheworld-sheet/elocity of light asanexpansiorparameter
In the small¢ limit, the derivativeswith respecto ~ dominateover the o derivatives. As
opposedo thelimit of largec, this givesa dynamicalpicture. If ¢ << 1, the coordinate
expansionis suitableto describestringsin a stronggravitational backgroundsee[4,5]).
Thislimit correspondso the vanishingstringtensionlimit, astheworld-sheetelocity of
light is proportionalto the stringtension.

2. Kaluza-Klein black holesand string dynamics

We restrictoursehesto the casewheretheworld-sheewelocity of light is small. Thestring
coordinategreexpresse@s
XH*(o,7) = A*(0,7) + 2B*(0,7) + c*CH (0, 7) + - -+, 4)

andsolve the equationof motionfor the zerothorder A# (o, 7). Theseequationglescribe
thehigh enegy behaviour of stringscorrespondingo thelimit of vanishingstringtension.
Themetricbackgroundo studystring propagatiori6] is

ds? = —e*F 5 (dzs + Aqdz®)? + e_Qk\/%gagdwada:ﬁ, (5)

wherek? = 47 G, x5 is the extra dimensionandshouldbeidentifiedmodulo2r Ry. Here
gap is thefour-dimensionakpacetime.The sphericallysymmetric,time-independengo-
lutions in the Kaluza—Kleinblack holescan be characterizedy massM, total electric
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chage( andtotal magneticchage P (for detailssee[6]). For simplicity, we discussonly
theelectricallyneutralblackhole,i.e @ = 0, asatestcase.

The equationsof motionin the purely magneticcasecanbe reducedto quadraturesf
we restrictthemotionof the stringin theequatorialplane,i.e. § = =/2. Theintegralscan
thenbe evaluatednumericallyto obtainthe string coordinatesn termsof the world-sheet
coordinater. We work in the region wherer >> X, ¥ is the total scalarchage, and
r > M i.e.,theregionjustoutsidethe horizon.asafunctionof 7.

The physicallyinterestingquantityto studyhow the extra compactdimensionunfold is
theKaluza—Kleinradiuswhichis definedas

R(r) = R()ez’““’/‘/§ (6)

R(r) is adynamicalquantityasit dependsmplicitly on+ asR(r) = R(r(r)). Theeffect
of themagneticfield is to shrinkthe extra dimension(asalreadymentionedn [6]) i.e.,as
the string approacheshe black hole, the value of the Kaluza—Kleinradiuswhich it sees
becomesmallerthanits asymptoticvalue;asillustratedin figure 1.

3. Conclusions

We have studiedpropagatiorof a null stringin a five-dimensionafmagneticallychaged,
Kaluza—Kleinblack hole backgroundHere,we have tried to explore the behaviour of the
extra fifth dimensionasthe string approacheshe black hole horizon. The solutionswe
have obtainedarevalid in the region outsidethe horizonbut not asymptoticallyfar from
thehorizon.

The solutions,in thelimit ¥ — 0, matchwith the onesgivenin [5]. The essential
differencelies in the presencef the extra dimension.Anotherpaperthat follows a com-
plementaryapproacti7] findsout stringcorrectiongo thefive-dimensionaKaluza—Klein
black hole metric, while our approachs to studythe dynamicsof a string probein a clas-
sicalbackground.

The above considerationslearly shav thatevenin the classicakegime we canexplore
the behaviour of the extra dimensions.It would be interestingto explore higherdimen-
sionalcosmologiesto understandhow four-dimensionatosmologicakolutionsarisedy-
namicallyfrom a higherdimensionatheory
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