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Parity violation in a gravitational theory with torsion:
A geometrical interpretation
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Abstract. In a space-timevith torsion,the actionfor the gravitational field canbe extendedwith
a parity-violating piece. We shav how to obtain sucha piecefrom geometryitself, by suitably
modifying the affine connectionso asto include a pseudo-tensorigbart. A consistentmethodis
thussuggestedor incorporatingparity-violationin the Lagrangian®f all matterfieldswith spinin
aspace-timdackgroundvith torsion.
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Theoriesof gravitation in a space-timawith torsion have beenunderinvestigationfor
a long time. The presenceof torsion modifies the spacetimegeometrythrough non-
symmetricconnection$l]. Torsionhasbeenincorporatedn theoriesof gravitation, which
rangefrom onesasold asthe Einstein—Cartamodelto developmentsasrecentassuper
stringtheories.

Variousconsequencesf torsion have alreadybeenexploredin the literature[2], in-
cludingthoseinvolving complex connectiong3], andaiming,for example,to presenthe
electromagnetipotentialasthe traceof the torsiontensor[4]. As aresultof torsion,the
standarcEinstein—Hilbertactionadmitsof anadditionaltermwhichis parity-violating [5].
Thusageneralisedheoryof gravity canbeconcevedof ashaving the possibility of parity
violationinbuilt in it. An immediateextensionof thisidealeadsto the expectationthatthe
Lagrangian®f varioustypesof matterfieldscoupledto atorsionedspace-timdackground
[6,7]will alsocontainparity-violatingterms.Althoughsuchtermsarea priori wealerthan
thosecorrespondingo weakinteracton(which is an alreadyestablishedourceof parity
violation), they canbe significantin astrophysicahndcosmologicalkcontets [8]. In par
ticular, ashasbeenpointedout in somerecentworks[9], suchparity-violationcanreflect
itself in obsenablequantitiesrelatedto the cosmicmicrowave backgroundadiation,such
aspolarizationasymmetrieandtemperaturenaps.And, above all, the sheeruniversality
of gravity compelsusto attachsufficientimportanceo suchnew physicspossibilities.

The questionthat perhapsmay be raisedis: is therea consistentway of introducing
parity violation in a spacetimewith torsion,which will be applicableto both puregravity
andthe varioustypesof matterfields with spin? Herewe try to answerthis questionby
seekingtheorigin of parity violation in the geometryof space-timg10]. We pointoutthat
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just asthe original Einstein—Cartarnheory follows by addingan antisymmetricensorto
the hitherto symmetricaffine connnectionsthe incorporationof a pseudo-tensoriaton-
nectionintroducegarity violation in thetheory This enableneto startfrom the original
Einstein—Hilbertaction,with the scalarcurvatureR suitablymodifiedby the new form of
thecovariantderivative. We show that,with themostgenerathoiceof thepseudo-tensorial
connectionwhich s linearin thetorsionfield, the inducedparity-violatingtermhasclose
resemblancéo whatarisesin earlierworksfrom a separatgiecein the Lagrangian.This
generalisedtonnectionalso enableaus to obtainthe Lagrangiandor spin-1andspin-1/2
fields, with built-in parity-violatinginteractionswith thetorsionfield. Thusonecantrace
all parity-violatingeffectsin torsionedspaceto acommonorigin.
The Einstein—Hilbertactionfor puregravity is givenby

S = / V—gRd'z (1)

whereR isthescalarcurvature definedasRk = Rauﬁugaﬁg“" andR,,s, istheRiemann—
Christofel tensor

In the absenceof torsion, the I''s are the usualChristofel symbols,symmetricin the
two lower indices. B

If thereis torsion,I" needgo bereplacedoy I', where

Fﬁ,\ = Fﬁ,\ - Hﬁx (2

H beingantisymmetridn thetwo lowerindices.Further therequirementhatthemetricbe
covariantlyconsered(theso-calledmetricity condition’) restrictsH to aform whereit is
antisymmetrian all threeindices,aformin whichit is commonlyknown asthe‘contortion
tensor'. It is relatedto thetorsionfield S throughH?, = —S2, + S, — S»,.

Theinclusionof H destrysthecyclicity of Rz, in ary threeof its four indices.Con-
sequentlyatermof theform e*##* R, 4,,, (which, in atorsion-freescenariowould have
beenforcedto vanishby the cyclicity condition)canbe addedto the scalarcurvature[5],
in perfectconsistencavith generalcovariance. The latter is manifestlyparity-violating.
Thusoneis led to the conclusionthat unlessthe conseration of parity is artificially im-
posedon thetheory thereis no reasorfor it to hold generallyin a scenariowith torsioned
space-time.

However, the above way of introducingthe parity-violatingtermsundertorsionis of a
someavhatad hoc nature.Nor doesit provide onewith a guidelineasto how to extendthis
to the gravitational interactionsof particlesof differentspins,onceparity ceasego be a
symmetryin the puregravity sector

Ourproposalsto introduceparity violationin thecovariantderivative in acurvedspace-
time. Thatis to say the mostgeneralconnectioncanbe madeto include,in additionto
thesymmetricandantisymmetrigarts,a pseudo-tensoriglartaswell. Rememberinghat
the extra piecesshouldvanishin the limit of zerotorsion,a generalform in the minimal
extensionschemeas

Try =T0 — HE\ — ()3 H — €58 H, + efo HY ). 3)

Here q is a parameteideterminingthe extent of parity violation, depending presum-
ably, on the matterdistribution. It is extremelyimportantto noteat this juncturethatthe
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covariantderiative of the metric (D,g,» = 0, with D, definedin termsof I') automat-
ically vanishesso long as H is antisymmetricin all threeindices. Thereforethe same
conditionfor metricity asthe onein ordinary Einstein—Cartattheory also sufiiceswhen
a pseudo-tensorigbartis includedin the connection. However, the relative signsof the
threeadditionaltermsget fixed by metricity. The samerequirementlsoleadsusto the
conclusionthat all the threeaforementionedermshave to be coupledthroughthe same
chagegq. B

Next, we calculatethe curvaturescalarR usingthe above connectionandthe metricity
condition. After somealgebrapneobtains

R=R"°+R* (4)

whereRF¢ is theordinaryEinstein—Cartascalarcurvature which arisesfrom the parity-
conservingpartof thecovariantderivative. Theartifactsof thepseudo-tensorialonnection
arefoundin RX whichis givenby

RX = RP™ 4 RP¢ (5)
with

RP = —6qel4 HOP HE, (6)
and

RPe = 3¢2(2€]0 eI HY HO + 2 Ny HOP HY, ). (7)

Themoststriking conclusiorfrom aboveis thattheparity violating pieceRP? is, modulo
the multiplicative factor —6g, exactly same aswhat onegetsfrom theterm e***$ R, .5
addedad hoc to the Einstein—Hilbert—Carta@action. In addition,onewould have in the
latter casea term proportinalto the derivative of the H-field, whichis absentn our case.
It is obvious, however, thatsucha derivative termis boundto vanishwheneertorsioncan
be expressedn termsof the derivative of arny antisymmetricsecond-rankensorfield, i.e.
Hopy = 0o Bgy)- Thisis preciselywhatoneobtainsin superstringheories.Therefore,
the parity-violatingtermsobtainedin variationsof suchtheoriesfollowing our approach
match exactly with thosearising from the term e*##* R, as usedin earlier works.
Moreover, in our aproach,RX containstermsquadraticin the Levi—Civita tensordensity
which provide extra parity-conservingiecesover andabove thosepresenin the minimal
Einstein—Cartariramenork. Thesetermsare, however, proportionalto ¢2, andtherefore
will berelatively unimportantwhenthereis only a smallamountof parity violation.

It is straightforvard now to examinethe spin-1andspin-1/2sectors.First, we take up
the caseof a spin-1Abelian gaugefield A. Here,onecanwrite down a gaugeinvariant
Lagrangiareitherin termsof afield tensordefinedin thetangentspacepr with additional
non-lineartermsintroducedin the Lagrangian. We follow the latter approach sinceit
givesusa uniform procedurdor all matterfieldswith spin. Hencewe usethe augmented
connectionthe correspondindield tensorbeingdefinedhereas

F,,=D,A, —D,A, ®)

wherethe covariantdervativeis to bewrittenasD, A, = 0, A, + fﬁ,,AB, whichincludes
boththe Cartanandpseudo-tensoriaxtensions.Thusthe expressiorfor F,,, in our case
turnsoutto be
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4
F, =0,A, —8,A, —2Hf,Ag — 2q€} Hs Ag

+2qe) Hig Ay — 2q€) Hig A, (9)

It is obviousthatthe Lagrangiarfor thegaugefield, givenby —(1/4) F#¥ F,,,,, now con-
tainsbothtermslinearandquadratian e. In addition,of coursethis approactwill require
oneto introduceaddition interactiontermsinvolving 4, and F#¥ in orderto presere
gaugeinvariance[7]. Extensionof the formalismto a non-abeliargaugefield is straight-
forward, with the possibility of additionalparity violation in the self-couplingterms.

For a spin-1/2field in a spacetimewith torsion,again,the standardirac Lagrangian
needsto be extendedwith the appropriatecovariantderivative. It hasthe generalform

[6,11]
Lpirac = P[iv*(8, — U”ﬁv"fg,\,,é‘uvg — Gas0®05 ) ~zﬂ)]¢. (10)

whereonehasintroducedhetetradv to connecthecurvedspacewith thecorresponding
tangentspaceat ary point. (The greekindicescorrespondo the curved space andthe
Latin indices, to the tangentspace.) Using the full form of I" definedin our scenario,
Lpirac CANbeexpresseds

»CDirac = 'CE + E[i’yugaéaﬁdHﬁ!ﬁ]’(p + ‘va' (11)

the first term beingthe sameaswhat onewould have gottenin Einsteingravity, andthe
secondonecorrespondso the Cartanextension. The incorporationof a pseudo-tensorial
extensionresultsin the parity-violatingpart £ whichis givenby

LPY = q(detgnn,)[_@’)ﬁo’)\w’%'wH’ypé + yaaa‘r”%ﬂwﬂum
_ga6¢7ugwu75¢Hﬂ)\p]- (12)

wheren(n') runsover {4, A, w(u,v, p)}, {9, w, v(p,a, A) }, and{B, 8, w, v(p, p, , A) } in
thefirst, seconcandthird terms.

Notethathereonedoesnot getary additionalpiecesquadraticin the pseudo-tensorial
connectorbecausef the very structureof the Dirac Lagrangian.Therefore unlikein the
caseof puregravity andthevectorfield, we donotendupwith additionalparity-conserving
termsresultingfrom suchaconnection.

In conclusion,we have arguedherethat, sincethe very presenceof torsion automati-
cally allows parity-violationin the Lagrangianfor pure gravity, it shouldbe possibleto
incorporatethe latter in the geometryof space-timdtself. We do this by extendingthe
covariantderivative with a setof pseudo-tensoriaonnectionsproportionalto thetorsion
(or morepreciselycontortion)tensoritself. We have demostratetdhatthe additionalterms
areuniquelyfixedby the conditionfor preservingmetricity. This givesusaconsistenpre-
scriptionto obtainparity-violatingeffectsin the Lagrangiandor puregravity, spin-land
spin-1/2fields,aswell asnew parity-conservingermsin thefirst two cases.Thusparity-
violation—which canbelookeduponasthe outcomeof torsionitself—canbesystematically
linkedto every sectorwhichis concevably responsibldor torsionin space-time.
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