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Parity violation in a gravitational theory with torsion:
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Abstract. In a space-timewith torsion,theactionfor thegravitationalfield canbeextendedwith
a parity-violating piece. We show how to obtain sucha piecefrom geometryitself, by suitably
modifying the affine connectionso as to includea pseudo-tensorialpart. A consistentmethodis
thussuggestedfor incorporatingparity-violationin theLagrangiansof all matterfieldswith spin in
a space-timebackgroundwith torsion.
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Theoriesof gravitation in a space-timewith torsionhave beenunderinvestigationfor
a long time. The presenceof torsion modifies the spacetimegeometrythrough non-
symmetricconnections[1]. Torsionhasbeenincorporatedin theoriesof gravitation,which
rangefrom onesasold astheEinstein–Cartanmodelto developmentsasrecentassuper-
stringtheories.

Variousconsequencesof torsion have alreadybeenexplored in the literature[2], in-
cludingthoseinvolving complex connections[3], andaiming,for example,to presentthe
electromagneticpotentialasthe traceof the torsiontensor[4]. As a resultof torsion,the
standardEinstein–Hilbertactionadmitsof anadditionaltermwhichis parity-violating [5].
Thusageneralisedtheoryof gravity canbeconceivedof ashaving thepossibilityof parity
violation inbuilt in it. An immediateextensionof this idealeadsto theexpectationthatthe
Lagrangiansof varioustypesof matterfieldscoupledto atorsionedspace-timebackground
[6,7] will alsocontainparity-violatingterms.Althoughsuchtermsarea priori weakerthan
thosecorrespondingto weakinteracton(which is an alreadyestablishedsourceof parity
violation), they canbesignificantin astrophysicalandcosmologicalcontexts [8]. In par-
ticular, ashasbeenpointedout in somerecentworks[9], suchparity-violationcanreflect
itself in observablequantitiesrelatedto thecosmicmicrowavebackgroundradiation,such
aspolarizationasymmetriesandtemperaturemaps.And, aboveall, thesheeruniversality
of gravity compelsusto attachsufficient importanceto suchnew physicspossibilities.

The questionthat perhapsmay be raisedis: is therea consistentway of introducing
parity violation in a spacetimewith torsion,which will beapplicableto bothpuregravity
andthe varioustypesof matterfields with spin? Herewe try to answerthis questionby
seekingtheorigin of parityviolation in thegeometryof space-time[10]. Wepointout that
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just asthe original Einstein–Cartantheoryfollows by addingan antisymmetrictensorto
the hithertosymmetricaffine connnections,the incorporationof a pseudo-tensorialcon-
nectionintroducesparityviolation in thetheory. Thisenablesoneto startfrom theoriginal
Einstein–Hilbertaction,with thescalarcurvature� suitablymodifiedby thenew form of
thecovariantderivative.Weshow that,with themostgeneralchoiceof thepseudo-tensorial
connectionwhich is linear in thetorsionfield, theinducedparity-violatingtermhasclose
resemblanceto whatarisesin earlierworksfrom a separatepiecein theLagrangian.This
generalisedconnectionalsoenablesus to obtainthe Lagrangiansfor spin-1andspin-1/2
fields,with built-in parity-violatinginteractionswith thetorsionfield. Thusonecantrace
all parity-violatingeffectsin torsionedspaceto acommonorigin.

TheEinstein–Hilbertactionfor puregravity is givenby������� 	�
 �
����� (1)

where� is thescalarcurvature,definedas � � �
������� 
 ��� 
 ��� and ��������� is theRiemann–
Christoffel tensor.

In the absenceof torsion, the � ’s are the usualChristoffel symbols,symmetricin the
two lower indices.

If thereis torsion, � needsto bereplacedby �� , where�� � � � � � � ��� 	�! ���� (2)!
beingantisymmetricin thetwo lowerindices.Further, therequirementthatthemetricbe

covariantlyconserved(theso-called‘metricity condition’) restricts
!

to a form whereit is
antisymmetricin all threeindices,aform in whichit is commonlyknownasthe‘contortion
tensor’.It is relatedto thetorsionfield

�
through

! ���� �"	#� ����%$ � � �� 	&� ���� .
Theinclusionof

!
destroysthecyclicity of � �'����� in any threeof its four indices.Con-

sequently, a termof theform ( ������� � �'����� (which, in a torsion-freescenario,would have
beenforcedto vanishby thecyclicity condition)canbeaddedto thescalarcurvature[5],
in perfectconsistencewith generalcovariance.The latter is manifestlyparity-violating.
Thusoneis led to the conclusionthat unlessthe conservationof parity is artificially im-
posedon thetheory, thereis no reasonfor it to hold generallyin a scenariowith torsioned
space-time.

However, theabove way of introducingtheparity-violatingtermsundertorsionis of a
somewhatad hoc nature.Nor doesit provideonewith a guidelineasto how to extendthis
to the gravitational interactionsof particlesof differentspins,onceparity ceasesto be a
symmetryin thepuregravity sector.

Ourproposalis to introduceparityviolationin thecovariantderivativein acurvedspace-
time. That is to say, the mostgeneralconnectioncanbe madeto include,in additionto
thesymmetricandantisymmetricparts,apseudo-tensorialpartaswell. Rememberingthat
the extra piecesshouldvanishin the limit of zerotorsion,a generalform in the minimal
extensionschemeis��*)� � � �+)��� 	�! )��� 	�,.- (0/21��� ! )/21 	 (3) ���� ! ����4$ (3) ���� ! ����6537 (3)

Here
,

is a parameterdeterminingthe extent of parity violation, depending,presum-
ably, on thematterdistribution. It is extremelyimportantto noteat this juncturethat the
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covariantderivative of themetric ( 89� 
 ��� �;:
, with 8<� definedin termsof �� ) automat-

ically vanishesso long as
!

is antisymmetricin all threeindices. Thereforethe same
conditionfor metricity asthe onein ordinaryEinstein–Cartantheoryalsosufficeswhen
a pseudo-tensorialpart is includedin the connection.However, the relative signsof the
threeadditionaltermsget fixed by metricity. The samerequirementalsoleadsus to the
conclusionthat all the threeaforementionedtermshave to be coupledthroughthe same
charge

,
.

Next, we calculatethecurvaturescalar �� usingtheabove connectionandthemetricity
condition.After somealgebra,oneobtains�� � �
=*> $ ��? (4)

where� =*> is theordinaryEinstein–Cartanscalarcurvature,whicharisesfrom theparity-
conservingpartof thecovariantderivative.Theartifactsof thepseudo-tensorialconnection
arefoundin � ? which is givenby� ? � �#@�A $ �#@ B (5)

with �#@CA �D	%E�, (GF ��'� ! ���� ! �F � (6)

and � @�B �IH�,'J�K L (0/'1� F ( F'MN � ! �/'1 ! � NM $ (GO M��� ( ����'� ! ���F ! FO M'P 7 (7)

Themoststrikingconclusionfrom aboveis thattheparityviolatingpiece� @�A is,modulo
the multiplicative factor

	%E�,
, exactly same aswhat onegetsfrom the term ( ������� �
�������

addedad hoc to the Einstein–Hilbert–Cartanaction. In addition,onewould have in the
lattercasea termproportinalto thederivative of theH-field, which is absentin our case.
It is obvious,however, thatsuchaderivativetermis boundto vanishwhenever torsioncan
beexpressedin termsof thederivative of any antisymmetricsecond-ranktensorfield, i.e.! �'� / �DQ6R �'SUT R � / S . This is preciselywhatoneobtainsin superstringtheories.Therefore,
the parity-violatingtermsobtainedin variationsof suchtheoriesfollowing our approach
matchexactly with thosearising from the term ( ������� � ������� as usedin earlier works.
Moreover, in our aproach,� ? containstermsquadraticin theLevi–Civita tensordensity,
which provideextra parity-conservingpiecesoverandabovethosepresentin theminimal
Einstein–Cartanframework. Thesetermsare,however, proportionalto

, J
, andtherefore

will berelatively unimportantwhenthereis only asmallamountof parityviolation.
It is straightforwardnow to examinethespin-1andspin-1/2sectors.First, we take up

the caseof a spin-1Abelian gaugefield V . Here,onecanwrite down a gaugeinvariant
Lagrangianeitherin termsof afield tensordefinedin thetangentspace,or with additional
non-lineartermsintroducedin the Lagrangian. We follow the latter approach,sinceit
givesusa uniform procedurefor all matterfieldswith spin. Hencewe usetheaugmented
connection,thecorrespondingfield tensorbeingdefinedhereasW ��� � 89�.VX� 	 89��V#� (8)

wherethecovariantderivativeis to bewrittenas 8 � V � �YQ � V � $ �� � ��� V � , whichincludes
boththeCartanandpseudo-tensorialextensions.Thustheexpressionfor

W ��� in our case
turnsout to be
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It is obviousthattheLagrangianfor thegaugefield, givenby
	\-^]2_'` 5 W ��� W ��� , now con-

tainsbothtermslinearandquadraticin ( . In addition,of course,thisapproachwill require
one to introduceaddition interactiontermsinvolving V � and

W ��� in order to preserve
gaugeinvariance[7]. Extensionof theformalismto a non-abeliangaugefield is straight-
forward,with thepossibilityof additionalparityviolation in theself-couplingterms.

For a spin-1/2field in a spacetimewith torsion,again,the standardDirac Lagrangian
needsto be extendedwith the appropriatecovariantderivative. It hasthe generalform
[6,11] acbed fhg0i � jXK kml � -nQ � 	�o O �qp.�O 
 �2� Q � p��� 	r
 � 1 ots�u p��s p 1u �� ���� 5 P j 7 (10)

whereonehasintroducedthetetrad
p �s to connectthecurvedspacewith thecorresponding

tangentspaceat any point. (The greekindicescorrespondto the curved space,andthe
Latin indices, to the tangentspace.) Using the full form of �� definedin our scenario,a bed fhg0i

canbeexpressedasa bed fhg0i � a = $ jXK kml � 
 � 1 o � 1 ! ���� P j $ a @CA 7 (11)

the first term beingthe sameaswhat onewould have gottenin Einsteingravity, andthe
secondonecorrespondsto theCartanextension.The incorporationof a pseudo-tensorial
extensionresultsin theparity-violatingpart

a @�A which is givenbya @�A �I,.-mv�w�xy
 MCMCz 5 K{	 j|l � o � N l.} j~! /'O01 $ 
 � 1 j|l � o N � l.}Cj�! ��� O	�
 � 1 jcl � o N � l�}�j~! ��� O P 7 (12)

where � - ��� 5 runsover ���'�G�t�^� -h� � l �^� 5G� , ���'�^�%�0� - �6�0�c�G� 53� , and � �|�0�'���%�G� - ��� � �0�c�G� 53� in
thefirst, secondandthird terms.

Note thathereonedoesnot getany additionalpiecesquadraticin thepseudo-tensorial
connectonbecauseof thevery structureof theDirac Lagrangian.Therefore,unlike in the
caseof puregravity andthevectorfield,wedonotendupwith additionalparity-conserving
termsresultingfrom suchaconnection.

In conclusion,we have arguedherethat, sincethe very presenceof torsionautomati-
cally allows parity-violation in the Lagrangianfor puregravity, it shouldbe possibleto
incorporatethe latter in the geometryof space-timeitself. We do this by extendingthe
covariantderivativewith a setof pseudo-tensorialconnections,proportionalto thetorsion
(or morepreciselycontortion)tensoritself. We havedemostratedthattheadditionalterms
areuniquelyfixedby theconditionfor preservingmetricity. Thisgivesusaconsistentpre-
scriptionto obtainparity-violatingeffectsin theLagrangiansfor puregravity, spin-1and
spin-1/2fields,aswell asnew parity-conservingtermsin thefirst two cases.Thusparity-
violation–whichcanbelookeduponastheoutcomeof torsionitself–canbesystematically
linkedto everysectorwhich is conceivably responsiblefor torsionin space-time.
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