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Abstract. In this review, we discussvariouscosmologicalissuesrelatedto our Universefrom a
stringtheoreticperspectie. We analysehe pre-bigbangcosmologicakcenarionvhich appearsat-
urally in this contet dueto the existenceof scalefactor duality symmetryin string theory We
thendiscusssomeof the attractive andproblematidfeaturesof this scenario Finally, we introducea
methodwhich is powverful enoughto searchfor cosmologicakolutionsin variouslow enegy limits
of stringtheories.
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1. Introduction

Quantumgravitational interactionsplay an insignificantrole at low enepgies. However,
sincethe gravitational couplingincreasesvith enegy, at higherenegiesgravitationalin-
teractionsbecomesignificant. In particulay atanenegy E > Mpianck, the gravitational
perturbationtheory breaksdown — leadingto the problemof nonrenormalizability Un-
fortunately this is preciselythe region which needsto be betterunderstoodn orderto
answervariouscosmologicaljuestions.The experimentalobsenationsof the red shift of
the cosmicmicrowave backgroundeadsusto the conclusionthataswe go backin time,
we encounterepochsof high temperatureenegy and curvature. It is thusclearthatin
orderto understandhis region, we needto have a betterunderstandingf the gravitational
interactionat high enegiesor equialently at shortdistancescale. One possibleway is
modify the theory by smearingout the interactionin spacetimavhich controlsthe short
distanceadivergencesUntil now, thereis only oneway to achiese suchbehaiour whichis
stringtheory[1]. In stringtheory, thereis a naturalshortdistancescalewhich is setby the
lengthof the stringitself. Thistheorycutsoff all ultraviolet divergenceswithout spoiling
consisteng. We will have moreto sayonthisin thecosmologicatontext laterin thisnote.
Before passingover to string cosmology let usfirst mentionbriefly a few aspectof the
standardnodelof cosmologywhich is basedon generakelativity.

The standardmodel of cosmologyassumeshat the Universestartsfrom a singularity
(big bang)whenit is very hot, highly curved andinitial conditionsareratherrandom.As
we go forward in time, we encountera period of superluminalexpansionwhich is com-
monly known asinflation. A certainperiodof inflation is absolutelyrequiredin orderto
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solve the socalledhorizonandflatnesgproblemamongothers.Thesessuesarediscussed
in detail elsavhere[2] andwe will have nothingmuchto sayon these. However, let us
mentionthatin all the modelsof inflation, the basicstructureis asfollows. Here,onein-
vokesa certainscalarfield calledthe inflation. After the big bangphasethis scalarfinds
itself away from the minimum of the potential. Thus,while rolling down to the minimum
of the potentialslowly, it releasesnegy. This eneny, in turn, drivesthe Universeto
expandqguasi-&ponentially

Severalauthorshowever, have putforwardcriticismsabouttheimplementatiorof infla-
tion. Thisis mainly dueto thefactthatthereis alack of a corvincing modelfor whatthe
inflatonoughtto be. It is alsohardto justify theinitial conditionsthatcanprovide a suffi-
ciently long inflationaryperiod. The conditionfor the onsetof inflation thushasto come
from the physicsof very early times. However, at this time, generalrelativity certainly
doesnot make senseHence we hardlyhave ary handleon thetheory

A naturalquestionthusarises:How canstringtheoryhelp usin this contet? This is
a difficult questionto answerat this stage. The reasonis mainly dueto the factthatwe
do notyetunderstandhe non-perturbatie natureof stringtheoryandthereforewe do not
know of areliableactionin the strongcouplingregime. However, it is well known that,
given the perturbatve knowledgeof string theory it is extremelyhardto get a working
inflationary model out of string theory In the low enegy string effective action, there
arevariousscalarg(dilaton, axion, string moduli etc.). However, they arealwayscoupled
with otherdegreesof freedomin the theoryandhenceevolve in time. The evolution of
thesescalarshusgenericallyslows down the growth of the horizon. This makesit very
difficult to getout of the horizonandflatnessproblems.Thusit wasclearthatif inflation
hadto take placein stringtheory it hadto comein avery differentway. A stepforwardin
this directionwasmadeby Veneziand3] andis furtherdevelopedin [4]. We will discuss
certainaspect®f it in thisreview. A completeover all understandingf the subjectcanbe
foundin [5].

Beforewe go to the discussiorof pre-bighbangcosmologylet usfirst list few important
propertiesf stringtheory Eachof thesepropertieshave no analoguén generakelativity
andwill play crucialrolesin our discussion.

1. Thereis a naturallengthscalein thetheory asdiscussedefore. Thisis the size of
astringandit worksasanultraviolet cut off in thetheory We will denoteit asi, in
thefollowing.

2. Ratherthan being pre-determinedall the couplingsare dynamically determined.
Thesecouplingsarecontrolledby the expectationvalueof a scalar(dilaton) andis
presentn all versionsof stringtheory

3. String theory hasvariousperturbatve symmetries.One of themwhich will be of
specialinterestto usis known as scalefactor duality (SFD). This, in its simplest
form, invertsthe radiusof the Universeandshiftsthedilaton. We will have occasion
to discusgthis symmetryin detailin the next section.

4. There are strong evidencesthat string theory is endaved with certain non-
perturbatve symmetries.A specialclassof suchsymmetrytransformationnverts
the string coupling — leadingto strong-weakcoupling duality; this is part of the
S-dualitygroupSL(2, Z). We will discusssomeaspect®f it in thelastsection.

In thenext sectionwefirst discussveneziancs proposain thesimplestsetting.Wethen
review, in brief, someof the interestingfeaturesof the proposal.We alsodiscussa major

1106 Pramana-J. Phys.,Vol. 53, No. 6, December 1999



Stringcosmolgy

unsohedproblemwith this scenarioln thelastsectionwe concentrat®n analgorithmto
find cosmologicakolutionsin alarge classmodelswhich areparticularlyinterestingafter
therecentdevelopment®n non-perturbatie symmetriesn stringtheory

2. The pre-big bang cosmology

Thepre-bigbangscenarigostulateghatthe Universeatearlytimesis emptycold, flatand
freeandhencedescribedy perturbatve stringtheory Let usthusstartwith the simplest
andtheuniversal partof the string effective actionwhich containsall the basicflavoursof
pre-bigbangcosmology

-
S = / d4a:\/—_gel—2[R +0,60,9). 0

Here,R is thecunature ¢ is thedilatonand,asmentionedbefore, gy, = e?/? is thestring
coupling. This actionis only valid descriptionof the modelwhengs; << 1 or ,in turn,
whendilatonis very large andnegative. We will beinterestedin the following, whenthe
Universeis governedby Friedmann—Robertson-&lker (FRW) metric. Thisis givenby

A dr? o
ds? = —dt* + a(t)?| 2a0?), 2
s + a(t) T 72 +r 2
wherek = 0,1, —1 for flat, closedor openUniverse.In this section,we will concentrate
onk = 0 case.However, k = —1 metricandits cosmologicabehaiour will bediscussed

in thelastsectionin amoregeneraketting.

Usingthemetric(2) in (1), it is easyto write down thefield equationdor a(t) and¢(t).
We do notdisplaythemhereexceptmentioninga crucial propertythatthey aresymmetric
underthefollowing transformations:

a(t) = o' (—t), ¢(t) = ¢(—t) — 6loga(—t). ©)

This is the so called SFD transformationaswe mentionedearliet This symmetryof the
equationsof motion leadsto variousinterestingcosmologicalconsequencesMoreover,
we defineHubbleparameteandthe shifteddilatonrespectiely as,the Hubbleparameter
H = a/a and¢ = ¢ — 3loga(t), (3). Onecanseefrom the equationof motion for the
scaleparameteandthe dilatonthattherearefour solutions:two in theregimet < 0 and
othertwo in the positive ¢ side.In thenegativet rangethereis a solutionfor which H > 0
andH > 0 suchthatthe Universestartsfrom zerosizewith zerocouplingandundegoes
accelerateaxpansion. This solutionis called the pre-bigbang(PBB) solution. On the
otherhand,for t > 0, thereis a solutionwhich correspondso expandingUniversewith
decelerationj.e. H < 0. This could be identifiedwith the FRWV solution. Onecanshowv
that PBB solution getsrelatedto the FRW type solutionthroughSFD andtime reversal
transformationsThis is a specialattribute of stringtheory Thusit is evidentthatdueto
the presenceSFD, inflation appearshaturallyin stringtheory Furthermoretheinflation
is drivenby thekinetic term of the dilaton. Therefore jn this scenariothereis no needto
invoke a fine—tunedpotentialfor inflation.

However a questionnaturally arises: Canwe put togetherthet > 0 andthet < 0
regionsasa singleevolution? This will leadto a dilatondriven pre-bigbanginflation for

Pramana-J. Phys.,Vol. 53, No. 6, December 1999 1107



JnanadeaMaharanaand SudiptaMukherji

t < 0 andthe standard=RW cosmologyat latertimei.e. ¢ > 0. In this scenariosince
the Hubble parametethasa maximumatt¢ = 0, this instantcanthereforebe identified
with the emepgenceof the big bangof standardcosmology However, it turnsoutthatas
we approacht = 0, the Hubble parameteid becomedarge andwe proceedtowardsthe
high curvatureregime. Much beforewe reachthe singularityat¢ = 0, whenthe Hubble
parameterH ~ [;1, the treelevel effective equations(1) do not provide an adequate
descriptionof cosmologysincewe alreadyreachhigh curvatureandstrongcoupling(note
that ¢ approacheinfinity ast — 0). Therefore,one musttake into accountthe effects
of higherpowersof curvatureandhigherordercontributionsin string perturbatiortheory
Dueto theseproblems thereis asyet no concreteanswerto the questionthatis posedin
thebeginningof this paragraph.

Thusone of the centralissuesin PBB string cosmologyis to understandhe transition
from theacceleratedxpandingsolutionto thedeceleratingndexpandingsolution;known
asthe gracefulexit problem.In otherwords,we would lik e to understandhe mechanism
for transitionof the Universefrom PBB to FRW branch.Of course gracefulexit problem
needgo beresohedin any cosmologicaimodelwhichincorporatesnflation. In the PBB
context the evolution equationshave beenstudiedin the presencef a dilatonic potential.
Although, it is not possibleto derive the dilaton potentialin the string perturbatiortheory,
however, one expectsthat eventuallya dilaton potentialwill appearsincethereis no evi-
dencefor along rangeweakforce (comparablégo gravitationalforce). It hasbeenshavn
that[6] thatsucha branchchangefrom PBB (inflationary)to postbig bang(FRW) is not
possiblein thepresencef ary realisticdilatonpotentialif we dealwith thetreelevel string
effective action. It is quite possiblethata satishctoryanswerto the questionneedsbetter
understandingf non-perturbatie stringtheory Oneof thewayto understandhegraceful
exit problemis to considerhigherorderstring effective actiontaking into accounthigher
powersof curvatureandanalysethe possibility of overcomingthe no go theorems.An-
otherproposais to invoke ideasof quantumcosmologyin orderto resolhe theproblemof
gracefulexit [7,8]. Let usdiscussgualitatively, the proposalof GasperiniMaharanaand
Veneziando understandjracefulexit in quantumstring cosmology Recallthatthe clas-
sical string cosmologicalequationswhenanalysedn the presencef a dilaton potential
do not allow transitionfrom the PBB phaseto the FRW regime. Thereis animpenetrable
regimein the phasespacewherethe Hubbleparametebecomeunphysicalandthe trajec-
toriesrepresentinglassicalsolutionsmustendon a surfacecharacterizedby the Hubble
parameteandthedilaton on a two dimensionaplane. Theseconditionsareknown asthe
egg equationslf onestartswith quantumevolution equationsj.e. Wheelerde Witt equa-
tion for the graviton-dilatonsystem thenit might be possibleto circumventthe classical
no gotheorem.Indeedthis approactwasfollowed[7] to illustratehow gracefulexit could
occurin string cosmologythrougha simpletoy model. In this model,in the presencef a
shifteddilatonic potential,onefindsthatthereis a wave functionwhich in theremotepast
correspondso the backgroundconfigurationsof acceleratingexpandingUniverse.Then
onefindsthatthetransitionprobabilityfor finding the Universecorrespondingo the FRW
configurationof thebackgroundjoedikeexp —1/g¢2,,. Thisresultis quiteencouragingl-
thoughobtainedfor atoy model. Subsequentlytheissueof gracefulexit in quantumstring
cosmologywasstudiedfor thegraviton, dilatonandaxionsystemandtheamplitudesvere
calculated8].
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3. Various cosmological solutions

As it is mentionedn theintroduction,investigationof explicit cosmologicakolutionsal-

wayshelpusasa guidepost.With thisin mind, in this sectionwe give a generalanalysis
constructingzarioussolutionsthatfollowsfrom stringtheory In particular wefirst discuss
amodelwhich appearsn variousstringtheoriesin their low enegy limits. This modelbe-

comegparticularlyinterestingvhenwe take into accountvariousnon-perturbatie duality

symmetrieof string theory— a directionwhich activatedmuch of interestsin the recent
past. Variousothercomplicatedmodelscan be analysedalongthe similar line. For that
we referthe readerdo the original papers.We will thengo onto discussthe solutionsto

WDW equationgor our modelas,we expect,the solutionof WDW equationggoverning
thequanturmdescriptiorof our Universe)is likely to give importanthintsfor theresolution
of gracefulexit problemin pre-bigbangcosmology

3.1 Anillustrativeexample

The simplestcosmologicalmodelin D dimensioninvolvesthe metric, a dilaton andan
n-rankfield strengthF},. Theactionis givenby

1

S= [ dPzv/-G |R - 1(a¢)2 — —eYF?| (4)
2 2n! n

wherethe constant canbeparametrise@s

2(n—1)(D—-n-1)

2:A—
4 D—2

(5)

Here,theaction(4) is writtenin Einsteinframe. The stringmetricg,,,, of previoussection
is relatedto the EinsteinmetricG ,,, by

—2¢

Gy =eP-2g,,. (6)

A in (5) is adimensiondependentonstanthatcanbefoundin [9]. We will assumehat
all thefieldsdependnly ontime. Thebackgroundnetricis assumedo have theform

ds? = —e2Vdt? + 24d5? + e2Bdy™dy™, 7)

whereds? representshe p-dimensionaimetric on the spatialsectionof a d-dimensional
spacetimewith d = p 4+ 1. We shallconsiderspatialmetricsof the maximally-symmetric
form

dr?
45 = T +17d?, ®)

whered(}? is themetriconaunit (p— 1)-sphereandtheconstan& hasbeendefinedearlier
In (7), m runsover q dimensionsothatD =1+ p + q.
In thegaugel = pA + ¢B, theaction(4) reducego
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( - 2)a? V2 _2pA

2
S = /dt — . X
—AN%e® 4 2kpA(p — 1) . (9)

In writing down this action,onecanuseeitherof the two ansatzefor thefield strengthF,,
thatarecompatiblewith thesymmetrieof themetric(7), giving riseto electricor magnetic
cosmologicakolutions.In the electricsolutions the ansatZor the antisymmetridensoris
givenin termsof its potential,andin a coordinatdrame,takestheform

Am1m2...mq = f€m1m2...mq ) (10)

andhence

FOmlmg...mq = j€m1m2...mq ) (11)

wheref depend®nt only. For theelectricsolutionswehavep = D —n,q =n — 1. For
the magneticcosmologicakolutions,the ansatZor the tangent-spaceomponentsor the
antisymmetridensoris

Fa1a2...ap =de P4 €aias...ap > (12)

where) is aconstantThuswe havep = n,q = D — n — 1. In theaction(9), X,Y and®
arerelatedto A, B and¢ in thefollowing way:

p_

X=¢B+(p-1)A, Y=B+—
gB+ (p-1)4, * (D=9

¢, ®=—cap+2¢B. (13)

Heree = 1 is for electriccaseande = —1 for the magneticcase.Note thatin theelectric
casetheconstant\ arisesastheintegrationconstanfor thefunction f in (11).
The equation®f motionfor X, & andY are

X +k(p—1)2X =0, <i>+%A,\2e‘1> =0, V=0. (14)

Thevariationof theaction(4) with respecto thelapsefunction+/g,, providesthecanon-
ical constraint:

2q(D — 2)a?
p—1

B2 + AX2e® + V2= p211A1 X2 4 2kpA(p — 1)e?X. (15)

SinceX and® both satisfyLiouville equationsit is straightforwardto solve theseequa-
tionsdirectly:

x % cosh(Pxt), ifk=1;
© = ;}5—}(1 sinh(Pxt), ifk=—
X =—Pxt, ifk=0, (16)
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wherePy is anarbitraryconstantSimilarly the solutionfor & is

<1> VA ~
e"? = A — cosh(Pst) , 17)
2P

where Py, is againconstantThe solutionfor Y maybetakento besimply
Y = —Pyt. (18)
The constraint(15) thereforeimpliesthat

po _ PAPY —q(D —2)a’ P}

TheHamiltoniangfor thefields X, ® andY aregivenby
_ 1 2 1 1\2,.2X
1 1
H(I) = E.qu) + §A/\2€¢. ,
1
Hy = 3P}, (20)

wherePy, Py and Py correspondo momenteconjugateo X, ® andY coordinatesNo-
tice that the solutionsfor X, ® andY canbe castin a differentform in termsof their
phase-spaceariables.For example,whenk = 1, the solutionfor X canbewrittenas

e X = B2 coshX, Py = —Pxtanh X , (21)
Px

whereX = Pxt. In fact,theseequationganbeviewedasacanonicatransformatiorfrom
the interactingLiouville systemwith phase-spaceoordinateg X, Px ), to afree system

with phase-spaceoordinatesY, Px with theHamiltonianHx = 1 P%, by re-writing (21)
as
Px =(p—1)eXsinh X, Px = (p—1)eXcosh X, (22)

Thegeneratindunction F(X, X) hasthefollowing form

F(X,X)=(p—1)eXsinh X, (23)
suchthat
OF . OF
Px = — Px =—. 24
x=ax x=3% (24)

Thesearethesameequationssin (22). Obviously, sinceHg hasalsothesamestructurea
similar setof canonicatransformationsvill alsobringit to afree Hamiltonianform. Thus
by solving a setof free systemsand usingthe canonicalmapping(21), we cangenerate
the solutionsof the interactingtheorygivenby theaction(4). As we shalldiscussn next
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subsectiontheseransformationsanbeimplementedn thequantunversionof themodel.
This, in turn,will allow usto solvethecorrespondinDW equationsn astraightforward
manner

Though,here,we have discussed simpleclassof models,we would like to point out
thatthe methodemployed hereis quite powerful. Variouscomplicatedcosmologicakys-
temsleadexactsolutionsbothin the classicalndquantumlevel throughthis method.For
moredetails,we referto the original paperqd10,11].

3.2TheWheelerDeWitt equation

The canonicaltransformatiorbetweernthe classicalLiouville andfree theoriesthat have
beendiscusse@borecanbeimplementedtthequantunievel. Thisis donebyintroducing
intertwiningoperatorsvhich generateanonicatransformationsn the quantunoperators
and on the wave functions. In orderto constructsuch operatorswe first focus on the
cosmologicamodeldiscussedn the previoussubsection.

Let usfirst concentrateon Hx givenin (20). It is known thatthereexists an operator
Cx whichtransformgheLiouville Hamiltonianto afreeone[12]. In particular

CxHxCx' = Hyx . (25)

As aresult,thewave functionsy x andy x of theLiouville andfreetheoriesarerelatedby
= C’;(lg/). TheoperatorCx hasbeenconstructedn [12], andtakesthefollowing form:

Cx = Pp—1)sinh xPx ' TP x , (26)
whereeachof the constituenpieceshasthefollowing action:

Pnx:X—->InX, Px— XPx,

Ix: X —>Px, Px—>-X,

Py':X - Py'XPx, Px— Px,
Pp—1)sinhx : X = (p—1)sinh X ,

Pxcosh™' X
Py — X 2 27)
p—1
Taking into accountthe commutationrelation [Px, X] = —i, it is immediatethat the

combinedactionof (27) is to mapthe Liouville HamiltonianH x to the free Hamiltonian
Hx = %P}( Similarly, the operatorCx hasthe following action on the wave function
[12]:

C)_(l . X Ny, Kik(ex) R (28)

where K;;, is a modified Besselfunction. Owing to the fact that the canonicaltransfor
mation describedby Cx is non-unitary(asit mustbe, sincethe Liouville theoryis not
simply equivalentto the free theory),the normalisatiorof the transformedvave function
is notjustthe sameasthe normalisatiorof thefreewave function. It canbedeterminedy
calculatingthe effect of the transformatioron the Hilbert-spacanner product,leadingto
theresult
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Ny = L \/2k sinh(rF) (29)

™

Now considerthe WDW equationwhichis simply
HY(X,9,Y) =0. (30)
Herethetotal Hamiltonianof the systemis givenby

9,2
2¢(D — 2)a Ho 2pA Hy . (31)

H = H.
@+ 1 Y p_1

It is clearnow from the structureof the Hamiltonianthat the wave function ¥ (X, ®,Y")
will have thefollowing form:
III(X’(I)’Y) = lI’XlIléeiPYY ) (32)

whereV¥x and¥4 dependon X and® respectiely. Following our previousdiscussion,
thereis anintertwiningoperatomwhichwill corverttheinteractingHamiltonianH to asum
of freeHamiltonians.lt is givenby

C= P(p—1)sinhXP)?lIXPlnXP\/Z,\sinh +Ps " ZoPnae - (33)
Its actionon the Hamiltonianis

CHC ' = Hy + Qq(i_i_way - ;I’TAIFIX ) (34)
It is now easyto readoff theactionof C' onthewave functions:

U(X,V,®) = J%kazvkq,m@,mx () K, yman (D)™, (35)

whereN;, and N, aremomentum-dependenbrmalisatiorconstantavhich canbede-
terminedfrom (29).

Sofar, we have beendiscussinghe casek = 1. Following similar agumentswe can
also study the WDW wave function for an openuniverse(k = —1). In this case,the
analoguenf (27)is

/Plnx:X—>1nX, Px—>X.Px,

Ix:X—>Px, Px—>—X,

Py':X - Py'XPx, Px— Px,

Pip—1)cosh x : X = (p—1)cosh X,
Pxsinh™'X
Py » X222 (36)
p—1
TheoperatorC' is now

Cx = ,P(p71) cosh XP);II,PIHX ) (37)

whoseactionon the wave functionscan be evaluatedusing methodssimilar to the ones
usedabovein thek = 1 case.We shallnotdiscusshe k = 0 casein detail. Following the
above discussionthe structureof the wave functionis alsoeasilyobtainedn this case.
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4. Conclusion

In thisbrief review, we have discusseé possiblecosmologicakcenariovhich appearsat-
urally in stringtheory We pointedout several attractive featuresof the model. However,
gracefulexit remainsa major problemin this context. Thoughtherearevery encourag-
ing hintsto overcomethis problemfrom quantumstring cosmology thereis still lack of
progressn this direction. Besidethe exit problem,questionsareraisedaboutwhetherthe
PBB scenariosolvesthe homogeneityand flatnessproblems[13,14]. We have not dis-
cussedheseissuesin this review. In §3, we analyseccertainclassicalsolutionsandthe
correspondin@VDW equationf alargeclassof models from the pre-bigbangprospec-
tive. We believe thatthesesolutionsprovide variousclueswhich canhelpin implementing
the PBB scenaricsuccessfully
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