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Abstract. The alpha-triton relative wave function with various mucleon exchange contributions and
their asymptotic normalization are considered in the framework of the generator coordinate method
(GCM). The asymptotic normatization of relative wave function provide the estimate of the coupling
constant. The relative wave function is also used to obtain 7 j~cr—t vertex function in the virtual decay of
714, The extrapolation of vertex function for negative values of g* up to the alpha-triton pole provide the
vertex constant, which is compared with the experimentally determined estimates 0.67FM and
0.72 FM. Our calculated value is 0.656 FM which is in close agreement with the above estimates.
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1. Introduction

The nuclear vertex constants describing the virtual decay of nuclei into two fragments are
the fundamental characteristics of the nucleus like, e.g., the mass, spin, parity, binding
energy, charge RMS radius etc and they have the same status in nuclear physics as the
renormatizable coupling constants in particle physics. The asymptotic normalizations of
the relative wave function provide the estimates of the coupling constants. These
constants are related to the cross-sections of a number of elastic and inelastic scattering
processes through the vertex function 11

In the past [2-4] considerable progress has been made in the use of the analytic
properties of nuclear scattering amplitudes, Partial waves dispersion relations provide
simple, explicit but very approximale models which are useful in deciding the origin of
the complex scattering effects that occur in reactions involving the few-nucleon system. In
contrast, forward dispersion relations have a more limited but more precise role namely
the extraction of information on nuclear scattering amplitudes at unphysical energies
directly from the experimental data. This information has yielded accurate values for the
puclear coupling constants for few-nucleon system. These nuclear coupling constants can
be used to investigate the reliability of the methods and the interactions used in the
nuclear structure calculations. Further, they provide the most accurate information
available for the normatization of DWBA. cross-sections for stripping reactions.

In recent years ®Li-c~d vertex functions and constants are obtained by Lovash et al [5]
and Blokhintsev et al [6]. These vertex functions and constants are of great importance in
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the theary of nuclear reactions induced by %7Li ions especially in view of the future
advent of high quality beams of polarized ®7Li ions or the targets, Very recently a pion
scattering experiment on polarized 7Li has been carried out at the Paul Scheerrer Institute
[7]. Here we use the ground state wave function of 71 given in ref. [8] to calculate the
"Li~a~t vertex function and coupling constant. It is found that the experimentally
determined estimates by Dolinski er al [9] are in good agreement with our calculated
values. This justifies the importance of our GCM technique [8, 10} and the present
method of the vertex constants. The vertex function and coupling constant will be useful
in the futwre high quality beams of polarized ion "1i research [7].

In this paper we consider (he alpha-triton relative wave function and its asymptotic
nermalization using the generator coordinate method (GCM) wave function of “Li which
gives beiter results not only for binding energies but also for other electromagnetic
properties [8]. In this GCM method [8, 10] the microscopic structure of "L is considered
as a superposition of the generator coordinate (GC) basis functions which are defined as
the antisymmetrized products of the shell-model wave functions of the two-centres with
respect to the generator coordinates with linear variational GC amplitudes,

Recently a similar theory of the so-cailed antisymmetrized molecular dynamics [11-13]
is widely used to study the Tight-neutron-rich halo nuclei which is fust a special case of the
Brink’s generator coordinate method {14]. In ref. [15] we have already established explicitly
that our GCM as the co-existence of the shell-model and ciuster aspecls — a unique feature
in light maclei {16}, Tt is also important to note that in our GCM, we have not considered i
as made of alpha and triton clusters initially. The alpha-triton cluster structure only appears
through the parity projection in GCM 8, 10, 15]. The parity projection before energy
variation is very important. For example, if we calculate the struchure of the "Li ground
state properly by making the parity projection before energy variation, we find that the "Li
ground state has the ¢ + ¢ clustering structure. But if we make the energy vaiiation before
the parity projection, we never get the o + ¢ clustering structure.

The relative wave function is used to calculate the vertex function and coupling constant
for the virtual decay of Li — a + £ via the method of overlap integrals and extrapolation to
the corresponding pole is done using the method proposed by Goldfarb er af {17]. It is also
compared with the available experimental estimate by Dolinksi er o/ [9].

In §2 we discuss the alpha-triton relative wave function and its asymptotic norma-
lization within the framework of our GCM. The vertex function and vertex constant is
estimated and compared with experimental estimates in §3. Finally in §4, a brief
summary and conclusion are presented.

2. Alpha-triton relative wave fuaction and asympiotic normalization

The relative motion wave function between alpha {*He) and triton (*H) is defined try the
method of everlap integrals [1] as,

i 77
7 L & = {in} , = in} = o

iep (X) = L”jj’_' / Wi o &) q’u—[i(@) (I)gu){fr) A&, de; (n

where 1 is the relative coordinate between alpha and witon clusters and i.:?q and & are the

Internat Jacobi coordinates for normalized intrinsic wave functions of (I)E':;c {aipha) and
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(I) ) (triton) in the virtual decay of “Li nucleus. Using the GCM wave function of 7Li [8],
the 1elat1ve wave function (1) can be written in terms of the GC amptitude f™7, which is
the weight function and satisfy the Hill-Wheeler equation [8, 14], as

o ):[ ] fdsdﬁa A& f (8)Bsie pon (r, €, &1, 8)
Spin

Tsnspin
® Xerorsn (0TI (E)xone (o) B (E)xsn (o7) (2)

where superscripts denote the particular states of “Li (J™ = ~_~ ), X’s are the spin-isospin
factors and s is the separation between the two harmonic oscillator wells known as the
generator coordinate.

The generator coordinate (GC) function occuring in the integrand of eq. (2) is of the
form of |7 x 7| Slater determinant which is expanded by Laplace expansion [18] into 35
terms of |4 x 4| @ |3 x 3|-type determinants. The nonzero determinant products are only
eight terms and describe as follows:

no-nucleon exchange :  (1357)(246),
one-nucleon exchange : — (2357)(146), —(1367)(245), —(1457)(236),
two-nucieon exchange :  (2457)(136), (2367)(145), (1467)(233),
three-nucleon exchange : — (2467)(135). (3)

With the use of the Jacobi coordinates above eight terms can be calculated in terms of
the GC function as

.|
o[OTw[L S wsu W

i=1gven

Here x =(r,0,7) with

Yror :%det{exp[—ﬁsz/mj exp{—fs.r] x_1 (1), xu(3), exp[—Bs*/14]

@ explfs.xs] Xy (5), x4 (7); 0xp [B57/14], explfs - malx_yy (2),
D x34(4), exp [3s*/14)exp [@s - rs5} @ Xy (6)}. (5)
The GC fanction {4) can easily be rewritten in the following form
opiesona(%,8) = P (Re, 86) @il ) B (E) B E)ers (6)
where
forg
(I)?SI(RGJSG) = I:-,?;rg:{ exp {_?ﬁ(RG . SG)EJ , (7)
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3
rel l?‘ﬁ * 126 2
Bl you(r,s) = {ﬁ} exXp {* T4 (r—s) ] : (8)
. Lyl 8
‘Iggc(fﬂ) - {Z (}) } EXP[ “2“< & +3 §135 +- Qasv)} (9)
273
i L) Bl ., 2 _
e (E) = {g (;) } exp {5 (“3“ e+ '3"534,6)} (10}
and the spin-isospin function of alpha (or triton} is given by
4{ord}
X”]—ie{or ‘H) (0: T) m { Z Xm‘., "y, JI’]] (11)

Here all the functions are normalized to unity. The c.m. wave function ®57% is factored
out explicitly in the definition of relative wave function w{{{" 5. (r)..

Taking all above consideration into account the normalized relative motion P-wave
function, using the ground state of "Li(J" =3~ ; L =1,§ = 1) after angular momentum
projection can be writen as

Wi g (x Zu’”’* (ML M) Yo, (5], (12)

where the radial alpha-triton relative wave function with various nucleon exchange contri-
butions is given by

w1 ()= QT ) + Dulll ) + Bt () + Pl (13)

with i.1(z) are modified spherical Bessel functions [19],

O () — Vi [”‘T p{ T }/ T asR)

Fkis
®exp ——s }:L_ ( ,Bsr) (14}
OyMr(ry = 3\/_[%]Z p[ 8 2 UO ds S"f{M () exp{ %’GLSZ}
@ exp :ég iy (%gsr), (15)
1257t 68 5] [ 63 ,
Pulii(r) = "3\/4?[7%} EXPP;#} /C ds s°f{7 (s} exp (*M"?SM}
® exp _%(I)S'(—jszq fpet (—2-79 S?’), (16)
12 6 oo 64 .,
© iﬁ? \/4’{ f] e,p{ f 2] ‘/0 ds 52 M7 )BxPi_TﬁSb}
& exp [19;5 }th (97'6 Ti‘). (17}
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Coupling constant for the virtual decay of "Li
The weight function f{¥7(s) in the numerical form is obtained by considering size
f=105 FM~2 which has given right sepatation energy and all other electromagnetic
properties as in ref. [8l.

To estimate the coupling constant we consider the asymptotic form of the alpha-triton
relative wave function (13) which can also be writlen in terms of a Whittaker function
[1] as,

V2K
“fﬁ? r) = CTW—-:;,L—%(ZK?.) (18)

lim r—o0
where K is related to the separation energy E, and 77 the Coulomb parameter;

mK? AV T
=E 9= el 19
Zpben " WK (19) _

Here pg 18 the reduced mass of aipha and triton clusters and 7, and Z, are the corres-
ponding charges. With the binding energy of triton as —8.48222 MeV, alpha as —28.2969
MeV, and 7Li ground state as —39.2459 MeV with 77 = 0.2636 and K = 0.4516 FM ™1 are
obtained.

The dimensionless constant € known as the coupling “constant can be obtained by
comparing (18) and alpha-triton relative wave function (13} in asymptotic range, i.e. for
larger value of r. The value of the Whittaker function is approximated by an exponential
[20] as
e (LSS () [+~ (e m —3)°]

W"?',I,L(p) = (zp)n }71!(2‘[))”1

(20)

The alpha-triton relative motion P-wave function (L = 1) with various nucleon exchange
terms (13) are plotted in figure 1. The dotted curves are the contributions to the total
relative wave function w(r), obtained by separately calculating the various nucleon
exchange terms (see egs 14-17), viz, no-pucleon exchange Yu one-nucleon exchange
(1, two-nucleon exchange Py, and three-nucleon exchange {3y terms. The full solid
curve u(7) represents the total alpha-triton relative motion wave function which becomes
negative for relative separation r of the two clusters less than 2FM. This is due to the
influence of the Pauli principle and the nature of the nuclear forces. The important facts
about the nuclear forces are that they are short range (~ 2FM), strongly attractive over
most of this range, but at very short-range they become strongly repulsive. On the other
hand the effect of the Pauli principle in a usual system of nuclear dimensions is to allow
low-energy nucleons to move retatively undisturbed throughout the nuclear volume,
because these riucieons may not be scattered into other already occupied epergy levels.

It is clear from the tigure 1 that when the relative distance between alpha and triton is
small, the Pauli principle plays an important role as shown by various nucleon exchange
contributions to the total alpha-triton relative wave function w(r) (full curve) which
becomes negative at less than 2FM as shown in the figure.

For large values of r, the contribution to total alpha-triton relative wave function u{r) is
mostly due to no-nucleon exchange (or direct) term which does not completely reproduce
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Figure 1. Alpha-triton relative motion P-wave function u(r)[EM73/2] (j7 = &
L=1,85= %) (solid curve) and Whittaker function (solid curve). Various micleon
exchange contributions in u(z) (broken curves), viz., no-aucleon exchange Wy, one-
nucleon exchange u, two-nucleon exchange @y, three-nucleon exchange ¥y

the proper asymptotic Coulomb behaviour i.e. the Whittaker function (18} (see figure 1).
It is obvious that the gaussian approximated Coulomb force was used in the GCM wave
function of “Li which was taken from ref, {81 without any change and used in the present
calculations.

By comparison of egs (13), and (18) for r between 5FM to 7FM (see figure 1), we
estimate the coupling constant ' as

C = 0.80 £ 0.10. (21)

3. "Li—a--f Vertex funetion and vertex constant

To test the validity of our GCM alpha-triton relative wave function obtained in the
previous section, we consider the method of overlap integrals [1] for the evalation of
"Li~a + t vertex function in terimns of the alpha-triton relative wave function u(r) (see
eq.(1}). We also estimate the vertex constant in the virtual decay of "Li~s o 4 ¢ by
extrapolating at the pole and comparison is made with the independent experimental
estimate by Dolinski et ol [9].
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The vertex function is defined as {1],

]

FiE ; " g in} =
) = | [ 0090 il 2 Vs 6

® B4 (£)a, dE, dr. (22)

If the wave function ¥ appearing in {22) is exact sigenfunction, V,, can be eliminated in
favour of the separation energy (19) of clusters alpha and triton with reduced mass p1,; of
7Li nacleus as,

2

77 S F 7
(qz + K?’) [:_:i / 3Xp(1q ) I‘)\'D“He-&JH(L ga: 5!)

= 2t 4131

© Bl (£ 5 (E)aE, of dr. (23)
In terms of the alpha-triton relative wave function (1), the vertex function (23) can be
written as

T'{q)

AN i A
= 5o @+ K ] [ explia: nesn o (24)

Since the alpha-triton relative wave function in asymptotic region corresponding to the
bound-state momentum K does not have the correct Yukawa tail like in the Whittaker

F(q)

function (18). Therefore, for such wave function we extrapolate the I'(¢*> = —K?) by the
method of extrapolation given by Goldfarb et al [17] as,
2 3
T(g) = | Do+ Dy (2] + Do (L) +0s (L) - 25
(Q){0+11K+21K+31K+ . (25)
where
iKY [d'T
Dn — (1 } (q) (26)
n! dg* | 0
so that
T(-K) =D+ Dy +Dr+Dy+Dy+Ds+--], (27

as calculated in §2, the K? = 0.20039 EM~2,

Substituting the GCM alpha-triton relative wave function (12) into (24) and after
angular momentum projection using the expansion of " (g) for the ground state of 7Li
(J"=3", L=1,5=1) written as

I .
f(a) = ST @) 184 ki Yo @) (28)

My

we get

3
4 15 B2
M7 = \/4#[ }
=1 () B3| 2

Y=y

® »  YCjlams). {29)

p==()

(42 + Kz)exp[—qu} /OO ds szﬁ’rff(s)
Jo
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Here b = 1/2{,uf3, v max denotes the maximum number of nucleon exchanges i.e. three
hetween alpha and triton clusters (see egs (14-17)), jr=(z) are the spherical Bessel’s
functions. For various nucleon exchange terms (3}, we have in (29}

M (_l)(u)(ylr;xx>exp {_VU _ U/2.Um)§sz ; {30)
Elﬂ.d
d, m[] —U/,(,Lm}, (31)

with () binomial coefficients [19].
To obtain the vertex constant, {I'(—K?)|* value at "Li~c -+ ¢ pole using (27), we have
calculated the coefficients (20) as

Dy =0 foralln = even,

3 s

(1K) i: 471- :}Z HZ /m o Th Y= ,

Dy = e/ dss M7 (s “ca, K 3,
! 1! B3] 2ptar Jo = ( ) ; /

" -3 =
(&)Y [ 4n R /°° 2t ) N
Dy = Vi dss™fi 1 (s e
3 3! _.ua'.fﬁ_ ZnU‘m'- 0 = ( ) VZxO

® [ Ks /5 + 6a,s/3 ~ 2ba,k’s|,
- -3 e
_ (K }5 p=] Am wore danttry R (1) 2.5
Ds = =5 v 3 Z,umfo A5 fimf ) ; Clais /1
—dals® — 4bal K5 /5 — 40bay,s + 526 a, K5/ 3], (32)

and, therefore, the vertex constant I'/MT is extrapolated for negative values of q” up to the
pole ¢* = —K? by eq. (25).

The calculated vertex function I'(¢?} is plotted with g° in figure 2. The solid curve is
extrapolated up to the "Li-o + ¢ pole te. at ¢* = —K? and the value of |[T(~K2)[* is
estimated as

I{—K2))> = 0.656 FM. (33)

The only available experimentally estimated vertex constant |I'(—K?)|* for the virtual
decay of "Li — a4 t is obtained by Dolinski ez al [9], where the differential cross-
sections for "Li{d, 1)°Li reaction at E; = 12 MeV and "Li{p, o)*He reaction at Ep =45
MeV are used to estimate the vertex constant |['(—K?)]* as 0.67FM and 0.72FM
respectively. Our calculated value (33) is 0.656 FM which is in close agreement with the
experiments.

4. Bummary and conclusion

We have presented an analysis of 7Li — a4 ¢ vertex function in terms of alpha-triton
relative wave function within the framework of our generator coordinate method
[5, 10, 15]. The technique developed for such analysis can easily be generalizable for any
complicated system.

740 Pramana - J. Phys., Vol. 51, No. 6, December 1998



Coupling constant for the virtual decay of "L
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Figure 2. Li— a + ¢ vertex function for positive ¢ (solid curve) and negative g°
(broken curve) extrapolated to the pole g = K%

The success of the model indicates that the alpha-triton relative wave functions with
various mucleon exchange contributions plays an important role to understand the
mechanism of reactions and nature of nuclear forces. The vertex functions describing the
virteal decay of nuclel into two fragments are useful in diverse branches of nuclear
physics with various sources of information e.g. the coupling constants in pole graphs,
ahsolute normalization constants for transfer reactions, and reduced widths etc.
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