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Abstract. We consider the problem of joining of metrics when these are not continuous across
the joining (hyper-) surface. We confine ourselves to static, spherically symmetric metrics
which join withont requiring gradients of a §-function in the energy-momentum tensor. It is found
that a surface fension is always associated in cases where the metrics are discontinuous. In
some cases, the joined metrics satisfy Einstein equations (in the sense of distributions) while, in
others, the surface tension associated with the limiting discontinuous metric depends on the
interpalating functions used to produce it suggesting sensitivity to short distance effects beyond
general relativity.
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1. Introduction

Tn this note, we shall explore some aspects of the problem of joining metrics satisfying
Einstein equations in the interior of two open four dimensional regions V* and V~ whose
closure satisfies V7L V- = R* and V* NV~ = a three dimensional hypersurface 2. If the
corresponding metrics are called gt and g™, then the joined metric, defined symbolically
by g+ Ug"~, may not satisfy Einstein equations on ¥ unless special conditions, called
junction conditions, are satisfied thereabout. The problem is trivially solved if the second
derivatives of the metric remain continuous across 5, for, then, Einstein equations hold in
the ordinary sense throughout 8* with a continuous energy-momentum tensor. If only the
first derivatives of the metric tensor are contineous, the metrics still join without
producing surface singularities (of the §-function type) in the energy-momentum tensor
on ¥ but the energy-momentum fensor may be discontinuous on 3. I, however, the
latter has surface singularities, the situation is more complicated. Generally speaking,
if the energy-momentum tensor does not possess surface singularities on X corresponding
to the derivatives of a é-function, the metric tensor must be continuous; in other words, a
discontinaous metric normally implies surface singularities of the gradient of &-function
type. However, there are exceptions and it is these that we want to discuss here.

We shall, for simplicity, confine our attention to static spherically symimetric metrics of
the form

ds” = A dF— BAR® — R*{sin® 6dd* 4 d6%). (1)
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We shall examine situations in which the coefficients A = gop and B = —g|, may be
discontinuous. (We should mention that the problem of joining metrics is an old one and
has been locked at recently by the “early universe” workers [1,2]. However, our
approach and examples are complementary to those of these workers.) An example in
which B is discontinuous is easy to construct and simple to interpret. It is the time-
honoured model of an infinitely thin energy-shell familiar from nonrelativistic potential
theory, (A reference is made to this example in Landau and Lifshitz [3] but our sofution is
clearer physically). This solution is net very interesting physically; it is being included
here to make plausible the appearance of discontinuities in metrics. This solution will be
constructed in a mathematically precise way as the limit of a sequence of smooth {in fact
C*) solutions and it will be shown that the limiting solution satisfies Einstein equation
with an energy-momentum tensor which has §-function singularities on a certain surface.
The corresponding energy-momentum tensor will be exhibited as a §-function which is a
legitimate distribution (i.e. it does not depend on the form of the precise functions used in
constructing the intermediate sequences.) We shall see that this is a two parameter
solution depending on the total gravitational mass M and the “radius” Ry of the shell
with Rg > 2GM /c*. (Henceforth, we shall put ¢ = 1 for the velocity of light.)

The other model that we shall consider is one in which A may be discontinuous. This
has a greater significance in general for while the quantity B does not have a direct
significance in the nonrelativistic (Newtonian) limit, the quantity A is, essentially, the
gravitational potential in that limit and obeys Poisson’s equation. A discontinuity in A
can, in that limit, only occur at mass dipole layers which do not exist. We shall interpret
the absence of mass dipole layers to mean that the energy-momentum tensor does not
possess singularities involving gradients of a §-function (though it may possess &-function
singularitics not involving gradients or higher derivatives). This is a simplifying
assumption and is physically reasonable since such {gradient of é-function) singularities
do not occur elsewhere in this context while §-function singularities (without gradients)
oceur, for example, in surface tension. Then we can show, directly and simply from
Einstein equations, that a discontinuity in A can occur only for those values of the radial
co-ordinate R for which 1/B = 0 i.e. on a null surface. The simplest example where such
null surfaces occur is in (Schwarzschild) black holes. (To avoid confusion we shall state
that we call black hole any solution of Einstein equation, or generalizations thereaf, in
which matter is confined within its event horizon at R = 2 GM where M is the mass of the
black hole). Thus we shall try to construct a discontinuous solution (in A) which may be
relevant to black holes. Such a solution will be obtaired by joining an Einstein model
universe solation to the external Schwarzschild solution. This problem was considered
elsewhere [4]. We shall add that the problem has some curiosity value even if it is not
physically relevant. The solution will be constructed, as above, by taking the limit of a
sequence of continuous metrics and finding the energy-momentum tensor in the limit.
This solution is somewhat unusual in that it corresponds to a potentially infinite surface
tension whose pre-limiting value depends essentially on the nature of functions used to
construct the approximating sequence; it does not, therefore, satisfy Einstein equation in
the sense of distributions.

‘The plan of the paper is as follows: In § 2, we consider our first model in which 8 is
discontinuous. In § 3, we consider our main model in which A is discontinuous. In § 4 we
state our conclusions and end with some comiments.
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2. Thin spherical shefl
The gravitational potential of a thin shell being well knewn, it is convenient to choose to

describe the quantity A of a spherically symmetric distribution of energy corresponding to
a given total mass M by

R. R " o
A=1-— Réjo x*f(x)dx—Rgf xf{x) dx. (2)

R

We shall normalize the class of functions f{x) by

| e, o)
Q

then R, = 2 GM is the Schwarzschild radius of the object. We shall assume that f {x) is
sharply peaked at R = Rq (which will be kept fixed). (It turns out that our equations make
sense only for Ry > R,). We shall for definiteness also assume that

oo 1
/.w@mxﬁ. (4)
0 0
With this choice, in the limit of a thin shell, our 4 becomes
R R,
A=(1-L]O0R-R)+ |1 -2 1O(R —R) (5)
R Rg
and is continuous. Binstein equations for this textbook case are (with G}j = R:’Lm %Réﬁ)
i d 1 0
Gy == TR [R(EA 1” = —87GTy, (6)
Al 1 /1
[ LN LI D 7!
G RS (B 1) 8nGTy, (7)
d [ A A% A1 A
G =G = S (e RV
2T T3 AR {2/43] T IATE A (B) " IRAB
1 /1Y .
toz (E) = —87GTE = —87GT;. (8)

We anticipate §-function type contributions to 73, 7% and T3. However, T} cannot have
any d-function type contribution (in the limit of a thin shell). This follows because 1 /Bis
not differentiated in (7). Then, in the limit of a thin shell, Tl1 = (} and so, for conventence,
we let T} = 0. This determines B and we get

%~L{%A2%mm/%~&A§WﬂMH~ )

Note that

3= (1= ) et + ot —n), Ho
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in the limit of a thin shell and is discontinuous. With A and B known, one can calculate
T, It is easily shown that
M
T = ——6(R—R 11
= gz OB Ro) (1)

in the limit of a thin shell. This calculation is typical of such calculations later so we
exhibit it here. Let ¥ € C§°(0, 0o) (any infinitely differentiable fixed function of compact
support over (0, cc)). Then

fo U(RT)dR = ”871—(;/000 dR‘IJg)E% (R(g— 1))

o (i) -2

12
~R, [[U(R) 2U(R) (12)
rrp et et dR
8rG Ry R2 R3
M [~ d /(¥R M
=—— 4 (YR dR = = WIRy),
4 fp, AR\ R? 47R;
in the limit of a thin shell. Similar calculation gives
R —Rg) /R R
Ty=T =—— %[ 4m|1-=E] ). 13
> = T 0GR, R O\ Ry (13)
It is instructive to check this result directly by using the identity
T, =0 (14)
This gives, for the spherically symmetric case,
2 3 R_o 7o
1y =1 m‘frmTo: (15)

where I'}; = A’/24 is discontinuous in the limit. Tn this case, however, we can calculate it
by following through the steps using Einstein equations. Thus, we write

1 1 d 1
Ti=Ti=__—(B-1)=—=— R[-— 1) 16
2 =T =5 )RZdR{ (B QJ (16)

Stmple manipulation then yields (13). Thus, in this case, we have a discontipuous
solution which obeys Einstein equation in the sense of distributions by virtue of being the
limit of a sequence of continuous solutions.

3. Model with discontinuons “A”

The model given above tells us that discontinuous metrics can be reasonable. We,
therefore, look for a model with discontinuous A. It will be seen from eq. (7) that
discontinuity in A will lead to a é-function in 7| and to the gradient of a &-function in
T? = T;. The only possible exception is when 1/B =0 at precisely the point. of
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discontinuity of A. Tt is also necessary that 1/B should be continuous at this point. We
note from eq. (6) that while 1/5 is related to 77 by a first order differential equation, the
relationship of A to T§ is somewhat more complicated and non-linear except in the weak
field limit when A = 1 + 2% where ® is the gravitational potential. Then a discontinuity
in A can arise from a mass dipcle layer which, however, does not exist. While we do not
yet know the peneral conditions under which A can become discontinuous, we shall give
an interpolating solution of Einstein equations for which, in the limit, A does become
discontinuous on a spherical surface where 1/B vanishes. (If the solution were relevant to
a black hole, this surface would be the event horizon).
We begin by writing (7) as

A" BxGRT] +{1/R){((1/B) = 1) _ C(R)
AT 1/B ~1/B’

(17}

The model that we seek is obtained by joining Einstein model interior to a Schwarz-
schild exterior, so the limiting values of A and B are fixed:

A +O(R, — )+ (1 —%}6(1?“&), (18)
(1/B) — (1—R—2)(~)(R’ — R} + (1 —Ei)e(RmR) (19)
R ¢ R £
70— ;OR, —R) 4 ..., (20)
T} — PIOR, ~R) + ..., (21)
T2=T] > POR, ~R) +..., (22)
3
P1:3P1mm—g; (23)

(© denotes the usual step function). In eq. (18) the plus sign corresponds to the usual
Einstein model while minus sign gives the Eucldean Einstein medel. In eqgs. (20-22) the
dots correspond to possible surface singularities {terms proportional to 6{R; — R)). The
quantities p;, P; include both the matter part as well as the contribution in the static limit
of a cosmological constant. This determines the model, its physical motivation has been
given in [4] and will not concern us here. One can check easily that Einstein equations are
satisfied everywhere except at R = R, where R, =2 GM as before. This quantity will be
kept fixed.

We shall now try to define a sequence of sufficiently smooth metrics which depend on
a parameter | and reduce to egs. (I8 & 19) as / — 0. To this end we introduce a C™
function f{R) depending on [ with f(R})— ©(R;~R) as [— 0 (in the sense of
distributions). The function f(R) will be further specified below. We choose

o = pL f(R). (24)
{In these models 7 does not have a singular part). We then get

i 3 R

— =1 [ xPf(x) dx 2

B RﬁRl/o w () dx (25)
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We look for models in which for some R, say R = Ry,
Loy = (3) Ry =0 26)
gl =13 o) = U, (

i I
— 1 (Ryy o — > Q. 2
(5) 0~ x> @)

{Ro will be close to and in the limit equal to R,). Here [ is of the order of the thickness of
the transition layer where f(R) changes from = 1 to == 0. Equation (25) shows that, for
J(R) relevant to the present problem, 1/B will have a minimum for some R. If this
minimum valie of 1/B is strictly positive, calculations show that the desired discon-
tinuities do not develop in A in the limit as [— 0. We shall, therefore, assume that 1 /B
vanishes at its minimum, thus getting (26-27). We shall not consider the case when 1/8
becomes negative. It is also convenient to fix the functions f(R) for any / by requiring

o0 b8
2, g
/ g de ==, (28)
0 3

It will be shown in Appendix A that such a class of functions satisfying (26) and (28)
exists. Going back to (17) we now see that the RHS of that equation has a pofe at R = R
50 A can be determined only when we give some prescription to handle that pole. Three
common prescriptions are obtained on using

i I 1 1

D ;1114 S — + - )

(1/B) + in 2 ((1/3) +in (1/B) - iny

with 77 -+ 0 being understoed. The first two correspond to using infinitesimmal semicircle

contours around K = Ry either in the upper half or in the Tower half plane: the last one
defines principal value prescription. For either prescription to make sense it is necessary that

C(Ry) = 0. (29)
We, therefore, have
= OR)
Ind = — d
n /R B R, _ (30)

If, for R < Ry, we use the principal value prescription, we get our first solution A, If we
use cither of the other prescriptions, we get

Az :5(1{‘”[\)0)‘41{}?), (31)
where
b+l R>Ry
F(R = Fo) = { ~1 if R<Ry
We shall further restrict C{R) so that A — +1 and Ay — ~1 in the deep interior
(R, — R >» 1). This is achieved by requiring

Ry
P /U a0 R =0 (32)
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(P denotes principal value prescription at R = Rp), and we require for the validity of
eq. (31)

cr)=1(3) k). (%)

A general form of C(R) satisfying these conditions is

CR) =4 (g)’w’(n)g,

where (R) is any continuously differentiable function with p(oo} = w(0)=0. It is,
furthermore, necessary to choose o{R) in such a way that, in the limit (I — 0),A = 1 /B
for R > R, and A’ =0 for R < R,. This is satisfied if we take

p(R) = F(R)ln &) > (35)

where F(R)~ — } for R< Ry and & 3 for R>» R, and is smooth but becomes Te(R—Ry)
in the limit [ — 0.
As one choice, we can take
oy L : FIR)(1 —F{R))
F(R :(I-Zf(R A TN (1 — 21 (Re)) (36

)= R )
(We also demand F(Ry) = 0 for definiteness). Recalling that f(R) = 1 if (R—Rg)/I0
and = 0 if (R— Ro}/I> 0, we see that F(R) m —} if (R—Ro)/l <0 and = 4 if
(R — Ry)/[ > 0. Actually f(R) and F(R) change from their interior to extertor values in a
distance of the order of 1. Then, integration gives

A= G—g) e exp{ (% T F(R)) In Gi) } (37)

Ay = (R — Ro)(1/B)/HHR), (38)

We note that A; is continuous with a discontinuous first dertvative but A, has only a
mildly singular (with logarithmic singularity) second derivative at R = Rq.

Let us now use these interpolated metrics to calculate the singular parts of 7). Because
1/B stays continuous in the limit / — 0, Ty does not gain any é-function singularity. We
shall now show that A'/AB (and hence T}) has no é-function singularity either. We see
that for either A, or 4s,

Al 1 1y to1

= = PRV = | +F (R)= o . 38

to=(erw) () r gy (38;
The first term tends to a discontinuous limit which is nonsingular. Any singular

contribution can come from the second term only because F'(R} ~ 1/! in the region
IR — Ryl ~ 1. In this region 1/8 is O(). Thus

(34)

while

' 11
/ dRF(R) % In ~ O(l1n I — 0, (39)
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as [ — 0. (The range of integration also contributes a factor L) Thus A"/AB is not singular.
Singular contributions to G5 = G in the limit { — 0 conie from

d AI Af2 Ar
)

1 f
— 1 )
dR 124B| ' 4428 44 ( ) -+ nonsingular termpis. {40

The first term is easily calculfated using for a fixed ¥/(R) € C3°(0, 00)

[ aritrrg ] = - [ amwi @)

Substituting eq. (38) and taking the limit { — 0 we see that the contribution of the second
term vanishes while the first gives

ern) () o

This helps to isolate the singular part as

H
~——&R-R
TR
This part is determined by long range effects i.e. it does not depend on the precise form of
the interpolating function f or F. The other two terms can be combined and their singular

part isolated. The final result is

1
G; = Gj = -juéut‘i(R ~Rg)+ (I + I2)6(R — Ry) + nonsingular terms, (43}
&

/ dRF'(R (1 1)2 (44)
b=y fo G - FZ(R)) (%) "m%, (45)

where { ~» 0 is implied. These expressions are the same whether A, or A, is used. For the
difference between A /A and A} /A, depends on the prescription for handling the pole at
R = Ry in eq. (17) but there are no poles left after multiplication by 1 /B. To wrile eqgs
(44-45) in an explicit form after taking the indicated limits, we recall that the functions
f(R} and F(R) change over from their interior to exterior values in a distance of the order
of { around R, which is close to Ry. (The two differ by quantities which are at most of
order [). Thus we write generally (for arbitrary functions ®, y)

sy = o (M5, ()
F(R) =y (R : R‘?) : (47)

Tn writing eq. (47) we are allowing x to be somewhat more general than eq. (36) while
satisfying the same constraints, Using these functional forms and cairying out the

where

706 Pramana — J. Phys., Vol. 51, No. 6, December 1998



Discontinuous metrics

indicated limits (see Appendix A) we get

el

ho L
4Ry Jos

x {ln{y - y0—3f dxi[’(x))~ln%£}2 (48)

o

yx' ()’ [ywyo~3 ‘ /} : dxﬂ—”(x}]

oo ¥
h=g [ (3000 1St --n-3 [ avaraf, @)
4R, J oo 4 ! I3
where Ry = R, -+ Iyg. In writing these equations all terms which vanish with [ have been
dropped. Note that 7; and I, and, hence, the surface tension in 75 = T3 is singular in the
limit as I — 0 with a logarithmic singularity. We see explicitly that f; and I are deter-
mined by short range effects. We see this in the dependence of [, and I; on the functional
form of x and ®.

4. Conclusions

In this paper, we have considered the circumstances in which a static, spherically
symmetric solution of Einstein equation can develop discontinuities in the metric as well
as the sense in which these discontinuous metrics obey Einstein equations with an energy-
momentum tensor which has 8-function singularities on the surface of discontinuity. Since
a static spherically symmetric metric has essentially only two nontrivial components (A,
B above), we have discussed two models. A model in which B is discontinuous is
discussed first. The metric of this model is obtained as the limit of a sequence of smooth
metrics and the limit obeys Einstein equations in the sense of distributions with energy-
momentum tensors which are well defined as §-functions. In particular, these 0-functions
are-the same whatever functions are used to comstruct the interpolaling sequences.
Physically, this means that the form of the limiting solution and the corresponding energy-
momentum tensor are determined entirely by long range effects and are not sensitive to
short distance effects which could possibly vitiate the validity of Einstein equations.
The other solution is more interesting. We restrict ourselves from the beginning to the
case when the energy-momentumn tensor does not develop singularities corresponding to
the gradient of a é-function. We do this on grounds of simplicity and physical reasons
(e.g. nonexistence of mass dipole layer). It is, then, easy to show that, under these
conditions, a discontinuous A is possible only if 1/B remains continuous and vanishes on
the surface of discontinuity of A. We construct a sequence of smooth metrics whose Iimit
develops the desired discontinuity. {We give two possible sequences, A; has a continuous
first derivative while 4, is only continuous). When these sequences are used in the
Finstein equations to calculate the comesponding energy-momentum tensors and a limit
is taken thereafter, it is found that a surface tension (which manifests itself in a é function
singularity on the surface of discontinuity) is needed. This surface tension Is
logarithmically singuldr with a coefficient which depends on the precise functions used
to construct interpolating sequences. In this sense it differs from distributions. Physically,
this means that the surface tension is sensitive to short distance (or equivalently, from
uncertainty principle, high energy) effects. To see this, note that the functions Tike ¢ and
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x determine the way in which the various quantities (metric, components of energy-
momentum tensor etc.y change from their interior values to their exterior values in
distances of the order of /. At a fundamental level, in a theory involving gravitation, I can
only be of the order of Planck length. Sensitivity to details on such a length scale clearly
implies sensitivity to high energy processes. It is also inferesting to note that the surface
tension is the same whether we use Ay or Ay. Thus the important thing is the discontinuity
in A. The surface tension is not sensitive to the change in the signature of the metric in the
case when A — —1.

We sce then that the limiting solution with discontinuous A does not quite satisfy
Einstein equations (in the sense of distributions) and will have to be rejected if Einstein
equations are strictly valid. But general relativity (and Einstein equations) is only the Jow
energy limit of a (as yet unknown) more fundamental theory which includes guantum
effects and considers even Planck level processes. In such a theory phenomena analogous
to discontinuous metrics may or may not occur but it is only in the context of such a
quantum theory that we can calculate the associated surface tension if they (metrics with
discontinuous A) exist and are relevant to physics (e.g. biack holes). The basic reason for
this apparent breakdown of Einstein equations here is the nonlinearity of the equations. In
linear theories, limits of sequences of solutions afways satisfy the relevant equation in the
sense of distributions.

In conclusion, we have shown that metrics with discontinuities can be respectable
both when these are due to long range processes and when they are due (o short range
processes. In both cases, metrical discontinuity is relaied to the existence of a surface
tension. It should be noted that while the role of surface tension in producing pressure
difference is well known in classical physics, the refationship of the former to metrical
discontinuity is a new result as far as we know. Two other relevant points must be
made in this connection. If it is desired that the metric be real and have, at least, a
coatineous first derivative for all finite I(z£ () then one must choose one of the
semicireular contours in eq. (30) to handle the pole at R = Ry. The second point concerns
the acceptability of infinite surface tension. Normally it is not acceptable. For example,
we cannot take the limit Rg — R, + 0 in eq. (13). The infinity in this case arises from
long distance effects for which general relativity is adequate. On the other hand, the
infinity that arises in the second model is an ultraviolet infinity which means that general
relativity is not adequate for this problem. This point must be made to rule out arbitrary
joining of metrics.

Appendix A

The basic requirement on f{R) is that it changes from =2 1 to & 0 in a distance of the
order of L. A trial solution is of the form

F(R) = folR) + afe(R)(1 — fo(R)), (AL)

where

e = | +exp(Rf*g)}l, (A2)
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and « is an unknown number while I_Rg wili be determined below. For this we use eq. {28).
Straightiorward calculation gives for small [,

R ]2 , ,ﬁz

Ry =Ry —ad - ﬁ; (a” - 3—) (A3)
We now use eq. (26). Wriling Ry — ffg + Ixy, we find that xp and o satisfy the

following equations as [ — 0

0 dx o 1
e = {0 — Xp !, Ad
~/xr) 1 + et F‘“ i + et 3 (G XG)' ( )
1 o i
, = AS
i-{—e‘“T(l +em){ife ) 3 (43)

These equations have iwo solutions. They are approximately
xp = 2.468, o =3.54,
and

xp = =120, a=-2.54

b

This shows that functions f{R) with indicated properties exist.
We now indicate the steps leading fo the expressions for [; and /; in eq. (48-49). We
start from the second and third term in eq. (40) and use (38) to get

o )2 ) )
X (é) Iln é + F*R) (é) (111 %) 2} : (AB)
Given a function W(R) € C§°(0, o0) as before, we can see that
/Om dep(R){a% (Fz(R) ~ %L) } (%)flné = /OHc dR G . (R))

i o - - 2
P {\IJ'(R) (%) ln—;— + T(R) (é) 111% + W(R) (ll//];) } (AT

The first term does not contribute as /- {0 vanishing as O{Iinl). The third term
cancels the first term in {A6). The remaining terms are recognized as é-functions. {Recail
that § — F*(R} and F'(R) are both sharply peaked). Thus we get (44-45). We now write

3 e 200 o )
B RﬁRo . i ar R§ Ry R; Jy o

{This follews from (25) on using (26).) Stmilarly we get
0 6 (R, 3R,
| = (Y dx — = F(R). Q
(B) R§R3/(} xf(x)dx Ré% FH{R) (A9)
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Substituting in (45) and making the change of variable to y = R — R, /I with yq = Ry~
Rg /1, we easily derive (49}, Equation {48) follows similarly.
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