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Abstract. We analyze the effects of inelastic scattering on the tunneling time theoretically, using
generalized Nelson’s quantur mechanics. This generalization enables us to describe quantum system
with channel couplings and optical potential in a real time stochastic approach, which seems to give
us & new insight into quantum mechanics beyond Copenhagen interpretation.
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i. Introduction

An issue of the tunneling time has been discussed in many theoretical studies [1] and is
not setfled yet. This difficulty arises mainly from the fact that time is not an observable
represented by a self-adjoint operator but just a parameter in quantum mechanics.

In our previous paper [2], we proposed a new method to evaluate the tunneling time,
using Nelson’s appreach of quantum mechanics [3]. Tt has several advantages to study the
tunneling time, First of ali, this approach enables us to describe individual experimental
runs of & quantum system in terminology of “analogue” of classical mechanics. This is true
even in the tunnel region where classical path is forbidden. From sample paths generated
by the stochastic process we obtain information on the time parameter, in particular, the
tuapeling time. It is important for us to note that in scatlering phenomena the transmission
and reflection ensembles are defined unambiguously. In numerical simulations we need
to accumulate a sufficient number of sample paths. In thick orfand high potential case
the transmission probability is low and consequently we have a difficulty that a number of
sample paths belonging Lo the transmission ensemble is also low. However, in Nelson’s
approach, this difficulty is avoided when the backward Langevin equation is employed.

Taking account of these advantages, we have developeda formulation of time-dependent
description of tunneling phenomena based on the Nelson’s approach in [2]. Numerical sim-
ulations for a one-dimensional square well potential barrier model were demonstrated. An
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important result then is that there are the three characteristic times, i.c., the passing time
and the hesitating time, and their sum, the interacting time. The probability distribution of
these three times were calculated numerically.

In this paper we consider cases in which transition processes into other channels or
absorptive processes takes place during scattering processes, and look into these effects on
the tunneling time. The purpose of this paper is to generalize the Nelson’s stochastic quan-
tization so that it can deal with multi-channel coupling and/or optical potential probiems.
As will be shown below, one can construct such generalized formuatations of the Nelson’s
approach with additional stochastic jumping processes.

We show a brief review of the Nelson's quantum mechanics. The quantum process
for a coordinate variable is represented by the Tto-type stochastic differential equations for
forward-time evolution,

da(t) = b{x(t), t)dt + dw(t), )]
and for backward time evolution,

de(t) = b{z(t), Hdt + dw,[t). (2)
The dw(¢) is the Gaussian white noise with the statistical properties of {dw(t)} = 0 and
{dw(t)dw(t)) = Ldt, and the same properties for dw,(t). Here {---) means a sam-

ple average. It is easy to show that for these two Langevin equations hold the following
Fokker—Planck equations for the distribution function P(z,t) of the random variable z{t),

OP(z,t) 3 a hoOo° : .
= [ Eb(m, 1) + %(%2} P(z,t) (forwardin ), €))
OP(z,1) _|e noo° ,

ﬁ-w~§£—-—-— = [Ec-b* (CC,f.) -+ %W} P(m,t) (bﬂCkWﬂId m t} (4)

Thus a pair of equations (1) and (2) is mathematically equivalent to a pair of equations (3)
and (4). We get an osmotic velocity, u from the sum of eqs (3) and (4) as

_b=b. R 16P

YT TmPas ©)
The subtraction (4) from (3) gives a continuity equation and a current velocity, v as

opP d b+ b,

e 4 & = .

5 = Tt vy ©

The elimination of P{z,t) from (5} and (6) leads to an equation called the kinematical
equation,

ou  h v B

o T o e e . 7
Nl 2m dz? Oz (uv) 7
The dynamical condition is expressed through the “mean balanced acceleration”
DD, +D.D . Bo*uw 18, ., L Bu
thi) = = () = e e o S (07— u?) b e, (B

Here D{D,) is “mean forward(backward) time derivative”. The dynamical condition is
nothing but the classical Newton equation to this “mean balanced acceleration” a(xz(t), ¢},
ma(z, t) = — 4% from which we derive the “Newton—Nelson equation”,

vk O%u v A } du 19V

= T gy o U o U — —

0t 2m dx? A dz  m Jdz
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The kinematical condition (7) and the dynamical condition (9} form a set of simulta-
neous equations for two unknown functions u(z, t) and v{z, £}, or equivalently &(,t) and
b.(,%). Then we can determine the ensemble of sample paths or the distribution function
P(x,t) = |[¢(z,6)}*. Onc can easily show the equivalence between this approach and the
ordinary approach of the Schridinger equation.

2. Stochastic formulation for quantum system with channel coupling

Let us consider the 2-channel Schrédinger equations ({2, j‘} = {1,2}), for simplicity,

a ., . h: o2
et (2 f) = | - i i Ao
ih at%(m, £) ( S B2 + VM:L,??)) i, t)
+ Vi, thips{z, 1), Vig = V3. (10

Hereafter the dummy index does not imply taking a sum. Consider the corresponding
Fokker-Planck equations in the stochastic formulation. First we require a natural extension
of the distribution function to the present case, Pi{%,t) = |:{z,%)|* . The Schrodinger
equations (10) and their complex conjugates suggest the following equations for P;{z, ),

P (x,t a Booa?
___,_m(;t ) = I:“‘“é}"bi(mut) + Y W’(.L-_",j)(a:,t)} Fi(z,1)
(forward), (11)
C?P1 :c,t 8 ﬁ 82

(backward). (12)

P;(x,t) increases or decreases, due to the potential Vi, causing transitions between ¢ and
7, at the rate of the absolute value of

N
Wiy i = ~Wigng Py = 3 Tmu)g Vi ‘ (133

Although the sum of (11) and (12} leads to (5) with the index 1,

b,i - b”' . h 1 (9P,,

Hi =TT = omy P; O ()
their difference provides us with
8P1; 6 b'i -+ b*i
En = —B—IIE(WP{) - W li U = 5 (13)
Eliminating & {z, t) from {14} and (15), one derives the following kinematical equation
c’)u.- h 52'1),; 8 I 8
= ~ = (wivy) Weies)- (16)

Bt 2m; 0 O 2m; O

Here arises a natural question what are stechastic differential equations corresponding

to the Fokker—Planck equations. Apparently we need two random variables ;(£) (7 = 1, 2),
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which are assumed to be subject to the stochastic differential equations, similar to {1) and
@),

duy(t) = bi(z;(6), 1)dt + dw; (t) {(forward in time), (a7

da;(t) = by (z:{t), t)dt + dw.; (1) (backward in time), (18)
with the properties for duw; (¢}, (dw;(t)) = 0 and {duw; (t)dw; (t}) = L-6;;dt, and the same
properties for diw,; (¢). Furthermore, an additional mechanism is necessary to take account
of the guanztum jump between 1 and j represented by the terms involving Wiy For this
purpose we supplement (17) and (18) with & stochastic jumping process between @ and ;.

The rule is described by the following random jumping process (figure 1): At sach time

a dice is cast, independently of the stochastic equation (17) and (18), and each sample path
either keeps or changes its index at a certain rate. For forward time direction, we have the
rule in case of Wi, 5 > 0 (i # 7),

wilt) —r | {t + dt) with the probability of W, 5, (2:(t), t)dt,
e zi(t + df)  with the probability of 1~ Wy, (z: (£}, t)dt,

z;{t) —+  x;(t+dt) with the probability of 1, {19
and the rule in case of Wi,y <0

() z;(t + df)  with the probability of ~W,_, ;(z;{£), t)dt,
Ti\t) — zj(t + dt) with the probability of 1+ Wi, ., (z; (£}, 1)dt,

:(t) —  m(t + dt)  with the probability of 1. (20

Likewise, we have the rules for backward time direction.

Due to changes in the index for each sample path, there are several types of averages
which are distinguished from each other carefully. It is convenient to introduce notations
for conditional averages. The simple average {- - -} should be taken over both of dw, (5) and
dwa{s) (s < t). To represent a physical average of the i-state at £, we intreduce a notation
of

P oty = (Fa:(0)) = [ dz f(2) Pa(a, 1), @

where the average on the left-handed side mmplies a conditional average enly over sam-
ple paths, labeled by © at t. The notation {({f{x{£)))){z; (8} ulea(ey) OWNS its trivial in-
terpretations, {f{z{#))}. Furthermore, conditional averages with different times such as
{F (@) 12: e+ g, (13 can be introduced. Let us now evaluate the time derivative
of the physical average {(f{z(#)}}) 1., (yy. For forward time direction, using appropriate
conditional averages, we write down as

((f('z,(f + dt)})){fﬂi(i—}-dt)} "— ((f(f(t)»){nl(f)}
= ({f (=t + db)) — LN i i niz )
(@ + I i tbar) rfas )}
~{F@EN) (o, tratyynfus o (22)

The three terms in r.h.s. are manipulated according to (19} and (20). The final form is
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Wor> 0 - Wer > 1]
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(Xt }

{x 2 (t+dt})

Figure 1. Schematic illustration of the “dynamical” rule for stochastic jumping
process between two channels.

{f(=(t + dt)}) {z‘(t-}—dt)}""((f( (ED)) s 0}

_dtfd:sf ( bi(z, )

R 32 ,
+ - W{i—ﬁ)(maf)) FPi(z, t) + o{dt*). (23)

Im; Ox2

This gives us the correct time evolution of (11) and shows the equivalence between (11)
and {17} supplemented with the stochastic jumping process (19) and (20).
For the equivalence between the Nelson’s approach and the Schridinger approach, the
dynamical condition is desired to have the form of
B’Uz' . h 82'U.i (9'-!}1' 8u1- 1 81/%

nét_m%"éﬁwvz Gr "Bz m; Oz
Here we introduce a “guantum potential” V.. which is to include the effect of channel
coupling as well as the usual potential Vi;. The simplest way to achieve this equation is
to define the “mean balanced acceleration” a; through the “mean (forward and backward)
time derivative” as usual but for the stochastic process without any jumping process. Using
the “mean balanced acceleration” a;(x; (%), ¢) defined in this way, we define the “Newton”
equations,

(24)

3%
8:Lt
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from which we get (24).
The combination of the equations (16)+i(24) derives

a1l n1oy, 1/RN 18 1 (- i
SO St o S ey Py . S s /ARG 7 PN S IE (¢
dz !}m Pl Ot 3 (m) Wi 9z omy Vi 2I (=4, 0(26)

where the relation,

i 4 iy = e O @7
W i Ga
is used. If we shift the function 1] lo
; 'imi g
il ) = Plfw ) exp(= 2 [ nis)ds), 28)
choose the “quantum potential” as
5 T Vi
Vii = Vi + Rel’bi]ﬁ-g—‘bi? (29)
and use the relaticen (13)
2. iVingy
Wiiasy = ——Im L (30)

I} ;]2
we can reproduce the Schrodinger equations (10). By the use of the (27) and (28), the
relations,

bi(m, t) = %(Im + Re}%ln%(m,t) 31
holz,t) = %{Im - Re)—a% In oy (x,t) (32)
Pz, ) = [ps(a, 1)) (33)

are obtained,

3. Stochastic formulation for quantum system of optical potential

The Schrédinger equation with an imaginary part of potential, denoted by iUV (an absorptive
process corresponds to U < 0), is written down as

Ot B: a8 .
zhi%%lz<W£Ea§+va%HU@¢OwMj) (34)

The analogy between the channel coupling model and the present model becomes ap-
parent when we attempt to have the corresponding Fokker—Planck equation,
aP{z, 1) a o8t 2u
ettt = | ey e e e — 4 Pt} (forward in ¢ 35
at bz t 2m Jx? i h (z,8)  (forward in), (35)
OP(z,t) [ d noa%r U

Sl oy e~ S Payt) (backwardind). (3
ED P lﬁm():ﬁ h] {z,1) (backwardin®) (36)
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While the sum of (33) and (36) is given by (5), their difference leads to

oP a 2U
From {5) and (37}, follows the kinematical equation
du i GPu G 18

Equations (35) and (36) are compared with (11} and (12), then both are quite similar
to each other with the correspondence between 2U/F and —W(;_, 5. This is mote obvious
through the introduction of an “unphysical” sector. One may put inelastic effects in a
such way that the absorption(production) process is a transition from a “physical” sector
to an “unphysical” sector (vice versa). We consider the two random variables x, () and
z,{t) for “physical” and “unphysical” sectors, respectively. Introducing a notation of a
random variable z(¢) for both of z,(t) and x,(f), we require the same form of stochastic
differential equations for this = (¢} as (1} and (2) all the time. Bach sample path 1s described
by z(t} as a whole, but has to be classified into either 2,(#) or z,(t) at each £. We can
give “dynamical” rule for stochastic jumping processes between p and 4 as is illustrated in
figure 2. Then one can easily prove the equivalence between the Fokker-Planck equation
(35) and the stochastic differential equation (1) supplemented with the jumping rules.

As for the dynamical condition, we do not modify the original Nelson’s formulation
and have the “Newton-Nelson equation” in (9) in the present case. The combination of the
equations (38)+4(9) leads o

8 1o 1, h,18%
Talmy o T2l v a

1 L
- =(V i)} =0 (39)

where the relation (27) without index is used.

4, MNumerical analysis

First, we discuss one-dimensional system with a static square well optical potential,

¢ . inl x < 0),
Viz)=4{ Vo—illp inll 0<x<d), (40
0 Il (d < ).

We sel the solution of the Schrédinger equation

O B® & :

zh—gzi/‘;(:y, t) == [m%é;g + V{z)lx, 6) (41)
as

iz, t) = / A(k)fpf\-.(a:)e_i%tdk: (42)

-

: e 242 , -
with a coefficient function A(k) and B = 2L 'We take a Gaussian form with its center at

2 _ -
b= kg, A(E) = Ap (k) = Cexp {— (ko —k) } , with a normalization constant C'. We put

de?
" & hikgy2
o o= o = = { fikg
here o = % and Vg = 5Fp = (32)°.
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Figure 2. Schematic illustration of “dynamical” rule for stochastic jumping process
between physical and unphysical sector.
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Figure 3. The three typical sample paths in the optical potential case.

Pramana ~ J. Phys., Vol. 51, No. 5, November 1998
Special issue on ‘“‘Proceedings of the WEQT”



Tunneling time based on the quantum diffusion process

Figure 3 shows the three typical sample paths. There is a sample path x{t) which
changes its property from “physicai” to “unphysical” in the tunnel region. Figures 4 and
5 shows the parameter T[{% v.s. the average of passing time 1,. See the detaiis of this

path through

~ 0.8}

oy 1 i
S osl ¢ ;|
_“é 0.4 6 Vo /Ep=11 |
02} |, VolEy=10 .

G f L L "

0 0.5 | L5 2

d =17k Up /By

Figure 4. The mean value of 7, versus %% (thin potential cases).
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e (0] — % ..........................................................
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G . » o -
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Figure 5. The mean value of 1, versus %% (thick potential cases).
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Figure 6. The three typical sample paths with the the channel coupling.
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Figure 7. The mean values of 7 and r» versus EL-?_}- {thin potential cases).
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Figure 8. The mean values of m; and = versus %‘é (thick potential cases).

“backward time evolution method” in our previous work [2]. Generally, 7, decrease as the
—g% become larger.

Secondly, we discuss a one-dimensional systern with a static square well potential and
2-channel coupling, or the case of the Schrédinger equation for this problem written down

s

0 e afna{[ +V mﬁg_“gi., ik (43)

Real potentials V" and U have similar forms as (40} with heights of Vp and Uj.
Figure 6 shows some typical sample paths calculated by (17}, (19) and (20). There is a path
which changes its index [rom 1 to 2 in the passage through the tunneling region. 7; = 1,2
Figures 7 and § are the averages of the passing times over the sample paths which belong
to {=;(¢)} att — oo

5. Summary and comments

In this paper, we have analyzed the elfects of inelastic scattering on the tunneling time
theoretically, using generalized Nelson’s guantum mechanics. This generalization enables
us to describe quantum system with channel couplings and optical petential in a real time
stochastic approach, In this formalism, the space-time development of dynamical vari-
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able, e.g. coordinate of particle, is described by a definite path determined stochastically,
Each sample path has a definite form of trajectory in space-time diagram, while a physical
* quantity averaged over the ensemble of these sample paths recovers the effect of quantum
coherence. This is true even in the Young’s double slits interference experiment. Nelson’s
quantum mechanics gives each definite trajectory and the ensemble of it, but it does not
predict which path is selected when one wants to measure the position of a particle. In
this sense, this “real time stochastic process approach” seems to give us a new insight into
quantum mechanics beyond Copenhagen interpretation,

Recent experimental data of tunneling time using the neutron spin echo shift through
the magnetic films [4] seem to agree with the simulation based on our approach {5] and this
study will be reported in near future.

This work was supported by the Grant-in-Aid for Science Research, Ministry of Edu-
cation, Science and Culture, Japan (No. 08240232, and 04244105).
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