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Hindered decay of an unstable system:
A quantum Zeno effect
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Abstract. A direct test of the so-calied “quantum Zeno effect” is proposed for a truly decaying
system. It is suggested that the lifetime of an unstable atom can be extended by illuminating it with
an intense laser beam at the frequency of another of its transitions. The “Zeno™ time is also compared
to the lifetime.
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1. Imtroduction

The quanium Zeno effect is a straightforward consequence of a very general property of
the Schrédinger equation and of the measurement postulate (von Neumann’s projection
rule [1D: IF the state of a quantum system evalves under the action of its Hamiltonian, in a
small time &t its phase changes by O(dt), while the norm of its projection onto the initial
state changes by O(6t*). Therefore, by performing N measurements during a fixed time
interval T, the probability of observing the system in the initial state is given by N/N 2,
which becomes small as IV is increased: In the limit of very frequent measurements, the
state of the system does not change [2].

This effect (originaily proposed for unstable systems) has been experimentally observed
on an oscillating system [3,4]. Many physicists believed that the experiment was a clear
evidence in support of the Copenhagen interpretation - ven Neumann’s projection rule.
However, the subsequent lively discussion [5,6] clarified that the experimental data can
be explained without making use of projection operators: A purely dynamical analysis,
fully based on the Schrddinger equation, yields the very same results. The first (fo our
knowledge) who shed light on this important point was Peres [7], one decade before the
above-mentioned experiment.

In the present paper we wish to discuss the quantum Zeno effect (QZE), propose an
experimental test on a truly decaying system and finally investigate the time scales involved.
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2. Short-time behaviour and quantum Zeno effect

Let us outline the main differences between the “classical™ and the quanium mechanical
evolution laws. In classical physics one heuristically assumes that the decay probability
per unit time is a constant T (the inverse of the “lifetime” 7g), that is characteristic of the
system investigated and does not depend on other quantities, such as the total number N of
unstable systems, their past history and the environment surrounding them. Let the (very
large) number of systems at time ¢ be N (£}; the number of systems that will decay in the
time interval df is

—dN = NTdt = Ndt/rg, {n
which yields

N(t) = Nge ™t/ @
where Ny = N(0). The “survival” or “nondecay probability” reads

NG
2 -

Pa(t) = e el —tfrg 4, 3
where the expansion holds at short (# < ) times. The above derivation is usually found in
elementary physics textbooks. However, the assumptions underpinning it are delicate, for
they reflect the basic features of a Markoffian process, in which memory and/or collective
effects are absent.

What about quantum mechanics? Let |a) be the wave function of & given quantum sys-
tem at time ¢ = 0. The evolution is governed by the unitary operator U (t) = exp{—iHt/h),
where H is the Hamiltonian. The seminal work by Gamow [8] on the exponential decay
law, as well as its derivation by Weisskopf and Wigner [9] arc based on the assumption that
a pole near the real axis of the complex energy plane dominates the temporal evolution of
the quantum system. This assumption leads to a spectrum of the Breit-Wigner type [10]
and to the Fermi Golden Rule [11], which yields the following expression for the lifetime

5t = 2 (B e Hla)P, | @
where |a’) is the final state, I, the energy of the initial (as well as the final) state and p{E,)
the density of states at the energy of the initial state. {We are neglecting, for simplicity,
other quantum numbers yielding additional degeneracies.)

However, it was soon understood that a purely exponential decay taw can neither be
expected for very short [12] nor for very long {13] times. It became clear that the domain
of validity of the exponential law is limited: the long-time power tails and the short-time
quadratic behaviour are unavoidabie conseguences of the Paley-Wiener theorem [14] oa
Fourier transforms and of very general mathematical properties of the Schridinger equa-
tion, respectively, The temporal behaviour of quantum mechanical systems is reviewed in
[15].

Let us show how the short time behaviour entails the QZE. Define the survival or non-
decay probability at time ¢ as the square modulus of the survivat amplitude

P(t) = [{aje ¥/ a)}?. (5)
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By assuming that |a) is normalizable and befongs to the domain of definition of H (so that
all moments of H in the state |a) are [inite) one gets the short-time expansion

P{#) = 1-3/m) + - (€)
w5t = AHME = (3/h) (ol H2a) — (| H|a)®) ', (7)

which is quadratic in t and therefore yields a vanishing decay rate for £ — 0. {Itis assumed
that AH is nonvanishing, or, in other words, that |a) is not an eigenstate of H. Otherwise
one simply gets P{t) = 1.} The short-time quadratic hehaviour is in manifest contudu,llon
with the exponential law (3), that predicis an iaitial nonvanishing decay rate TE . We shali
refer to the quantity Tz as to the “Zeno time,” for reasons that will soon become apparent.

The guantum mechanical vanishing decay rate at short times can be exploited in order to
slow down the decay process. Suppose we perform N measurements at equal time intervals
7 = T/N, in order to ascertain whether the system is still in its initial state. After each
measurement, the system is “projected” on to the quantum mechanical state representing
the result of the measurement and the evolution starts anew with a vanishing decay rate,
according to (6). The probability of observing the initial state at the final time 7" = NT,
after having performed the above-mentioned N measurements, reads

2 N
PO = [P = (PO = (1~ (5) ®)
T N
Nlume =TV N2 p(T) = 1. ©)

Notice that T is finite, in the above. The conclusion {9) was named “quantum Zeno para-
dox” by Misra and Sudarshan [2]. Zeno was the Eleatic philosopher famous for his para-
doxical arguments against the philosophical notion of “becoming:” His speed arrows would
never reach their target, if closely looked at. It is remarkable that von Neumann had reatized
already in 1932 {ref. [1}p. 195 {p. 366, English translation]), that a quantum mechanical
state can be “steered” into other states by a series of measurements in rapid succession, so
that, if the final state coinrcides with the initial one, the evolution of a quantum system can
be halted (or at least dramaticaily slowed down).

There are several reasons why (9) is to be regarded as a paradoxical result. First ol all,
the N — oo limit is practically unattainable, in a real experiment. More important, such a
limit is unphysical, for it is in contradiction with Heisenberg's uncertainty principle [16].

3. Hindered decay

The original ideas on the QZE involved truly unstable systems [2], rather than sysiems
undergoing oscillations of some sort [3,4]. More to this, one should prevent repopulation
offects that affect the experiments performed on oscillating systems [17]. Tt is therefore
interesting to study the propexties of an atomic system that is initially prepared in an excited
state and undergoes a “measurement” of some sorL.

Let us be more specific, and consider the following situation {18]: Prepare a 3-fevel
atom in the excited level #2. The atom, if left undisturbed, would naturally decay to its
ground state (assumed to be level #1) according to an {approximately) exponential Taw.
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Suppose now that you shine on the atom a very intense laser beam whose frequency is
approximately equal to Bz ~ . The atom, being continuously “monitored” by the laser
beam, undergoes a sort of “continuous observation,” in the following sense: If the electron
makes a transition’ from level #2 to fevel #1, it is rapidly “snatched” away to level #3, so
that any evidence that level #3 is populated would mean that level #2 has decayed. Level
#2 is therefore continuously “observed” and we intuitively expect its decay to be hindered.
[Notice that, in principle, it is nor necessary that an experimenier abserves the atom in
level #3 {e.g. by detecting a photon spontaneously emitted by level #3): For all practical
and computational purposes, it is enough to apply von Neumann's projection rules.] It is
interesting to notice that Peres arrived at a similar conclusion, by writing [71: “If the decay
products are quickly removed by some external mechanism, [the survival amplitude] will
remain constant.”

A detailed calculation, following the above idea, has been presented in rel. [18] Here,
we shall enly sketch the main conclusions. Consider the Hamiltonian (F=1

3
H =3 B+ wwalas
i=1 k

+5 al (1132 + S48 + He., (10)
k

where |7} {§ = 1,2,3) is the atomic state, the first term the free Hamiltonjan of the 3-
level atom, the second term the free Hamiltonian of the EM field and the thiv@ term the
interaction Hamiltonian describing, in the rotating wave approximation, the 1 + 2 and
I & 3 transitions. The c-numbers ¢y, By, ave the matrix elements for the atomic transitions.

We prepare our systemn in the initial state |¥o) = |2) ® {05, No) (atom in level #2, no
photons of energy wy = By — E; and No(3> 1) photons of energy (g = Fs — E5) and
solve the time-dependent Schrédinger equation {99, /9t = HW,. In the continuum limit,
the survival amplitude can be expressed as an inverse Laplace transform

1 éRing g5t
<\I’Ul“IIt>B = %/ﬁ_vm mdﬂ (11)
_ . 2 s+iE
Qe = [ dmpEeE) (12

where B* = Ng|®g|*, p(EB) is the density of states at energy F and @{E) are the scaled
malrix elements of the 1 ¢+ 2 transition. The evolution is dominated by the poles of the
integrand, namely the zeroes of the equation s + @(s) = 0. In turn, Q(s) depends an the
poles of its integrand in the complex E-plane.

Let us first consider the case B = ( {no “measurement” ficld is applied). The denomi-
nator in (12) has one zero E = is, yiclding

(0| T) ppy o e T1/AHAEN (13
88 =P [a582, o = omp(Bootm, (14)

where Eq is the energy of the iitial state Tq. This is nothing but the Fermi Golden Rule
[11]. Consider now the case B 3 0. The denominatorin (12) has two zeroes B = =5 418,
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yielding

(Wg|T}pro = e("Y'/ﬂ'!"'iAE')tj (15)
. E
P/dBQ(E)ﬁ,
o = w [p(Bo + B)|o(Eo + B + p(Fa — B)lw(Es — B)] .
(16)

AE

H

The presence of the B-field {(which is associated with the 1 < 3 transition) modifies the
lifetime of level #2 ! In particular,

T 2p{Eo) |10 (Fo) [
v plB+ B)lp(Eo + B)P + plEs — Bllp(Eo — B}

A quantitative estimate of the above ratio requires evaluation of the matrix elements ¢ and
the phase space factor p. However, it is natural to expect that " & v, as B becomes large:
The decay is “hindered” by the presence of the B-field.

This proposal is a direct test of QZE on a truly decaying system and prevents repopu-
lation effects of the type described in [17]. It s interesting to note that we are increasing
the lifetime of an excited atom without exploiting the short-time nonexponential behaviour
discussed in § 2. By contrast, our atom simply settles into a slower exponential: It is just
the change in the lifetime that displays the new features of the evelution. This temporal
evolution is “dominated” by the presence of the EM ("B”) field [19,18].

{17)

4. Time scales

The lifetime g and the Zeno time 77 depend en the structure of the Hamiltonian, and their
comparison can be a difficult task. For example, severai authors discussed the possibility
that the proton decay has never been cbserved because the Zeno time 7, "t might be longer
than the lifetime of the Universe [20]. Note also that the Weisskopf—Wigner method does
not provide any estimate for the validity of the approximations leading to the exponential
law. It is therefore interesting to understand if and when the vanishing derivative at short
times (6) may lead to observable consequences {21,7].

Suppose that the Hamiltenian can be written as
H = Hy + H', (18)

where Hg and H' are the free and interaction Hamiltonians, respectively. Let {|z)} be a
complete orthonormal set made up of the eigenvectors of Hy

Holr) = Erjr} . (19

Let us make the “vsual” assumption that the initial state ja) be one of the |r)s. (This
hypothesis can be dispensed with and, anyway, does not imply any lack of generality. Tt is
worth noting that such an assumption is valid in the cases [3,4], [6] and [18].) The Golden
Rule (4) becomes

_ 2m .
75t = Tp(B e H 0)
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due to the orthogonality of |a") and |a). Moreover,

(ajHia) = E, + hq, (hy = {a|H'|a)} 21
{a|F?|a) = E? + 2E,hy + 12, (h% = (alH a)) (22)
so that the Zeno time, defined in eq. (7), reads
T, = (AHY B = (R = h2) W = (AEY /R, (23)
Assume aiso that
{rlH'lr) =0. (24)

Note that this condition enables us to solve the Lippmann—Schwinger equation and corre-
sponds to mass renermalization in field theory. Ynder this assumption, hy = 0 and, after a
short manipulation, upon insertion of a complete set of states, one gets

7 = [ dB o 1A o), (25)

where the density of states inciudes afl avaijlable states at energy 52, and the matrix element
is assumed independent of other quantum numbers. We see that the Zeno time invoives
an off-shell contribution. By contrast, the lifetime (20) involves only on-shell states, at the
same energy as the initial state. In conclusion,

o _ [ dBy p(E)|{r]H o)
% = 2ah (B i) P

1
’I‘g.

= = (26)

o
B
The quantities 7y and &g depend on the modet investigated and on the very structure of the
interaction Hamiltoniar. Note that the integrand in (26) gets its most important contribution
from the region E, ~ E; and it is reasonable to assume that it {quickly) vanishes as &,
moves away from E,. In effect, it “measures the ability of the [interaction] Hamiltonian
to move the system away from its initial state” [21]. We might interpret 7p as the time
spent by the system to “explore” other states besides the final state |a’); £ is an estimate
of the energy involved in such a process, according to Heisenberg's uncertainty relation. It
is interesting that the Zeno time can be viewed as a geometric mean 'I"% = TETy. There is
hopefully mere to come.
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