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Abstract. All the possible schemes of neulrino mixing with four massive peutrinos inspired by
the existing experimental indications in favour of nentrino mixing are considered. 1t is shown that
the scheme with a negtrine mass hierarchy is not compatible with the experimental results, likewise
all other schemes with the masses of three neutrinos close together and the fourth mass separated by
a gap needed (o incorporate the LSND neutrine oscillations. Only (w0 schemes with two pairs of
neutrinos with close masses separated by this gap of the order of 1eV are in agreement with the
results of all experiments. We carefully examine the arguments leading to this conclusien and also
discuss experimental consequences of the two favoured newirino schemes.
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1. Indications in favour of neuirino oscillations

1.1 Notation

Neutrino masses and neutrino mixing are natural phenomena in gauge theories extending
the standard model {see, for example, ref. [1]). However, for the time being 1NASSES and
mixing angles canpot be predicted on theoretical grounds and they are the central subject
of the experimental activity in the field of neutrino physics.

In the general discussion, wo ASSumMe that there are n neutrino fields with definite
flavours and that neutrino mixing is described by a n > n unitary mixing matrix U such
that

"
I)(YL:ZUO;’,‘LSL (a:e,;a,ﬂ',sl,...,sn_g). (1)
=L
Note that the neutrino fields .. other than the three active neutrino flavour felds e, Yuis
v,;, st be sterile to comply with the result of the LEP measurement of the number of
neutrino flavours. The fietds v (j=1,...,m)are the left-handed components of neutrino
fields with definite maass . We assume the ordering i Ly <o Sy for the neutring

masses. In eq. (1) and in the following discussion of neutrino oscillations it does not
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matter if the neutrinos are of Dirac or Majorana type. One should only keep in mind that
different types cannot mix.

The most striking feature of neutrino masses and mixing is the quantum-mechanical
effect of neurring oscillations [2]. The probability of the transition Yo = g 18 given by

_ An‘% L) -

N
Ry .
P”u —tug T 2 UU..’ U(_\:_f C-Xp - (2',)
=

where Amjg1 = ;'r.r.j2 - m%, L is the distance between sowrce and detector and p is the
neutrino momentum. Equation (2) is valid for p? 2wl (=1, ! Evidently, from
nenfrino oscillation experiments only differences of Squares of neutrino masses can be
determined. The probability for 7, — ¥g transitions is obtained from eq. (2) by the

substitution I/ - £+,

L2 Indications in Javour of neutrino masses and mixing

At present, indications that Beutrinos are massive and mixed have been found in solar

neutrino experiments ([4-71 and [8.9]), in atmospheric neyiring experiments {[10-12]

and [13,9)) and in the LSND experiment [14]}. From the analyses of the data of these

experiments in terms of neutrine oscilfations it follows that there are three different scales

of neutrino mass-squared differences:

e Solar neutrino deficit: Interpreted as effect of neutrino oscillations the relevant valie of
the mass-squared difference is determined as

Ani, ~1077 eV (MSW) o A, o 107106V (e osc.} (15,16].  (3)

The two possibilities for Am? correspond, respectively, to the MSW {171 and to the
vacuum oscillation solutions of the solar neutrino problem.
o Atmospheric neutrino anomaly: Interpreted as effect of neutrino oscillations, the zenith

angle dependence of the atmospheric neutring anomaly [10,13,9] gives
Aml o~ 5 % 1077 ey? [1g]. (4)

atm

e LSND experiment: The evidence for Yy — U, oscillations in thig experiment leads ta
Am“%BL ~1ev? (14] 7 (3)

where Amgy, is the neutrino mass-squared difference relevant for short-baseline (SBL)
experiments.

Thus, at least four light neutrinos with definite masses must exist in nature in order to
accommeodate the results of gll nenirino oscillation experiments. Denoting by &m? 2 generic
neutrino mass-squared difference we can summarize the discussion in the following way:

< 3 different scales of 6m* = 4 neutrigos {or more)

Therefore there exists at least one non-interacting sterile neutrino T19-257.

"There are additional conditigng depending on the neuwtring production and defection processeg
which must hold for the validity of eq. (2). See, e.g., ref. [3] and telerences therein,
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However, we must also take into account the fact that in several short-baseline experi-
megts neutrino oscillations were ot observed. The results of these experiments allow to
exclude large regions in the space of the neutrino oscillation parameiers. This will be
done in the next section.

The plan of this report is as follows. In § 2 we extenstvely discuss SBL neutrine oscilla-
fions for an arbitrary number of neatrinos. In § 3 we argue thai a 4-neutrino mass hierarchy
is disfavoured by the experimental data. Thereby, solar and atmospheric neutrino flux
data play a crucial role. In §4 we introduce the two 4-neutrino mass and mixing schemes
favoured by all neutrino oscillation experiments. We discuss possibilities to check these
schemes in long-baseline (LBL) nentrino oscillation experiments in §5. Our conclusions
are presented in §0.

7. SBL experiments

2.1 The oscillation phase

As a guideline, SBL neutrino oscillation experiments are sensilive to mass-squared diffe-
rences &mit > 0.1eV4 A generic oscillation phase is given by

sm*L bm® p UL
— 2 ~2.53 L) =] 6)
2p . (mﬂ) (lMeV) (1 m> )

Distinguishing reactor and accelerator experiments and assuming that experiments are
roughly sepsitive to phases (6) around 0.1 or larger we get the following conditions from
fm? > 0.1eV™

e Reactors: p ~ 1 MeV and therefore Lz 10 m.
o Accelerators: Lz 107 m x (p/1GeV).

2.2 Basic asswmption and formalism

We wilt make the following basic assumption in the further discussion in this report:
& A single Sm* is relevant in SBL neutrino experiments.

In accordance with eq. (3} we denote this &m® by Anrdg .

As a consequence of this assumption the neutrine mass specirm consists of two
groups of close masses, separated by a mass difference in the eV range. Denoting the
aentrinos of the two groups by i, ..., ¥r and vy, o0 Voo respectively, the mass spectim
looks like

mlL S me <& i < < me {(7)
such that

Am%j < AméBL for 1< j<k<r and rt 1 <j<k=n,

‘ Amfj o Aty for LS ST and r+l1<k<sn | (8)

for the purpose of the $BI, formalism. In eq. (8) we have used the notation Amij =

Pramana — J. Phys., Yol. 51, Nos 1 & 2, July/August 1998
Special issue on «Pproceedings of the WHEPP-5” 53



S M Bilenky, C Giungi and W Grimug

mg — m?. Equation (2) together with eq. (8) gives the SBL teansition probabifity

el
: . i Ami, I\ & )
sB # : S *
P iﬁﬁﬂ = IZ Uy, + GXP(‘!ﬁL Z Uyl (9)
J=1 j=r+1
For the probability of (he ransition py, — Vg (v # ) we obtain from eq. (9}
. 1 Aml, L
SBL SBL

PJ'(/“—%},@ = EAG;’G (1 — CODs§ M—Zj—“) (1 O)

where the oscillation amplitude Ang s given by
2 2
Aup =4 Z U U;j =4 Z U, U(:j (1 1)
Jj2r+l jsr

The second equality sign in this equation follows from the unitarity of 1/, Furthermore,
the oscillation amplitude A;s Tulfills the condition Asg = Ago < 1. The secand part of
this equation is consequence of the Cauchy-Schwarz ineguality and the unitarity of the
mixing matrix. The survival probability of 1, is calculated ag

P(SHL) :IMZPU‘JJ:'{NEB Ikcosélzgﬂf_[‘_ {12)
Vg —try = a g 7 P ager 2p 4

with the survivial amplitude

Bua :4( > rUajfz) (1 -y fUafr2):4(ZfUajr2) (1 »Zwa,-ﬁ).

j2rtd FETE i<r J<r
(13)
Conservation of probability gives the Important relation
ch;a :ZACE;ﬁ <L (14)

e

The expressions (10} and (12) describe the transitions between all possible neutring
states, whether active or sterile. Let us stress that with the basic assumption in the
begirning of this subsection the oscillations in all chanpels are characterized by the same
oscillation length /., =dmp/ AmgsL. Furthermore, the substitution {7 — " in the ampli-
tudes (11) and {13) does not change them ang therefore it enspes from the basic SBL.
assumption that the probabilities (10) and (12) hold for antineutrinos as well and hence
there is no CP violation in SBL neutrino oscitlations,

The oscillation probabilities (10} and (12) fook like 2-flavour probabilities. Detining
sin” 24,4 = A sin® 20, = aier 2l 5in? 20, = Bz for a # 3, the resemblance is even
more striking. It means that the basic SBI., assumption aflows to use the 2-flavour osciitation
formulas in SBL experiments. However, genuaine 2-flavour Vo #= L5 neutrino oscillations.
are characterized by a single mixing angle given by Oup =B, = #3.
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2.3 Disappearance experiments

For the two flavours « = ¢ and p resuits of disappearence experiments are available. We
will use the 90% exclusion plots of the Bugey reactor experiment [26] for &, — o,
disappearance and the 90% exclusion plots of the CDHS [27] and CCFR [28] accelerator
experiments for v, — 1, disappearance. Since no neutrino disappearance has been seen
there are upper bounds Bg;a on the disappearance amplitudes for o = e, pi. These experi-
mental bounds are functions of Amgy, . It follows that

,

Bow=dc{l —c) SBL, with co= Y |Uyl (15)
j=1

J=

and therefore [20]

ca<al or ¢zl with o= : (1 /1 - Bg;a_). (16)
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Figure 1. The bounds a? (o = ¢, p1).
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Figure 2. The allowed regions in the C, — C, plane.

Equation (16} shows that a2 < 1/2. In figure 1 the bounds a° and ag are plotted as func-
tions of Amig; in the wide range

107 < Amggy < 10%eV2. (17)

In this range af is small (o) $4 % 107%) and o, S 107 for Amgy; 20.5 eV2 This means
that in the ¢.~c,, unit square for every Amgy we can distinguish four allowed regions

according to ¢, < czg or ¢, =1 — ag (see figure 2).

=} =) S ,
2.4 The v, — v, transition in SBL experiments

Considering the amplitude A, with the help of the Cauchy-Schwarz inequality we
obtain from eq. (11)

Aue € 4minlcee,, (1 —c.)(1— )k {18}
Therefore, we immediately see that

Ay < 4a%a® in regions I and IIL {19)

e

In figure 3 the result of the LSND experiment [14] for the amplitude A is shown with
90% CL. boundaries {shaded areas). All other experiments measuring this amplitude have
obtained upper bounds [30-33]. In addition, the upper bound Bg;e on the #, — ¥, survivial
amplitude of Bugey [26] is indicated by the solid line in figure 3 since the unitarity
relation (14) gives A, < Bg;e. Finally, the curve passing through the circles represents
the bound (19). Inspecting figure 3 we come to the following conciusion:

¢ Regions I and III are not compatible with the positive result of LSND
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Figure 3. Upper bounds on 4. The curve passing through the circles represents the
bound [19]. The shaded areas show the result of the TLSND experiment.

indicating ¥, — 7, oscillations and the negative results of all other SBL
experiments.

Farthermore, it can be read off from figure 3 that
0.27eV? S Andy $2.26V7 (20)

is the favoured range for the SBL mass-squared difference. In this range aﬂ <0.3 holds.
Let us further mention that for » = 1 region ITT is already ruled out by the unitarity of the
mixing matrix. The same is valid for r =n — 1 and region L. ‘

3. The 4-neutrino mass hierarchy is disfavoured

In the case of a neulrino mass hierarchy, m < m < my < my, the mass-squared
differences Am?, and Am?, are relevant for the suppression of the fjux of solar neusrinos
and for the atmospheric neutrino anomaly, respectively. This case corresponds to n =4
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and r = 3 (see the formalism in subsection 2.2) with ¢, = Z}: | |UW-J2. ‘We only have to
consider regions II and TV.

We will now take into account information from the solar neutrino anomaly assuming
that it is solved by neutrino oscillations. From the fact that the 4th column vector in [/
pertaining 1o my is not affected by solar nentrino oscillations we obtain a lower bound on
the average survival probability of solar neutrinos given by (see refs [34, 20])

P2, 2 Ul | (21)

In region IV we have ¢, < a¥ or [Ul* > 1 — a° and therefore P2, 20.92 holds for all

solar neutrine energies. Such a large lower bound 1s not compatible with the solar neutrino
data and we conciude:

¢ For a 4-neutrino mass hierarchy region IV is not compatible with the solar
neutrino data.

Let us mention that inequality (21} is not completely exact. In the solar neutrino problem
the matter background is important and it enters the total Hamiltonian for neutrino
propagation. Nevertheless, to very good accuracy the largest eigenvalue of the Hamiftonian
is given by Fy ~ m] /2p with eigenvector v, ~ (Uys) and corrections to this are of order
ace/ Am%m ~ 1073 where qo = ZﬁGpNep, N, denotes the electron number density in
the sun and in the solar core ace~ 1077 eV2 Furthermore, the evolution of w4 In solar
matter is adiabatic to an even better accuracy. Thus eq. {21) is accurate for our purpose.

It remains to discuss region II. To this end we consider the atmospheric neutrino
anomaly which is expressed through the deviation of the double ratio

e (Ju’/e)datn _ ;:‘iy + ;*1]3;‘1}"1”#

B {,LL/E) MC l/ ——-vf +1 P;:{rl:u

(22)

from 1. Ineq. (22) (4i/e)yyc = r is the ratio of muon and electron events without neutrino
oscillations. It is obtained by a Monte Carlo calculation which gives r = 1.57 for sub-
GeV events. For atmosphetic neutrinos matter effects are non-negligible. Analogously to
eq. (21) we have the lower bound

Py 2 Ul (23)
Let us assume for the moment that P27 — P;‘“iw This is the case if CP is conserved or

if the oscillating parts in the plobqbzht;es occurring in eq. (23) drop out because of
averaging processes involving neutrino energy and distance between source and detector.
Then it is easily shown by eqs (22) and (23) that [21]

R> P > (i —c,) (24)

vy, 2

for all energy ranges and zenith angle bins, In this case in region I we obtain

2
R>=>(l- ”.u . (25}
The assumptlon P = P;“E,u is not Fully satigfactory because it is not clear if or how

well it is fulfilled. Let us therefore dispense with it now. The evolution of oscillation
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probabilities with a matler background has the general form [34, 20}
Py (1, %0) = U (00) Byl (x| : (26)

where B is a unitary matrix and U(x) diagonalizes the Hamiltonian for neutrine propagation
in matter at the location x. Note that eq. (26) is the generatization of eq. (2) referring to
vacuum oscillations where B has only diagonal elements giverj by exp(—iﬂun}i {x;—x0)/2p)
and U{xg)=U{x,)=U. Because Ay 2 ace, Ay, Mg, the matrix B decomposes
approximately into a 3 x 3 and a 1 % 1 block and therefore (see the discussion after
eq. 219
2 2
¥ g2 ey 2
Py (x,0) = 3 WU Bl vo)e ™+ Wl |Uaal™- (27)

s
This consideration leads to

(l _"C.‘-i)z_e_prl(l ‘Ce)(j _C,u) > (1 —Cﬂ)z
T2 (1 —e) Hrlec,H(L—e (1)) T ETG

(28)

Fore, > 1— ag, the central expression of eq. (28) has the minimum with respect to ¢, at

c. = 1. This explains the second part of the inequality. Bquation (28) represents a general
bound valid for ail energy ranges and zenith angles, whether assumption P';}‘E‘E% :P":,:j“_w,

is fuifilled or not. Its right-hand side is a decreasing function in ¢,, and therefore in region
11 we arrive at

R>(]~mrsﬂi2 "
R 29)

Let us take advantage of the cos{ = —0.8 bin (¢ is the zenith angle} of the sub-GeV
super-Kamiokande events where R <0.48 (90% CL) [35]. Here R is particularly small. In
figure 4 the horizontal lines indicate R with its 90% CL interval taken from ref. [35}, the
dashed line represents the bound (25) and the solid line the general bound (29). Taking
into account that the SBL experiments and, in particular, LSND restrict Amiy, to the
range (20) (AméBLE;O.Z'! eV2) we see that the bound (25) rules out region 1L However,
the general bound (29) it is not tight enough around Amgy ~ 0.3 eV? to fully exclude
region [T with a neutrino mass hierarchy because a® gets too large there.

There is a possiblity to improve the bound around 0.3 eV? in the following way. For a
mass hierarchy we have A= 4{1— ¢, )(1— ¢y} orcy=1— Ao /(1 o) <1 ARR [da,
where A7 is the minimum measured by LSND, Thus we get

A
sz Wlth fi',_r‘imll'l ai—“ 4(12 . (30)

The dash-dotted curve in figure 4 which branches off frem the solid curve corresponds to
the part of the lower bound (30) originating from A:,‘f‘é‘ Therefore, comparing the lower
hounds on R obtained by using 90% CL data, namely the solid and the dash-dotted lines,
with the uppermost horizental tine which corresponds to the 90% CL experimental upper
bound on R we see that only a tiny allowed triangle is left in figare 4. Thus we arTive at
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Figure 4. Lower bounds on R. See egs. (25), (29) and (30).

the conclusion:

{ With a 4-neutrino mass hierarchy region Il is strongly disfavoured by the
atmospheric neutrino data and the results of all SBL neutrino oscillation
experiments.

Let us summarize our findings for a 4-neutrino mass hierarchy:

® Region I: Excluded by the unitarity of U/.

@ Region II: Strengly disfavoured by atmospheric neutrino data.
e Region IlI: Ruled out by LSND.

@ Region IV: Ruled out by solar neutrino data.

It is easy to show that with the arguments presented here all neutrino mass schemes
where three masses are clustered and the fourth one is separated by the ‘LSNTY’ gap are
distavoured by the present data {21.22)].

4. The favoured non-hierarchial 4-nentrino mass spectra

Now we are left with only two possible neutrino mass spectra in which the four neutrino
masses appear in two pairs separated by ~1eV:

atm solar solar atm
e o e e, e
(A) my <y mz <y and (B) gy < my & g < g (31)
LSND L3ND
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We have to check that these mass spectra are compatible with the results of all neutrine
oscillation experiments.

Tn schemes A and B the quantities ¢, (15) are defined with r = 2. Clearly, regions 1 and
Ml (see figure 2) are ruled out by LSND (see subsection 2.4). Let us first consider
scheme A. For the survival probability of sofar v,’s have [34,20]

P = Wl + (1= e PR, (32)

=12

where P,(ji),, is the v, survival probability tnvoiving ¥, ¥4 only. e, = 1 — al, it follows

from eq. (32) that the survival probability Pf?ﬁve of solar i7,’s practically does not depend
on the neutripo enetgy and Pf;:’___‘vf >0.5. This is disfavoured by the solar nentrino data
[36]. Consequently, regions I and I are ruled out by the solar neutrino data. This
argument does not apply to region IV and one can easily convince oneself that alse the
atmospheric neutrino anomaly is compatible with this region. Furthermore, looking at
eq. (18) we see that this upper bound on A, is linear in the small quantity al in region
IV, Since a® 25 x 1077 for all values of Am?y, . in the case of scheme A the bound (18)
is compatible with the result of the T.SND experiment. For scheme B the analogous

arguments lead to region IL Therefore we come to the conclusion that [21, 22]

. 0 0
Scheme A: ¢, =4, and ¢, 21 —a,

Scheme B: c. = 1— ag and ¢, < a?i. (33)
Schemes A and B have differeni conseguences for the measurement of the neulrino mass
fhrough the investigation of the end-point part of the 3y B-spectrum. From eq. (33) it
foltows that in the case of scheme A the neutrino mass that enters in the nsual expression
for the 8 spectrum of 3 decay is approximately equal to the ‘LSND mass’, ie.,
m,,(?'H)ﬁ my. If scheme B 15 realized in nature and my, my are Very small, the mass
measured in *H experiments is at least two orders of magnitude smailer than my [21, 22].

5. Checks of the favoured neutrine schemes in LBL experiments

LBL neutrino oscillation experiments are sensitive to the so-called ‘atmospheric Em?
range’ of 1072-1073 V2 For reactor experiments with p~1 MeV this amounis to L ~ 1
km [37,38] whereas in accelerator experiments with p ~ 1--10 GeV the length of the
baseline is of order L ~ 1000km [39-41] (see eq. (0)). Let us consider scheme A for
definiteness. Then in vacuum the probabilities of v, —+ Vg transitions in LBL experiments

are given by

2
(34

. * _ A
PUBLAY _ o U 4 U U':\gexp(—i m3, ) +

Yt al 2 P

z Usi Uy,
o

"This formula has been obtained from eq. (2) taking into account the fact that in LBL

experiments Ami, L/2p < 1 and dropping the terms propottional to the cosines of
phases much larger than 27 (Amzj L/2p3 2w far k = 3,4 and j == 1,2). Such terms do

not contribute to the oscillation probabilities averaged over the nettrino energy spectrum.
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To obtain limits on the LBL osciliation probability (34) from the results of the SBI.
oscillation experiments, we employ the Cauchy-Schwarz mequality on the term with the
summation over £ = 1,2 and use Ca (15) with r = 2 to find the inequalities

(1)< PIA yng (2 < plBLp) (35)

] = T ) ()
Ve —+ Ve Ly — Moy

and confining ourselves to scheme A

LBLA) 1 ’
P((_} E,] = Colly +2£Au;ﬂ ((l. 7é ﬁ) (36)
Hm.‘i- J;-’
Both equations also hold for antireutrinos. Considering reactor experiments and taking
into account eq. (33) we obtain the bound

11— P,(,[EI,,) < ag(2 — ag) (37)

whick holds for both schemes. Inserting the numerical values of the function a’ (see figure
1} it turns out that the upper bound (37) is below the sensitivity of the CHOOZ experiment
in the preferred range (20) of Amp: . For the accelerator experiments matter effects have
to be taken into account. We have shown {23(} that the matter-corrected version of eq. (36)

leads to stringent bounds on {z_/#H v, and Ve — v, LBL transition probabilities of the
order of 1072 to 10™" depending on the value of Angy and on the energy of the neutring
beam (for a study of LBL CP violation in schemes A and B see ref. {247,

6. Conclusions

In this report we have discussed the possibie form of the neutrino mass specirum that can
be inferred from the results of all neutrino oscillation experiments, including the solar and
atmospheric neutrino experiments. The crucial input are the three indications in favour of
neutrino oscillations given by the solar neatrino data, the atmospheric neutrino anomaly
and the result of the LSND experiment. These indications, which all pertain to different
scales of neutrino mass-squared differences, require that apart from the three well-known
neutrino flavours at least one additional sterile neutrino (without couplings to the W and Z
bosons) must exist., In our investigation we have assumed that there is oae sterile neutrino
and that the 4-neutrino mixing matrix (1) is unitary. We have considered all possible
schemes with four massive neutrinos which provide three scales of &m?. We have argued
that a neutrino mass hierarchy is not compatible with the above-menticned indications in
favour of neutrino osciflations together with the negative results of all other SBL neutrino
oscillation experiments other than LSND. The same holds for all mass spectra with three
squares of neutrine masses clustered together, such that the gap berween the cluster and the
remaining mass-squared determines Amg, relevant in SBL experiments.

Thus only two possible spectra of neutrino masses, denoted by A and B (see eq. (31,
with two pairs of close masses separated by a mass difference of the order of 1eV are
compatible with the results of all neutrino oscillation experiments. The positive result
of the LSND experiment confines the SBL mass-squared difference to the intervai
0.27eV? S Amby £2.2eV? (see figure 3). I, of the two neutrino schemes defined by
eqs (31) and (33), scheme A is realized in nature, the neutrino mass that is measured mn -
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3H A-decay experiments coincides with the ‘LSND mass’. If the massive neutrinos are
Majorana particles, in the case of scheme A, the experiments on the search for (88)q,
decay have good chances (o obtain a positive result. Furthermore, schemes A and B have
severe consequences for long-baseline neutrino oscillations: the v, survivial probability
is close to one and the Lr;‘r,,w» (1;3 and V_ﬁ i (JT) transitions are strongly constrained.
Finally, we can ask ourselves what happens if not all experimental input data leading to
schemes A and B are confirmed in future experiments. Among the many questions in this
context, the two most burning ones concern LSND and the zenith angle variation in the
atmospheric neutrino flux. Clearly, if LSND is not confirmed, three neutrinos are
sufficient. If one nevertheless requires a 4th neutrino with a mass in the eV range for
cosmological reasons then the neutrino spectrum is likely to be hierarchial because region
HI (see figure 2} cannot be excluded in this case. If, on the other hand, the zenith angle
variation in the atmospheric neuirino flux is not confirmed, a 3-neutrino mixing scheme
with Amly = Am?, ~ 0.3 eVZand other definite predictions are possible [42]. We have

alrn
to wait for future experimental results to see if the present interesting and puzzling

gituation concerning the neutrino mass and mixing pattern persists.
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