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Nonlinear effects on Nielsen—-Olesen instability
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Abstract. We have obtained an analytical selution of the nenlinear Nielsen-Olesen mode, which
is known to be linearly unstable. We believe that our solution may be a nonlinear saturated state of
the instability. It is different from the flux tube structure of chromomagnetic field as proposed by
the Copenhagen group [1-3]. We have reanalysed their calculations, including a term, which they
have neglected, and find it consistent with our result.
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Non-perturbative confining nature of guantumchromodynamics (QCD) vacuum is
believed to be due to the non-Abelian nature of the theory. One of the results in this
direction was obtained by Savvidy [4] who showed that uniform chromomagnetic field in
one color and one space direction has lower energy than perturbative vacuom and that
QCD vacuum may be a ferromagnetic state [5]. However, this state breaks Lorentz and
rotational invariance and may not be a true vacuum state. Later, Nielsen and Olesen
showed that Savvidy state is unstable to color perturbations in other directions [6]. It was
also shown that, Savvidy state is not the actual QCD vacuum and a lower energy siate
may be obtained by stabilizing the instability [2,3]. They used the unstable solution to
evaluate the energy density and minimized it to determine the unknown parameters of the
solution. They chose a special delta Tunction form for the Fourier amplitudes to obtain
flux tube structure of chromomagnetic field. They argued, based on quantum mechanics,
that forther lowering of energy is possible by excitation of vibration and rotational
degrees of freedom of flux tubes and hence obtained the “spaghetti of flux tube’® structure
of QCID vacuum [1].

We note that the ‘spaghetti of fiux tube’ structure of QCD vacuum is based on
perturbative analysis. The complete nonlinearity of QCD is not exploited. It is this
nonlinearity which we want to investigate here. Qur approach is based on the weli-known
fact that as the perturbation grows due to instability, noniinear effects become imporiant
and the instability saturates [7]. One such state is obtained by solving the corresponding
static nonlinear equation. In our problem it may be the flux tube structure of the
Copenhagen group. However, we find that the static nonlinear solution is rot the flux tube
structure hut a zevo field state. Thus Nietsen—Olesen instability (NOI) tries to get rid of
the uniform chromomagnetic ficld (Hy) completely and thereby lowers the energy by
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H; /2. However, nontrivial vector potentials, which correspond to nonlinear version of
Copenhagen Yang-Mills field condensates, do exist. These solutions have periodic
structures in one space direction.

Yang--Mills equmons of motion in §U/(2} is

OuGy" + geabcAw G = 0, ' (1)
where the field tensor.
Gy = OFAL — OPAL + geacAYAL,

Lot

a, b, c are color indices which take vatues 1, 2, 3 and Lorentz indices p, v =0, 1,2, 3
with metric (1, —1, ~t, —1). gqpe 18 antisymmetric Levi—Civita tensor. In terms of a new
set of variables [6, 8] A# = gA¥ and X = g%(flf +iAE), eq. (1) reduces to

BuF™ — 1[0, (XFX") + X, (D'X*)" — X, (DPX*Y — [e.c]] = 0, (2)
D, D"XY — 2iX,F* 4 [(X.X)X"* — (X.X)"¥"] = 0, (3)

where [c¢ - ¢] means complex conjugate,
D,‘J, = a,u e l.A'u.‘ F-,uu = 8[.414:/ . 5"A‘“.

and we used the gauge D, X" = 0.

Savvidy state of uniform chromomagnetic field solution, namely, A* = Hyx and
X" =0 is a solution of the above equations. Linearizing the above eqs (2-3) about the
Savvidy state leads to Nielsen—Olesen instability. Using this perturbative solution
Ambjom and Olesen constructed the flux tube structure by minimizing the energy density

= (Gi*)*/2 with respect to few parameters [2, 3], where

§G = F 1w, #)

and all other components of G4 are zero. W is the color field X¥ corresponding to the
unstable mode. They took F'? as unperturbed solution Hy and since W is a periodic
function of x and y, one can get flux tbe structure of the chromomagnetic field.
Periodicity in W is coming because of the choice of Fourier amplitude as delta function
and the periodicity and a constant amplitude are determined by minimizing e.

Our approach is different. We solve the full nonlinear equations (2-3) in the static
Himit. Since we are interested in the unstable mode we look for the solution such that
X, = —iX, = W/V/2. Using the gauge D, X* = 0, one can integrate the eq. (2) {9] to get

Fo = XX e - e] 4 C, (5)
where ' 1s a constant. Or,
F2 = —|W[° +C, - (6)

Wis a complex function and may be written as W = |W|e'¥, The gauge condition
D,X" = 0 reduces to

[0 + i (A D)IWT -+ [8 + (A, + 80| Wi = 0. (7
Redefining

Ay = Ay + Ao A}. =4, - dx (8)
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and separating into real and imaginary parts of the eq. (7) we get
Ag=0a,n|W|;, A, = —8.In|W| (9)

Note that eq. (8) is nothing but the gauge transformation of A* with gange parameter
equal to the argument of W field, x, which feaves F™, eq. (6), invariant. Using the
definition, F'* = —3A, + 8,4, = —9A, + 9,A,, eq. (6) gives

(@ + ) W] = W] +C, (10)
or

(87 +8, = AL~ AWl = —w[ + Clw. (11)
From eq. (3) we also have

(82— B2+ A2+ A2 2P ) W] = —W]") (12)

Comparing the above two equations and using eq. (6) one can see that either |W|=0ar
€= 0. For |W|=0, vacaum can have nonzero C which is like Savvidy’s uniform
chromomagnetic field. But for finite |W/|, C must be zero. Therefore, linear calculation of
Ambjorn and Olesen with both C and |W| finite, is not allowed. Hence the instability may
be driving the systern to a state with C.= 0 and |W| # 0. From eqs (4) and (6) it follows
that G4 = 0. Hence the instability brought down the finite GHY state (finite epergy) to a
state with zero field (zero energy) state.

In order to find the solution W, we need to solve the nonlinear equation (10) with
C = 0. Substituting [W| = Wye?, it may be written as

(07 + ) = —~Wie™, (13)
where Wy is a constant. This is a well-known nonﬁnear-equation in the study of vertices in
fluid and plasma physics [10] and has an analylic solation

¢ = — In{cosh{cx) + ecos{ay)). (14}
or

Wo
cosh{ax) + ecos(ay)’

where € = /1 — W3 /a2 1t is periodic in y with wave number cv. Other fields, from eq.
(9), are

W =

(15)

i - Vak — W& sin{cry) (16)
cosh{ax) + ¢ cos{ay)

- a sinh{cex)
i, =

- 17
coshimx) 1 e cos{oy) (17)
For of = Wy, [W| = Wy sech(Wyx) which we obtained in our earlier one-dimensionat
calculation [11]. Comparing this sofution near x = 0 with linear unstable mode, which is
a Gaussian, we may take Wg=H, [l1]. Solution exists only for a? > Wi = .
Therefore, this nonlinear state is such that the scale length of inhomogeneity of field in
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Figure 1. Surface plot of |W| from eq. (14) for Hy = T and o = 2H,.

space is fess than the inverse of square root of the field strengéh of the condensate and
hence stable against Nielsen-Olesen instability. The idea of having o > Hj to stabilize
NOI was also used by the Copenhagen group where they had constructed solution having
similar property.

The plots of above fields are shown in figures 1 to 3 for W2 = Hy = 1and o® = 2H, as
an example. We may take /Hy = A; v 240 MeV [12], Savvidy’s QCD scale, which is
close to 1'fm~!, but o is arbitrary and grealer than Hy. They have pertodic structure in
ene direction (say y) only, in contrast to the linear solution of Ambjorn and Olesen for W,
which i3 periodic both in x and y. However, we have noticed in our 1D calculation [11]
that if one includes other modes as well, in the analysis ane can get periodicity in x
direction also. At present it is not clear whether we can get analytical nonlinear periodic
solution both in x and y. The solation of eq. 10 in polar coordinates (1, &) is given by

W] = Horw
 rleosh({ain{r/r)) + ecos{ad)]’

(18)

where « is a constant and ¢ = /1 — W(}f%ﬁ For single valuedness, « should be an
integer excluding zero, The solution does nol exist for o equal to zero. Wy and ry are
constants which determine strength and size of the flux tube of magnetic field ##¥. The
surface plot of this sclution is shown in figures 4 and 3 for o equal to 4 and 6 as an
example. These plots show some similarity to the condensate solutions of the
Copenhagen group for QCD [3] and electroweak theory [13]. Our nonlineat periodic
solution for W is such that chromomagnetic field (G7) is zero. We get fiux tube structure
tor #4 but not for G4, It looks contrary to the results of the Copenhagen group [3].
However, in their calculation perturbative contribution to 712 was not taken. That is,
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2

Figure 2. Surface plot of A, from eq. (15) for Hy = | and o = 2H,.

Figure 3. Surfuce plot of 4:1). from eq. {16) for Hy = 1 and o = 2H,.

eq. (4), on perturbation around the Savvidy state (F''* = —Hy and W = 0) gives
R o 2
8Gy" = Fig + al' (- a BB + WP+ (19)
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Figure 4, Swrface plot of |W| in polar coordinates from eg. (17) for Hy = 1y = 1 and
o =4

where ¢ is the perturbation parameter and lower subscript with bracket indicates the order
of perturbation. It is easy to see that zeroth order and first order equations for F*, from
eq. (2), are same and hence we may take F7 = 0. But F{5, is nonzero and is driven by
Wy field. The second order equation for F*, from eq. (2), may be integrated [11] to get
FE = ~|Wy|* + D in one-dimensional problem of Copenhagen group, where D is the
integration constant. Substituting for #3 in eq. (19), we get ¢G> = —Hy + Da® + - - .
The space dependent in G} field, coming from [Wiiyl, just cancels because of F(izz)
correction, which was not taken in account by Copenhagen group and GJ? is constant,
Therefore, there will not be any flux tube structure of chromomagnetic fields even though
there is a nonzero periodic condensate solution W (x, ). Further more, from the solution
[Wiy| = VHy e 7/2) e have Wi |* = Hy at x = 0. Hence integration constant D may

be taken as Hy to make F (122 =0 at x = 0. This ensures that F'2 = —H,, unperturbed
value, atx = 0 as demanded by the exact solution eq. (17) for one-dimensional problem.
Thus we get ¢G> = —Hy{f —a® 4 - ) and is reduced from it’s original value —H,,.

In summary, we have found analytical solutions of the static nonlinear ST/ (2) Nielsen—
Olesen mode. These solutions may be a nonlinearly saturated state of Nielsen-Olesen
instability. Magnetic field ## has flux tube structure periodic in one of the directions
perpendicular to it and hence has some similarities with perturbative as well as numerical
caleulations of the Copenhagen group. However, the field tensor G is zero for these
solutions and hence the picture of QCD vacuum as ‘the spaghetti of flux tubes’ of
chromomagnetic field [1] may not be correct. We arrived at the same conclusion by
repeating the perturbative caleulations of the Copenhagen group in a consistent way, Le.,
by including a very important term in evaluating G which they had neglected. Thus the

410 Pramana — J. Phys., Yel. 51, Nos 3 & 4, September/October 1998




Nonlinear effects on Nielsen—Olesen instability

Figure 5. Surface plot of |W| in polar coordinates from eq. (17) for Fp = 5 = 1 and
=0,

Nielsen—Olesen instability drives the ferromagnetic state to a zero chromomagnetic field
state. : :
The nontrivial vector potentials that we have obtained may be related to confinement
problem of QCD just like Gribov’s vacuum soiutions [14]. The polar plot of our
anatytical solution for W looks similar to the numerical solation of electroweak
condensate of ref. [13]. Flux tube structure of F* may correspond to the magnetic field
associated with /(1) group and the W field may be a boson condensate.
Modification of vacuum energy of our new solutions due to guantum fluctnations and
time evolution of unstable state to our saturated state etc, need to be studied to understand
QCD or electrowealk vacuuri.
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