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Abstract. String-dust cosmology in an inhomogeneous cylindrically symmetric model is
considered. Solutions are ohtained only for geornetric string with the separability assumption for
metric coefficients.
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1. Introduction

The study of cylindrically symmetric spacetime was originated long ago by Lewis [1] in
1932, He solved vacuum Einstein equations in a stationary, cylindrically symmetric
model. Later, Van Stockum [2] and Boanor [3] have done an extensive analysis of the
solutions. Recently, Santos [4] has extended the solutions to Einstein equations with a -
cosmological constant, :

Tn the recent past, Senovilla [5] has shown that inhomogenecus cylindrically
symmeiric spacetime admits non-singular perfect fluid models satisfying strong energy
condition p+ 3p > (. Here separability of the metric coefficients and the expanding
nature of the spacetime are to be assmned. In this paper, we have made an attempt to find
solations of Finstein’s equations in a string cosmological model for inhomogeneous
spacetime. The motivation for studying sach a model is that string theory is a useful
concept before creation of the particle in the Universe and has interesting cosmological
consequences [0].

The world sheets of the strings are two dimensional time-like surfaces [7]. Here the
gravitational effects that arise from strings are considered by the coupling of the stress
energy of the strings to the gravitational field for a cylindrically symmetric spacetime. Se
the energy-momentusn tensor for a cloud of massive strings can be written as [8]

T; =p- V, V7 — ()

Here p stands for rest energy for cloud of strings with particles attached to them and A is
string tension density. The connecting relation is

0=7pp+A (2)
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with g, as the particle energy density. The four velocity vector V¥ for the cioud of
particles and the four vector x¥, the direction of string will satisfy

Vi V¥ = -1 = —x,x* (3)
and V,x" = 0 in +2 signature for the spacetime metric.
2. The basic equations

We consider string costology in the general orthogonal cylindrically symmetric
spaceiime with metric ansatz

ds* = D*d* — A%dr? — B2 ~ Pd g, (4)
where A, B, C, and D are functions of r and r. The kinematic parameters 4, o and Vﬂ are
given by
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where 7 and */* aver the letters stand for 8/0% and 8/ respectively. Now, with the above
energy-momentum tensor (see eq. {1)) for string-dust system, the Einstein equations read as

Riy = —8m(pV,Vy ~ Ay, — % (6 + Ngu), (8)
which in the comoving coordinate system with

v, =(07"0,0,0)
and

x, = (0,0,87,0),

take the form

1AE_E+C DA#B%C 1 ”+D’ B’IC’{
DA B ' ¢ D\A B ' C A2ID "DAB T C A

1 ”+C”+D” Al B’+C"+D’ | 1 A}A B+C b
A2 BCc ' D A\B'c"Dh DA A\B"C D

=d4m{p + A}, (10}
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e eqm b AN L[E GG B D

A2|C . C\B'D A prlc'c\A"B D
=du(p+2),  (12)

B ¢ A/ o\ DB C

----- S B iudh | 13

BT A(B%) D(B—i—cﬂ 0 (13)

As there are five field equations containing six unknowns, so to get solutions we have to
assume an equation of state for the string-dust system.

1
AD

3. Solutions and their physical implications
If we consider the geometrical string system i.e. the equation of state to be

p=2(e p,=0)

then the above field equations simplify to

1 A+B+§7§ A+B+C 1 "+D’ B C’_,i’ —0, (4)
DA B'C D\A' B ¢/ A%D "D\B C A ’
1 M C.’f D.'.' A.’ Y C.’ D.’
“ﬁﬂﬁ+?+3“z( c*pﬂ
1A A/B ¢ D
+EI'E+E(E+E—B)]ISH/\, (15)
1 [B" B (C D A +1 B+B A+'c D\ _ (16)
A2 B ctp A B B\A C D} 7
.1 fc" C/B D A 1[C C/A B D
- ‘ J — — =)= 87T 17
AE[CC(B D A)} [C4C<A+B D)} = 17
.
B C A/B O\ D(B C
¢ 4 0. 18
BC A(B+C) D<B+C>} (18)

Now without any loss of generality let us assume that D = 0 and A" = 0. Further we
assume the metric coefficients to be in separable form as follows:

At), B(r,1) = B.(r}- B.(i),C(r, 1) = C,(1) - C:1),D = D,(r}. (19)

‘Then two separate ordinary differential equations obtained from each (14} and (16) are as
follows:

1
AD

B
I

A, B,

—/—li—g—gj—t—a;m;//l (14a)
r

D! B

. —+ D (H + C') =my /D2, (14b)
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and
B B(A & :
SRS G ) R a
B, E_B,(AI+C{> m AT, (16a)
Bl B./C Dl 5
Srp 2 (Zrg ) = oy /D 1
B, B, (C,AJFD,A /Dy, (16b)

where my and sy are constants of separation.
By subtracting (15) from (17) and then using the separable form (19) we obtain

A G B [A C
A, C, B

A_;_a) = my A} | (15a)
and
BH DH Cr.' Bﬂ' Dn‘
SR oot At B (s S St ) O} <3 15b
B,~+Dr C. (BrJrD,.) ms [ D; (15b)

(m3 1s another constant of separation),
Finally, eq. (18) in separable form becomes

- . . , . . .
R B A R
‘We shall now determine solutions of the above equations in the following situations:
Step 1. When all the separation constants are zero.

From (15a) and (16a) we get first integrals as

A, Cr (03]

R — f 20
A, C, A - B -G ( )

and
B
Se_ % \ (21)
B, A, B -C

where @ and o are constants of integration.

Similarly from (16b) the first integral gives

B &
e (22)
B,  B.C.D,

Also after some simple algebra with egs. (14b), (15b) and (16b), we get (integrating onice)
g .
bi = 82/B,C.D,, {23)

and

CI
—CT’ = §;/B,C,D,,

r
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where &;, 6, and § are integration constants. Now, substituting these first integrals in
(18a) we et

ﬁ‘i % = i1/ (A, B,Cy)-
Hence,
%:A;}u%:Agc‘ @4)
Solving these first integrals further using the above field equations we have
At D,arm
B arrie and B,arm (25)
Ciort Craxr®
where the constants (pi1, 2, ¢3) and (yy,y2,ys) which satisfy
g+ s = 1 G 4,
and
N+p+m=1l=5+7%+%. (26)
Also the inter-relation between the two sets of parameiers is
ey pan + (L= ) (1 -} = 1. (27)

So the ahove solution can be termed as an inhomogeneous Kasner solution. In this case
the string tension vanishes i.e. there is 1o string concept when all the separation constants
are assumed to be zero.

Step I1. Let us assume D =1,
Then from (14) we get

4 RTT 28)
The separable form for (18) and {16) are

C/C. BB, —AJA

== - = Iy, ‘ 29

BB, AJA - CJC @)
and

B! B, (] ’
o Tr e 30
B, - B G, s, (30)
Br B: Ar Cr 2
TR 2 ) AZ. 31
oo (G ) = masd @)

Also the sepérable form for the resulting equation after subtracting eq {15} from
(17) 1s
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A G BofA G 5

AR Y (i A2 )
t-ara (5-F) = (2)

(The equation for space part is the same as in eq. (30)).
Now, eliminating C, between eq. (29} and (30), we have

B! B?
73;"- + 71y B—’2 = g (33)

which has a first integral as

Bl =BG COBP (it 1) (34)

with € as the constant of integration. The integral form of the above equation is

dBr . B
(r—rp} = / L , (35)
JLSWB??U""'""‘) +C

14y

where ry is another integration constant.
We shall solve the above integral for different cases as follows:

Case I. When my = —1.

In this case eq. (33} can be integrated easily to give

r 2
, ms{r - ro) C
B, = el | 36
et “
and
[ C s 2
C, = el O8I
exp T2 (r ?’{])}
For the time part we have
B C
ET; = Ef for my = ~1. {37)
The solution is
At Baof? Cad? (38}

So the solution is again in Kasner type for time variable only, the space part is in the
exponential form. Hence we can call it a semi-inhomogeneous Kasrer type salution.
In this case the expression for string tension and other kinematical parameters are

A=t (r =) =/,

Go:l,
i

1
olat—z,
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where 1 and v are constants depending on the paramelers involved in the solution. So
string tension is not homogeneous, it depends on both space and time coordinates. The
peculiarity of the expression for A is that it starts from —oo at ¢ = 0 and goes to oo at
¢ = oo. Hence string will remain even after infinite time. Also both the expansion scalar
and shear scalar starts with infinite value at £ = 0 and then gradually decreases and finally
the expansion halts and the Universe becomes isotropic at ¢ = +-00.

Case I1. When my = 0.
The explicit expression for the solutions are
, ”—%Sinh[\/ﬁz'g(r —r)], C=>1,
B, = - {40)
\/%Cosh[\/ﬁ?(r —rg), C<0
(', — Constant.

For the time part all the scale factors are linearly proportional to time. Thus the
expression for v, 8 and o are

A= /P,
8 = 3/t _ (41}
o =0,

where Mg = (2 — ms/a’)/8m with 4; = a, - 1. S0 1n this case, the string tension has infinite
value at the initial epoch and then gradually diminishes with the evolution of the Universe
and finally string will disappear after infinite time. It is interesting to nofe that though the
metric coefficients are inhomogeneous vet siring tension depends purely on time.

Moareover, this solution corresponds to isotropic Universe and the expansion scalar
diminishes with time and finally vanishes. Also from the string energy condition Ag <0
i.e. ms > 2(13, is the restriction inveolved in the solutzon.

Finally, it is fo be noted that the solution (40) (for C < 0) is similar to that of Tikekar
et al [9] for b = 1. But the two solntions are not identical because we have considered
geometric string while they have considered barotropic equation of state.

Further, it is to be noted that the integral (35) can be solvable for my=--1 /2 and
ms = 1 also. The results are

B {5% Sinh?[y/ms/2(r — ro)] for C >0,

“zl“% Cosh?[y/ms/2{r — ry)} for C <0,

c - {\/21715/(:‘ Cosech[+/ms/2(r — rg)] for € >0,

2ms /1C| Sech|/ms/2(r —rg)] for C <0,
for my = —1/2, and
\/%Sinh[m;(” —ry)] for C >0,
A Coshly/2ms(r — ry)} for C < 0,

s

B = (=

for mgq = 1.
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But it is not possible to find explicit solutions for the time part,

Finally, we note that due to the presence of the string concept the metric cannot be
obtained as singularity free, only space part is singularity free in one case. Therefore, for
future work it will be interesting to study in detail whether singularity free Senovilla type
solutions are possible or not.

Acknowledgements

One of the authors (AR) is thankful to CSIR for granting SRF.

References

(1] T Lewis, Proc. R. Soc. 136, 176 (1932)
{2] W J Van Stockam, Proc. R. Soc. Edin. 57, 135 (1937}
[3] W B Bonnor, J. Phys. A13, 2121 (1980)
[41 N O Santos, Class. Quant. Gravit. 10, 240 (1993)
[5]1 I M M Serovilla, Phys. Rev. Letr. 64, 2219 (1990}
I M M Senovilla and E Ruiz Phys. Rep. D25, 1695 (1992)
[6] A Vilenkin, Phys. Repi. 121, 263 (1985)
[7] S Chakraborty and A K Chakraborty, J. Math. Phys. 33, 2336 (1992)
[8] P S Letelier, Phys. Rev. D28, 2414 (1983)
[97 R Tikekar, L K Patel and N Dadhich, Gen, Relativ. Gravit. 26, 647 (1994)

376 Pramana — J. Phys., Yol. 51, Nos 3 & 4, September/October 1998



