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Non-static local string in Brans–Dicke theory
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Abstract. A recent investigation showed that a local gauge string with a phenomenological energy
momentum tensor, as prescribed by Vilenkin, is inconsistent in Brans–Dicke theory. In this work
it has been shown that such a string is indeed consistent if one introduces time dependences in the
metric. A set of solutions of full non-linear Einstein’s equations for the interior region of such a
string are presented.
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The importance of non-minimally coupled scalar tensor theories such as Brans–Dicke the-
ory, in the context of inflationary scenario has generated considerable interest in the gravi-
tational field of certain topological defects, particularly cosmic strings [1–6]. Very recently
it has been shown by the present authors that a local static gauge string, given by the energy
momentum tensor componentsT t

t = T z
z 6= 0 and all otherT �

� = 0 [7] is inconsistent in
B–D theory of gravity [8], although it is quite consistent in a more general scalar tensor
theory [9], where the parameter! is a function of the B–D scalar field.

In this work, we have shown that one can obtain a consistent set of non-static solutions
for full non-linear gravitational field equations for local gauge string withT �

� as mentioned
above in B–D theory. Very recently Dando and Gregory [10] also obtained non-static
solutions for a global string in dilaton gravity.

The gravitational field equations in B–D theory are given by

G�� =
T��

�
+

!

�2

�
�;��;� �

1

2
g���

;��;�

�
+

1

�
(�;�;� � g��2�); (1)

where! is a dimensionless constant parameter of the theory and� = �(r) is the B–D
scalar field.

The wave equation for the scalar field� is

2� =
T

(2! + 3)
: (2)
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In these equations,T�� represents the energy momentum tensor components for all the
fields except the scalar field� andT is the trace ofT�� .

We take the line element describing a cylindrically symmetric spacetime, with two
killing vectors@z and@� as in [11],

ds2 = e2A(r)[dt2 � e2B(t)dz2]�D2(t)[dr2 + C2(r)d�2]; (3)

wherer; �; z are cylindrical coordinates defined in the range0 � r � 1; 0 � � �
2� �1 � z � 1.

The local gauge string is characterized by an energy density and a stress along the sym-
metry axis, given by [7]

T t
t = T z

z = �(r); (4a)

T r
r = T �

� = 0: (4b)

Similar kind of energy momentum tensor has been considered by Barros and Romero
[2] in their investigation of local gauge string in B–D theory in a linearized approximation
of the field equations.

The conservation of matter is represented by the equation

T��
;� = 0: (5)

It should be noted that (5) and (2) are not independent equations, as in view of (1) and the
Bianchi identity, one yields the other.

Equation (5) together with (4a), (4b) and (3) yields

_D = 0; (6a)

A0 = 0 (6b)

for � 6= 0. Here an overhead dot and prime represent differentiations with respect tot and
r respectively.

SoD andA are constants and in what follows we shall takeD = 1 ande2A = 1 which
leads only to a rescaling of coordinates and no loss of generality.

In view of (6a) and (6b), the field equations (1) can be written as
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The wave equation (2) can be written as
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(2! + 3)�
: (7d)

From (7b) and (7c) one can write
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�
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whereb0 is a separation constant.
From (8) one gets

�00
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+
�0

�

C 0

C
= 2b0: (9)

Hence the equation to be solved are

C 00
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�2
� 2b0; (10a)
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C
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= b0; (10b)

�00

�
+
�0

�

C 0

C
= 2b0; (10c)

�

(2! + 3)�
= �b0; (10d)

�B + _B2 = b0: (10e)

Here we have four unknownsC; �; �;B and we have five equations. However one can
show that (10a) is not an independent equation but can be obtained from the rest of the
equations.

In what follows we shall try to solve the system of equations forb0 = 0 andb0 6= 0.

Case I: b0 = 0

In this case, from (10e), one can solveB which becomes

eB = t; (11)

where the constants of integration have been absorbed by rescaling the time coordinate
without any loss of generality.

A coordinate transformation of the form [12]� = t sinh z and� = t cosh z reduces this
solution to the static form. That is the caseb0 = 0 essentially represents a static case.
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From (10d), however, one can see that either� = 0 for finite value of!, or! ! 1 for
finite value of�. But we know that for large value of!, the B–D theory is indistinguishable
from GR whenT = T �

� 6= 0 although forT = T �
� = 0 it is not so [13]. Hence we cannot

have a cosmic string withT �
� given by (4a) and (4b) in B–D theory forb 0 = 0 which is a

static case. This result is completely in agreement with the previous work [8] that a static
local gauge string of Vilenkin type does not exist in B–D theory of gravity.

Case II: b0 6= 0

In this case, one should note from eq. (10d) that if� > 0, which ensures the positivity of
G, the gravitational constant, and(2! + 3) is also positive, then to have positive energy
density�, b0 should be negative and hence we take

b0 = �b21; (12)

whereb1 is a real constant.
It deserves mention at this point that Gregory [14] found a non-singular solution for a

global string in GR for non-static case. For that, one has to take a positive value of the
constantb0, and even for the global string, the energy density corresponding to the string
(T 0

0 , to be precise) takes a negative value for a certain value of the radial distance from the
axis of the string.

Now from (10e), we have

(e
�B)

eB
= �b21

which on integration yields

eB = M sin(b1t) +N cos(b1t); (13)

whereM andN are constants of integration.
From (10b) and (10c) one gets,

�00

�
+
!

2

�02

�2
= �b21: (14)

Solving eq. (14), one gets

� = �0[cos(b1ar)]
1=a2 ; (15)

wherea2 = (! + 2)=2 and�0 is a constant of integration.
Again from (10b) and (10c) one gets

�00

�
+ !

�02

�2
=
�0

�

C 0

C
: (16)

Now if one assumes(�0=�) 6= 0, then one can integrate the above equation to yield

C = K�0�!; (17)

whereK is a constant of integration.
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Using (15) and (16) one gets,

C2 = C2
0 sin

2
(b1ar)[cos(b1ar)]

2!=(!+2); (18)

whereC2
0 = (2b21K

2�
2(!+1)

0 )=(! + 2).
The string energy density� can be found from (10d) which becomes

� = �0b
2
1(2! + 3)[cos(b1ar)]

2=(!+2): (19)

Finally the line element becomes

ds2 = dt2 � dr2 � [M sin(b1t) +N cos(b1t)]
2
dz2 � C2

0 sin
2
(b1ar)

�[cos(b1ar)]
2!=(!+2)d�2: (20)

One should note that forr ! 0 i.e. near the axis of the string, the line element becomes

ds2 = dt2 � dr2 � [M sin(b1t) +N cos(b1t)]
2dz2 � C2

0b
2
1a

2r2d�2: (21)

The non-static metric (20) shows that the time dependence is only along the symmetry
axis where the constantb0 = �b21 acts like an effective cosmological constant along the
symmetry axis. The case is similar to that obtained earlier by Gregory [14] for the case of
a non-static global string in GR and also by Dando and Gregory [10] for dilatonic global
string.

One can calculate the scalar curvature for the spacetime

R = 2!b21

�
tan2(b1ar)

(! + 2)
�

2

(2! + 3)

�
(22)

which is evidently time independent. But one can check that the spacetime becomes sin-
gular periodically withr which is due to the form of the temporal behaviour along the
symmetry axis. Because the periodic time dependence alongz-axis is due tob 0 < 0 and
because of this negativeb0, the solution of the radial part is such that one gets atan2(b1ar)
function in the expression for the scalar curvature. But for positiveb 0 this function would
be replaced bytanh2

(b1ar) and there would be no singularity in the spacetime. Hence
although there is no explicit time dependence in the expression for the scalar curvature but
it is the temporal behaviour of the spacetime that determines the singularity nature for the
spacetime. It is similar to that obtained by Gregory for the non-static global string [14].
There also for periodic time dependence along the symmetry axis, spacetime has physical
singularity but for exponential time dependence the spacetime is non-singular. In our case
we have to choose negativeb0 to ensure the positivity of the energy density and that is why
the spacetime is necessarily singular.

To conclude, we have shown that although static local string prescribed by Vilenkin is
incompatible with the Brans–Dicke theory of gravity one can have exact solution for the
gravitational field equations for such a non-static string in Brans–Dicke theory. The space-
time has an oscillatory time dependence along the symmetry axis which in turn causes the
occurrence of a periodic physical singularity at different finite distances from the symme-
try axis. This periodic time dependence is due to ensure the positivity of the energy density
of the string.
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