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Abstract. We show how to treat the dynamics of an asymmetric three-body system consisting of
one heavy and two identical light particles in a simple coordinate space variational approach. The
method is constructive and gives an efficient way of resolving a three-body system to an effective
two-body system. It is illustrated by explaining the structural properties of some nuclei of current
interest, namely halo nuclei and doulleaypernuclei. The ansatz used here may be of value in a
number of three particle problems of similar nature.
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1. Introduction

In the present work we made use of a simple coordinate transformation that reduces a
three-body problem to an effective two-body equation including a long range attractive
potential generated by the coordinate transformation. The method has been implemented
in a computer program designed to solve variationally a three-body system consisting of a
heavy core and two equal mass light particles — for example, Borromean halo nuclei and
doubleA hypernuclei. Our method is tested against the structural properties of these nuclei
and a good agreement is found between theory and experiment. Some preliminary studies
based on the present method have been reported earlier [1].

2. Theory

To simplify the model we assume that the three-body system representing the core and two
extra core particles is composed of three spinless particles. The particles are labelled as
1(core), 2, 3(neutrons or lambdas). The mass of the cdflg iand the mass of each equal
mass extra core particle M,. r,, r, andr; are the distances between the particle pairs
(1-2), (1-3) and (2-3) respectively.
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We first remove the centre of mass motion from the Hamiltonian. Then the variational
principle for the Schodinger equation for the internal motion of the three-body system is
given by

B(YH —E|y) =0, 2.1)

whereH, E, @ refer to the Hamiltonian, energy and wave function for the internal motion.
At this stage we make some simplifications. We start with that depends on,,r, and
r,. Then from eq. (2.1) we obtain after some calculations

0= 8n2/ drl/ dr3/ a1 1t

_rs‘
y { T2(My + My)

oy
2M, M, i; <W> +A(1,2,3)+A(231)+A(3,1, 2)]

(Mg — M)
2M; M,

2
(%) -A(1,2,3)+1(2,3,1) +)\(3,1,2)]

+[U(r1)+U(r2)+v(r3)]'-ﬁ’2—E§U2}, (2.2)

whereA (i, j,k) = {(r? +rf —r§)/2rir; }(oy/dr;) (9y/dr;) andU (r;),U(r,),V(r;) are
the two-body interactions.

Following Feshbach and Rubinow [2] and Ren [3], we assume that the wave functions
for the three-body system are described simply by

Y =P(R). (2.3)
The new space coordinate defined by

[ +r,+nr

contains a scaling parametgr n controls the way the wave functions dependrqrr,
andr. In addition toR we define two new coordinate variabRg, R;:

1
R,=r, and Ry= §(1+ nrs. (2.4)
The assumption that the wave function depends on a single coordinate space fRariable
allows the integrations ovét, andR; in (2.2) and this simplifies the eigenvalue problem

initially contained in (2.1). AfteR, andR; integrations have been performed in (2.2), eq.
(2.2) takes the form

5/ dRFé{ <ﬁ> D+ {veﬁ(R) - ME] qﬂ} —0, (2.5)

15(n +1)

where
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D= m{[m (H+1)N?(N*+5n+8)+n(n+5)(3u+u)}

Dl
~60(1+n)%’

whereD’ = {[2u+ (1 + K')n?|(n?+5n +8) +n(n+5)(3u+ )},

= H2(My +My) and p' = h2(My — My)
2M,M, 2M,M,

TheV4(R) appearing in (2.5) is a long range attractive potential which emerges through
theR, andR; integrations of the actual potentialgr,),U(r,) andV(r;). Itis defined as
follows:

1 (R R-BR,
Ver(R) = @/0 dR3/RR3 dR,(2R— R, — VR)R;R;
x{U(ry) +U(r,) +V(ry)}, (2.6)
wheref = (n —1)/(n+1) andv=2n/(n+1).
Applying the variation tap(R) in (2.5), we finally obtain an eigenvalue equation which
is

d’F(R)
dr2

An*+5n+8) . Ver(® 3(3+1)

5 A | F(R)=0, 2.7)

whereF (R) = R¥20(R).

Thus the three-body problem reduces finally to an ‘effective two-body equation’ (2.7)
when a wave functiof (R) is used. Energf and the wave functiop(R) depend on the
scale parametey which may be adjusted for the best results.

3. Applications
A. Halo nuclei

The above formulation allows us to establish a framework to study three-body problems
within the variational method. First we will apply this method to study structural properties
of neutron rich nucle{N/Z ~ 2-2.5 near the neutron drip line such &4.i, which is a
well-studied neutron halo nucleus that contains two loosely bound valence neutrons and
shows anomalously large size not governed by gl#é/3 rule. In literature such nuclei are
called Borromean halo nuclei because they are bound with only one bound state but have
no bound state in the binary subsystems in a three-body model. Some recent reviews on
neutron halo nuclei by its discoverer, Tanihata [4] and also by Haetsd[b] describe how
these nuclei opened up a rich new vein of nuclear physics dealing with nuclear interaction
in a low density asymmetric nucleus [6].

Before we describe the method of solving eq. (2.7), we first specify the two-body po-
tentials used in our calculations. The caorpetentials used are:
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(i) Woods—Saxon potential:
Vo

~ 1texp((r,—b)/a}’ 1=12

2, (3.1)

U(r)

whereb = r A3, ry = 1.27 fm,a = 0.67 fm andv{} is the depth of the potential.
(ii) One-term Gaussian [8-10]:

U(r,) =Vyexp{—(r;/b)?}, i=1,2, (3.2)

whereb = 2.4 fm.

(iii) Two-term Gaussian consisting of both attractive and repulsive terms: The repulsive
partis used with a view to include the effect of the Pauli principle between the core- neutron
and the extra-core neutron [11]

U(r;) = Vrexp{—(r,/a)?} —Vaexp{—(r;/b)?}, a=12fm, b=19fm.
(3.3)

We have neglected the spin—orbit force because the recent study by Von Eiff [7] suggested
a weaker spin—orbit interaction and less pronounced shell effects in neutron rich nuclei.

In the present calculatiovy' in (3.1),V, in (3.2) andV;,V, in (3.3) are fixed such that
the core+n system {°Li) is just unbound or nearly so and the corresponding scattering
length is large and negative.

Scattering length is calculated from the asymptotic solution of two-body (core and neu-
tron) Schodinger equation with the corepotential. Runge-Kutta method is used for
numerical solution. We get for the Woods—Saxon poteX(ijel= —7.0 MeV and scattering
length= —110.82 fm. For the one-term Gaussian poterigl= —10 MeV and scattering
length= —37.07 fm and for the two-term Gaussigh = 25.0 MeV, V, = 24.7 MeV and
scattering length= —37.08 fm. Two versions ofi-n potentials have been used:

() A square well radial form with depth

Vo =—134 MeV forr; <r,, wherer,=2.65fm (3.4)
(ii) One term Gaussian potential [13]

Vin(rg) = Voexp{—(rs/ag)?}, Vo= —31MeV anda, = 1.8 fm.

The differential equation (2.7) is solved by the modified Numerov method and the parame-
tern is varied to get best fit for two neutron separation en&gy(—E theory). In addition
to B,, we calculate the r.m.s. value o separation,

~ 8(n2+7n+16 12
where
I ° 2
ﬁZ_/O RF (R)dR//o dRF?(R) (3.6)

and the r.m.s. value of neutron core separation
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1/2

(rnc) = (FB) /2 = {2’74“4’73“2’72”0'7 645
7(14+n)2(n%2+5n + 8)

A quantity of interest is the matter radiug of a halo nucleus of mass numi#err , is
calculated using the formula [12]

A-2 2
r2 T{ §+Kr3}, (3.8)

wherer. is the core radius of the mass numbBer 2 nucleus andy, = (rpc) is the valence
r.m.s. radius.

In the present calculation, we keep the depth of ecopmtential at some prescribed
value as discussed earlier ands changed till the minimum oE(n) is obtained. The
minimumE(n) occurs at = 0.7 for the three corerpotentials used. Employing numer-
ically obtained wave function? is calculated according to (3.6) and finally we obtain
(rnny and{rnc). In table 1, we compare our results with experiment. We see that eigen-
energyE ,;, obtained in our simple model agrees reasonably well with,, whereB,,, is
the experimental two neutron separation energy. It appears that the halo phenomenonis a
delicately balanced threshold effect and neglect of the details of many-body system may
not be crucial.

Our neglect of the angular momentum of the extra core neutrons does not seem to affect
the results in a significant way. We can infer that the choice of the depth of theacore-
potential as put in ‘by hand’ in our method retains the essential physics of the problem. We
have also made direct comparison of our calculations with the hyperspherical harmonics
(HH) method by using exactly the same set of co®ood—Saxon) and-n potentials

(3.7)

Table 1. Halo nucleus.

(@) 1iLi n for minimum energyE = 0.7, B,,, (Expt) = 0.25 MeV, ry, (Expt) = 3.1 fm,
re =257 fm[12].

Present work
Scattering Other
Coren length n-n B, (rne)  (rnn) 'm methods
potential (fm) potential (MeVv) (fm) (fm)  (fm) B,, (MeV)
Woods—Saxon —110.82 Square-well 0.36 487 5.405 2.99

One-term Gaussian 0.305 4.87 5.408 2.99

One-term Gaussian —37.07  One-term Gaussian 0.26 4797 5.33 2971 8@B8[10]
Two-term Gaussian —37.08  One-term Gaussian  0.27 4747 527 2.96

(b) 1598 n for minimum energye = 0.7, B,,, (Expt) = 0.87 MeV,rc = 3.4 fm.

Present work
Scattering
Coren length n-n B, (rne) (rnn) f'm
potential (fm) potential (MeV) (fm) (fm) (fm)
Woods—Saxon 23.17 Square-well 0.84 4.746 5.268 3.53
One-term Gaussian 0.82 4.75 5.27 3.53
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(one-term Gaussian) in both the methods. With the HH mehpds 1.095 MeV forK =

12 and 114 MeV forK = 16 [14]. Compared to that our simple model gives lower binding
and this trend is consistently followed when our calculations are extended to the double
hypernucleus $He. The large value of{rnc)/rc) = 1.895 indicates that'Li really have

a halo structure. In order to test the consistency of the procedure we apply our method to
study another halo nucIeL}gB. For this nucleus the appropriatg' is —5.5 MeV which
corresponds to a moderately large positive scattering length. We get the best fit once again
for the same valué= 0.7) of the scaling parameter. The predicted value @& ,,(}2B) =

0.84 MeV which agrees with the experimental vala€.87 MeV. The predicted matter
radiusrm(lé’B) = 3.53 fm. No experimental value fog, is presently available. Thus with

a single scaling parametgrand a proper description of binary subsystem we can explain
the structural properties of a three-body system with a stable numerical procedure.

The effective potential 4 (R), generated by the coordinate transformation is plotted as a
function ofRin figure 1 for'lLi. The depth o/ 4(R) decreases slowly in the range (2.0 to
2.5) fm and then rises quickly up to the range (8-10) fm and once again very slowly up to
15 fm and beyond giving a long range character to the effective potential. Such a potential
in our effective two-body equation gives weakly bound ground state of halo nglgR)
for 19B has a longer range comparediai as expected because of its greater binding.

We also notice that the convergence of the HH expansion for the binding energy is rather
slow and one needs to continue calculations up to the grand hyperangular momentum value,
K = 16 to attain convergence of two neutron separation energy [11,14]. This involves
solution of 25 coupled differential equations. In the present work we solve only a single
second order differential equation and with a single value of a scaling parametr
well-converged binding energy of bothLi and 1°B.
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Figure 1. Effective potentiaV «(R) as a function oR(= (r, +r, + nrg)/2) for 1Li
and'2B.
5
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B. DoubleA hypernuclei

We now report our results regarding the structure of }ﬁbie hypernucleus using the
above procedureAiHe is again treated as a three-body system consisting af -ttare

and twoA hyperons. Thex — A potential to be used in the present calculations has to
satisfy the experimental binding energy 3.04 Me\/jbfe hypernucleus. For the different

a — A potentials employed by us we have checked this consistency condition numerically
by solving the Schudinger equation in the centre of massxadindA particles. Thex — A

andA — A potentials used are:

() The Gaussian potentiaB of Tang and Herndon [15] which &/ ,(r) =
—60.17exg—r?/1.273) MeV. This gives the binding energy (jiHe as 2.97 MeV. The
corresponding — A singlet potential employed is the Volkov potential with a Gaussian
shape having an attactive ps and a repulsive pa¥ty [16].

Vy, (1) =V exp(—r?/a?) +Vgexp(—r?/B?),

a=12fm, B =082fm,V, =-9375 MeV andV; = 1480 MeV. TheV, , potential

in the 1% state corresponds to a scattering length-2.234 fm and an effective range
= 3.302 fm. The scaling parametetris varied till minimum separation energy is obtained.
Thisn is 0.3 and the\ A separation energy corresponds to 9.93 MeV which is somewhat
lower than 10.8 MeV reported in [16] using the HH method.

(i) Another one termo — A Gaussian potential used by us is [17]

V,,(r) = —43976exg—(r/1.566)°} MeV,
o — A binding energy is 3.05 MeV in this case and the A potential employed is

V,, (1) = —52.25exq —(r/1.034?} MeV.

This corresponds to a scattering length.75 fm and an effective range 2.082 fm. With
this set of potentials we obtained as the separation energy for thg He hypernucleus a
value 10.653 MeV compared to 10.8 MeV of [17] and 11.2 MeV by the HH method [14].

(i) Lastly we have also used — A potential obtained by the single-folding method
[18]. The method is outlined briefly. Tree— A potential is defined by the formula:

v, () = /p(?’)VAN(|F’—T”)dT’. (3.9)

Herep(F') is the nucleon density in thee-particle at a distanc®’ from its centre-of-mass.
V,y(IF=T7|) is the interaction potential between theparticle atr and the nucleon at

7' p(F') is taken as @B /3m)3/2exp(—(4/3)Br'2) [19] after removing the centre of mass
motion.V, ([F—T’|) is a three-term Gaussian potential

Aexp{—([F—T'|/a)?} —Bexp{— ([T —T'|/B)?} — Cexp{ (I —T'|/)}.
The first term represents a repulsive potential and the second and third terms represent

attractive potentials. The integration in (3.9) is over all space as permittpdrdy. The
required normalization condition is satisfied pgr'):

Pramana — J. Phys.Vol. 57, No. 4, October 2001 723



S Mahapatra et al
4(4p)%% = 4—
li r_ 3 2 124,
/p(f' )dr _7/0 exp(—éﬁr >4rrr dr’ = 4.
The constanﬁis determined from the r.m.s. radius4fle. The relation is<3/\/8[§> =

1.47 fm (r.m.s. radius ofHe). With the three-term — N Gaussian potentiaV/ , (7) is
given by

3/2 Arr2
V(=4 (22)  [exo( - =) thex~(r-r'/e?)
~Bexp{ ([ ~'|/B)?) ~Cexpl~(F ~T'/y?her.  (310)

Carrying out the integrations we arrive at the final result,

V,,, (1) = 4p3[A exp(—a,r?) — B, exp(—b;r?) — C exp(—c,r)]. (3.11)
Here,
4 A B
2
Il = 5P A]_: ) Bl )
3 — 3/2 — 3/2
(oe2)™ " (505)
C
C, = 5
_ /27
(3#+3)
a1 1 b L 1
1= 52~ = » Y17 2 — ’
T () T ()
1 1
C= 5 — ———— (3.12)

The three term GaussiarN potential used here is
VNI = 7'|) = 9190exp{—(|F—F'|/0.5)?} — 20654 exp{—(|F —F'[/0.9)%}
—9.62exp{—(|F—7'|/1.5)2}. (3.13)

The different constant&,,B,,...,a;,b,,..., occurring in the folding potential expression
can be calculated in a straightforward manner from (3.12) and then

V,, (r) = 209037 exp—a,r?)
—178379exp—b,r?) — 18317 exg—c,r?) MeV, (3.14)
wherea, = 0.5915059 fn12, b; = 0.4443259 fm'2 andc, = 0.2709581 fm2.

Thea — A folding potential gives a binding energy 2.94 MeV ﬁjﬁe which is in good
agreement with the experimental value.
TheA — A potential used is a three-term Gaussian potential which is

V,, (1) = 4800ex—(r/0.5)%) — 1910exg—(r/0.9)%)
—7.5exd—(r/1.5)%) MeV.
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This potential is characterized by a scattering lengitt.346 fm with an effective range
1.902 fm. With thex — A folding potential and the three-terin— A potential our calcu-
lations give convergence of numerical results at the value 9.17 MeV fariteeparation
energy ongHe. The corresponding best fit valuepfis 0.75. Our calculated value of

the separation energy is somewhat lower than the experimental value but such a trend is
consistent with our other calculations. Table 2 summarizes the results obtained—The
folding potential is shown in figure 2.

Table 2. DoubleA hypernucleu_j‘g He.

A — A potential parameters Present work
o — A binding

a—A energy Scattering  Effective nfor (r ;) (r,,) By  By™
potential (MeV) Type length (fm) range (fm) E,,, (fm) (fm) (MeV) (MeV)
Gaussian 297 \Volkov  —2.234 3.302 0.3 2.062 2.634 9.93 0.8
potentialB [15]
Gaussian 3.051 One-term —1.751 2.082 0.5 2.093 2493 10.65 1.2
potential [17] Gaussian 10.8
Folding 2.94 Three-term —16.35 1.902 0.75 2.694 2938 09.17
potential Gaussian

**QOther methods for the same potentidl$H method [16]°HH method [14]°Method of [17].
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Figure 2. a — A folding potential by the single-folding method using a three-term
Gaussiam — N potential.
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4. Conclusion

The mathematically simple variational ansatz presented here to study halo nuclei and dou-
ble lambda hypernuclei proved the usefulness of the special set of coordinates, which may
be used to study other asymmetric three-particle problems. Our model systems are at best
only approximations of real system in nature but they are useful in extracting gross proper-
ties of physical relevance. In this context the present method may be extended to study the
structural properties of some known double lambda hypernuclei be)yf(iﬁd employing

the concept of folding potential.
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