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Abstract. Using the recent results for the surface current density on cylindrical surfaces of arbitrary
cross-section producing uniform interior magnetic field we propose a method for obtaining solutions
of Bean’s critical state model for general cylindrical samples. The method uses the technique of
conformal mapping to express the sample surface and the flux-fronts in terms of a set of coefficients
that depend on a parameter. The flux-fronts are to be determined by solving a system of nonlinear
ordinary differential equations for the coefficients. Retaining only a certain finite number of leading
coefficients we get an approximate solution. The procedure is illustrated by considering two cylin-
drical samples – one with an elliptical cross-section and the other with a non-elliptical cross-section.
The virgin curve and small and large magnetization hysteresis loops for the two samples are obtained.
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1. Introduction

Bean [1] proposed the critical state model (CSM) to describe irreversible magnetization
of hard type-II superconductors using just one parameterJc – the critical current density
– characterizing the superconductor. Its various extensions and generalizations have been
studied in literature including the field-dependent and more recently the history depen-
dentJc [2]. Starting with the early work of Kato [3] and Wilson [4] efforts have been
continuously devoted to study samples with nonzero demagnetization factor (N 6= 0). The
discovery of high-Tc superconductors has only boosted these studies during the past decade
(see ref. [5] for some earlier references). With easy availability of samples in the form of
discs and platelets recent experimental and theoretical studies have mainly focussed on
thin samples – discs [6] and strips [7] – in the transverse geometry, with applied field per-
pendicular to thicker dimension. The case of field-dependentJc in thin samples has been
considered by Mc Donald and Clem [8], Bhagwat and Chaddah [9] and more recently by
Shantsevet al [10]. Theoretical study of thin samples affords one simplification. Here one
needs to work only with an ‘average’ current density, or a current-sheet. The immense
complexity associated with the task of determining and studying the movement of the flux-
front as the flux penetrates the sample is absent. Bhagwat and Chaddah have also worked
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with finite samples and have solved a re-statement of CSM for elliptical cylinders in trans-
verse geometry, for a spheroid [5] and also for the general ellipsoid [11]. Navarro and
Campbell [12] have followed a numerical procedure for obtaining flux-fronts and magne-
tization for a sphere, and oblate and prolate spheroids. Prigozhin [13] has worked out a
variational formulation and obtained numerical solution for flux-fronts. To determine the
hysteresis loss in superconducting wires, Ashkin [15] has worked out the flux-fronts nu-
merically. Telchow and Koo [16] have provided a numerical solution for the flux-fronts
and the magnetization curves for a sphere by solving an integral equation. They observe
that for samples with cylindrical symmetry a flux-front can be viewed as a surface of zero
vector potential.

More recently, Brandt [14] has extended his earlier solution for thin strips and discs to
those having a finite thickness and has worked with a realistic current-voltage law. His
solution also involves solving an infinite system of nonlinear differential equations and
follows a numerical procedure. However, in his treatment even the various matrix elements
need numerical evaluation.

Thus, for samples withN 6= 0 there is no direct analytical formulation of the general
problem and a method of solution that yields the evolution of flux-fronts as the external
field is applied on a zero field cooled virgin sample of a hard type-II superconductor.

In this paper we present such a formulation and a method for solving the CSM for
general cylinders, which can, hopefully, be adopted by an interested research worker. Here
we have generalized our earlier elementary application of this method [17] based on the
assumption of parallel flux-fronts. We employ the recent exact results [18] for surface
current density on cylinders of arbitrary cross-section producing uniform interior field.
The procedure involves determining the conformal mapping of the exterior of a unit circle
on to the exterior of the boundary of the cross-section of the cylinder. The general form of
such a mapping is discussed by Polya and Szeg¨o [19]. Starting with the sample surface,
the flux-fronts form a one-parameter family of surfaces. A natural choice for the paramater
characterizing the family would be the magnitude of the applied field. In general, any
function of it should serve the purpose. Since there is some advantage in choosing the
latter, we keep this option open. Thus, letξ denote the parameter describing the family
of flux-fronts. The current carrying region of the sample can be divided into a closely
spaced succession of flux-fronts. The thin shell of current between consecutive flux fronts
can be considered as a surface current on the inner flux-front (of appropriate density).
Alternatively, movement of the flux-front can be considered as preceded by setting up
an appropriate surface current density (that produces interior field exactly cancelling the
change in the external field) on the innermost flux-front which subsequently relaxes into
a volume current density causing the flux-front to move by an appropriate amount. Since
the flux-front does not retain the shape of the sample we need to know the surface current
density on cylinders of arbitrary cross-section.

The paper is organized as follows. Inx2 we formulate the problem for determining the
flux-front as outlined above such that the volume current density is built out of current
shells (or a surface current density). The condition that the current density should be of
constant magnitude, equal toJc leads to an infinite system of nonlinear first order differ-
ential equations for the coefficients that appear in the conformal mapping introduced in
x2.2. Subsequently we indicate an essential feature of the exact flux-fronts and indicate
an approximation procedure by restricting to a number of leading coefficients. Inx3 we
present expressions for virgin and hysteresis magnetization and the relation between the
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applied field and the flux-front parameterξ0. In x4 we present the results for two sample
shapes and close with a discussion.

2. Formulation

2.1 Volume current density viewed as a succession of current shells

Let us consider an infinite cylindrical sample with its axis along the z-axis and its cross-
section bounded by a contourL . Let the zero field cooled sample be subjected to an uniform
magnetic field. The sample responds by setting up a surface current density (parallel to the
axis of the cylinder) that generates field that exactly cancels the applied field everywhere
within the sample. The surface current density relaxes into a (volume) current densityJc to
go into the critical state. Let us now trace back the surface current density from a volume
current densityJ(x0;y0). If î; ĵ and k̂ denote unit vectors along the co-ordinate axes then
the fieldBJ generated byJ is given by [20]

BJ =
µ0

2π

Z Z
J(x0;y0)[�(y�y0)î +(x�x0)ĵ ]

(x�x0)2+(y�y0)2 dx0dy0: (1)

The integration extends over the current carrying region. Introducing a complex function
BJ(ζ ), with ζ = x+ ιy, ζ 0 = x0+ ιy0; [20] we may write

BJ(ζ ) =
µ0

2π

Z Z
J(x0;y0)
ζ �ζ 0

dx0dy0: (2)

The components ofBJ are obtained asBJx
= ImBJ(ζ ) andBJy

= ReBJ(ζ ). Effecting a

change of variables fromζ 0 to (ξ 0; u0 = exp(ıφ 0)) by writing ζ 0 = f (ξ 0;u0), where f is
an analytic function ofu0, treated as a complex variable. The integral in eq. (2) can be
expressed in the form

B(ζ ) =
µ0

2π

Z
dξ 0

Z
J(x0;y0)
(ζ �ζ 0)

χ(ξ 0;φ 0)

j f 0(ξ 0;u0)j
ds0: (3)

Here χ(ξ 0;φ 0) � x0ξ 0 y0φ 0 � x0φ 0 y0ξ 0 is the Jacobian of transformation and ds0 = jdζ 0j =

j f 0(ξ 0;u0)jdφ 0. The netB(ζ ) can be viewed as produced by a succession of current shells of
thickness dξ 0. Each current shell carries a surface current densityJs = Jχ=j f 0(ξ 0;u0)jdξ 0.

2.2 Description of flux-fronts by their conformal maps

Now consider the conformal map [19]

ζ = f (u) = a0u+a1u
�1+a2u

�3+ � � � : (4)

We assume that the coefficientsa0; a1; a2; : : : are real and are such that the zeroes off 0(u)
all lie within the unit circleu= exp(ιφ), in theu-plane. Thus the mapping is conformal
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for juj > 1, i.e., it maps the exterior of the unit circle to the exterior of a certain curve in
thez-plane. Let this curve be the boundaryL of the cross-section of the cylindrical sample
under consideration. Asu goes round a unit circleζ = x+ ιy describes curve bounding the
cylinder cross-section. We assume that various flux-fronts are also described by conformal
maps similar to eq. (4). Since the bounding curve and flux-fronts belong to a family of
curves characterized by the parameterξ we can conceive of a family of conformal maps of
the type (4). For this family the coefficients (thefa’sg) will be functions ofξ . These would
evolve starting from their initial values. It should be noted that without loss of generality
we may restrictξ to the range(0;1) in such a way thatξ = 1 corresponds to the boundary
L of the cylindrical sample. If an external fieldBA is applied alongx-direction, the current
carrying region is bounded by sample surfaceξ = 1 and a flux-front corresponding to
ξ = ξ0, say, which must be related to the applied fieldBA.

Let the current carrying region be divided into shells of thickness dξ , and let the shell
(ξ ; ξ +dξ ) carry a ‘surface current density’ [18]:

µ0Js = 2δB0a0sinφ=j f 0(u)j; with u= exp(ιφ): (5)

By the results of [18] this shell shall produce a uniform interior fieldδB0. A comparison
of eqs (5) and (3) implies that the volume current density

Jdξ = δB0a0sinφ=χ with u= exp(ιφ) (6)

shall also produce uniform interior field. For symmetric samples we shall assume that
jJj= Jc, the critical current density forφ = π=2. This enables us to eliminate infinitesimals
appearing in eq. (6) and we get

J(ξ ;φ) = Jc χ(ξ ;π=2)sinφ=χ(ξ ;φ): (7)

Thus for every pre-assigned (arbitrary)ξ -dependence of the coefficients we can deduce
the (volume) current density and also the extent of the current carrying region (limited by
the parameter valueξ0) that will produce uniform interior fieldBJ exactly cancelling the
externally applied uniform fieldBA at all points interior to the flux-front. In particular, we
can choose theξ -dependence of the coefficients to make alsojJj = Jc everywhere in the
current carrying region (except possibly at the poles, i.e.,φ = 0; π).

2.3Differential equations for the coefficients

We have introduced an unspecified parameterξ ; (0� ξ � 1) that labels the family flux-
fronts andξ0 that labels innermost flux-front is related to the applied fieldBA. Based on
physical intuition, we now make a specific choice for this parameter by requiring thatbξ
represents the transverse (toBA) dimension of the flux-front, whereb is the transverse
dimension of the sample. Thus under the mapping (4) we have

bξ = a0(ξ ) � a1(ξ ) + a2(ξ ) � a3(ξ )+ � � � : (8)

From eq. (7) it is clear that the conditionjJj= Jc is equivalent to

χ(ξ ;φ) = χ(ξ ;π=2)sinφ ; (0< φ < π). (9)
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Recalling thatχ is the Jacobian involving partial derivatives ofx andy (c.f. the text fol-
lowing eq. (3)), the above equation can be readily recognized to be the partial differential
equation determining the flux-fronts, the initial condition being that these reduce to the
given sample surface. We have a single equation determining two unknown functions
which should form the real and imaginary parts of an analytic function. We are unable to
find treatment of such equations in books dealing with partial differential equations. We
start with the representation (4) itself with the coefficients depending on the variableξ .
Thusx andy have been chosen to be the real and imaginary parts of an analytic function.
A straightforward calculation leads to the expression forχ ,

χ(ξ ;φ) =�
∞

∑
m;n=0

(2m�1)ama0ncos2(m�n)φ : (10)

Herea0n denotes derivative ofan with respect toξ . We shall use the notationχ0(ξ ) =
χ(ξ ;π=2). From eqs (9) and (10) we have

∞

∑
m=0

(2m�1)ama0ncos2(m�n)φ =�χ0sinφ : (11)

Settingφ = π=2 we get after some rearrangements, an expression forχ 0 solely in terms of
thean’s:

χ(ξ0) =�b
∞

∑
m=0

(2m�1)am: (12)

Multiplying both sides of equation (11) by cos2kφ and integrating over(0;π) we get the
following infinite system of first order nonlinear differential equations for the coefficients

∞

∑
m=k

am�ka
0

m(2m�2k�1)+
∞

∑
m=0

am+ka
0

m(2m+2k�1)

= (4=π)[χ0(ξ )=(4k2�1)]: (13)

To solve these equations we must know the initial valuesfan(1); n = 0;1;2; :::g. These
are obtained from eq. (4) by determining the function that maps the exterior of unit circle
onto the exterior of the sample boundaryL . Exact analytical solution of eq. (13) would
be difficult and will not be attempted here. An approximate solution can be obtained by
suitably truncating the infinite system and determining only a certain numbern of leading
coefficients. We illustrate the procedure by assuming thata0

n = 0, for n> 20. The details
are worked out for two cylindrical samples.

2.4 Determination of the flux-front

The infinite system of differential equations is approximated by a finite system by assuming
that only a finite numbern of leading coefficients evolve withξ . We have chosenn =

20. We now define the vectorat = (a0; a1; ::: ; a20), and similarly the vectorc, with ck =

4χ0=π(4k2�1); for k= 0; 1; 2; ::: ; 20 and the matrixA with elements

Pramana – J. Phys.,Vol. 57, No. 4, October 2001 767



K V Bhagwat and Debjani Karmakar

Akm= (2m+2k�1)am+k+(2m�2k�1)am�kΘ(m�k):

Here the symbolΘ(m� k) = 1 for m� k and zero form< k. The resulting finite system
of equations can be cast in the form

a0 = A�1c:

The above equation determines the derivativesfa0

n(ξ )g in terms ofan(ξ ). Using the
initial valuesfan(1)g we have calculatedan(ξ ) at intervals of 0.001. These are used to
numerically obtain the virgin and hysteresis magnetization curves. Expressions for virgin
and hysteresis magnetization are given below.

3. Virgin and hysteresis magnetization

The relation between the flux-front parameterξ0 and the applied fieldBA is obtained by
writing BA = �BJ(ξ0;1), during the virgin curve. HereBJ(ξ0;1) denotes the field within
the flux-front generated by the (finite) shell (ξ0,1) of shielding currents. Thus it is to be
noted that even though we have obtained the leading coefficient under the approximation
mentioned aboveB� 0 (and not approximately)everywherewithin the flux-front during
the virgin curve. Magnetization is obtained using the relation

mv = (1=2A)
Z Z

(r 0 � J)dx0dy0; (14)

whereA is the cross-sectional area of the sample. Changing the variables of integration to
(ξ 0;φ 0) and noting that the current density is alongk̂ we get

mv = (Jcb=2A)
Z 1

ξ0

Z π

�π
χ0(ξ

0)sinφ 0(îy0� ĵx0)dξ 0dφ 0: (15)

It is clear that only thex-component of the magnetization is non-zero. The cross-sectional
areaA can be similarly determined,

A=

Z 1

0

Z π

�π
χ(ξ 0;φ 0)dξ 0dφ 0: (16)

The integral can be evaluated in a closed form and we have

A=�π
∞

∑
m=0

(2m�1)a2
m(1):

We now give expression for the virgin magnetization and that under field reversal.

3.1 The virgin curve

For the virgin curve we have

µ0mv =�(H�=2A)
Z 1

ξ0

χ0(ξ )(a0�a1)dξ ; (17)
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whereH� = µ0Jcb, and

BA =�(H�=2)
Z 1

ξ0

χ0(ξ )=a0dξ : (18)

Full field penetration occurs atξ = 0. Beyond full penetrationmv saturates, andBA is given
by

BA =�(H�=2)
Z 1

0
χ0(ξ )=a0dξ +B(0); (19)

whereB(0) is the field at the centre of the sample. The virgin curve merges with the field
increasing envelope curve obtained under infinitely large reversal field.

3.2 Magnetization under field reversal

For obtaining small hysteresis loops we have the field reversal occurring before full pen-
etration. The decrease in the field changes causes reversal of the direction of the current
density in a shell (ξ 0

0, 1), leaving the current density in the regionξ0 < ξ < ξ 0

0 unchanged.
The reverse magnetization can be calculated using

µ0m#=

�
H�

2A

� 
�

Z ξ 0

0

ξ0

m(ξ 0)dξ 0+

Z 1

ξ 0

0

m(ξ 0)dξ 0

!
; (20)

where we have used the symbolm(ξ 0) = χ0(ξ
0)(a0�a1). The applied field is related toξ0

andξ 0

0 by the equation

BA = (H�=2)

 
�

Z ξ 0

0

ξ0

B(ξ 0)dξ 0+

Z 1

ξ 0

0

B(ξ 0)dξ 0

!
; (21)

where we have used the definitionB(ξ ) = χ0((ξ )=a0). For obtaining the large hysteresis
loops the reversal field is beyond the field for full penetration. In this case ifB(0) is field
at the centre of the sample then we have

BA = B(0)+(H�=2)

 
�

Z ξ 0

0

ξ0

B(ξ 0)dξ 0+

Z 1

ξ 0

0

B(ξ 0)dξ 0

!
: (22)

The magnetization is given by

µ0m#=

�
H�

2A

� 
�

Z ξ 0

0

0
m(ξ 0)dξ 0+

Z 1

ξ 0

0

m(ξ 0)dξ 0

!
: (23)

The complete loop is obtained using the symmetry propertym" (BA) = �m# (�BA) of
the hysteresis loop. We now present results for two special cylinders.
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4. Results and discussion

The exact system of differential equations involves an infinite number of coefficients and
it is for this full system thatjJj= Jc is obtained. In figure 1 we show howjJj apprroaches
Jc as the number of leading coefficients is varied. (It should be noted here that we do not
need an explicit solution of the infinite system to get these curves.) It is clear that the value
of n should be chosen as large as possible. Obviously computer memory puts a restriction
on the magnitude ofn. However, even a moderately largen value may result in numerical
inaccuracies leading to a set ofak’s that violates the conformal nature of the transformation
(cf. eq. (4)). We have chosenn = 20, which retains the essential conformal mapping
property as well as produces a reasonably good approximation to the current density.

Figure 1. A comparison of current densities for different values ofn, the number of
leading coefficients used in the conformal mapping.jJj ! Jc asn increases.

Figure 2. The cross-section and the flux-fronts for a unit circular cylinder are shown
for different values ofξ0.
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The case of a circular cylinder is the simplest because in this case the initial conformal
mapping is the identity mapping, viz.,ζ = u. Under the application of the external field
the flux fronts evolve into noncircular shapes. Withn= 20 we solve the finite system of
equations (13) with the initial conditionsa0(1) = 1; andan = 0; n� 2. These are shown
in figure 2. Here in agreement the results of [12] the flux-fronts initially remain pegged at
the poles and develop a ‘cusp’ which is retained even after its detachment from the poles.

Next we consider an elliptical cylinder with transverse dimensionb= 1 and the parallel
dimensiona = 0:4. This corresponds to the initial valuesa0(1) = 0:7 anda1(1) = �0:3
andan(1) = 0, for n� 2. We show the flux-fronts in figure 3a. The magnetization curves
are shown in figures 3b and 3c.

The cross-section and flux-fronts for the second cylinder are shown in figure 4a. The
sample surface corresponds to the initial parametersa0(1) = 0:7; a1(1) = �0:35 and
a2(1) = �0:05. These are chosen so that the cylinder has transverse dimensionb = 1
and parallel dimensiona = 0:3. The cross-sectional area of the sampleA = 1:131. The
magnetization curves are shown in figures 4b and 4c.

We have also examined the effect of varyingn on the shape of the flux-fronts. It was
found that the inner flux-fronts corresponding to larger penetration developed a loop in ad-
dition to a central simply connected region. At first sight, it appeared that the loops, which
are unphysical, must be a result of numerical inaccuracies mentioned above. However, it
may be recalled that various flux-fronts are obtained starting from the sample boundary
by introducing current shells obtained by redistributing the surface current into a volume
current of a constant densityJc. To start with the flux-fronts remain anchored at the ‘poles’
of the sample. This is because surface current as well as the surface element at the poles
both vanish. The surface elementsnear the poles carry small current and give rise to a
current shell of small thickness. This shell does not cross thex-axis – the direction of the
applied field. As the applied field is increased the shape of the flux-free region becomes
more and more spindle-shaped [21]. At a certain stage a small loop is formed near the
poles. The loop is formed due to overlapping of current shells that crossed from either side
of thex-axis and therefore, must carry zero current. At this stage we may view the zero
current density (in the loop region) as coming from current densities�Jc in two adjoining
regions separated along thex-axis. This redistribution of current density at the infinitesimal
level does not alter the fields at finite distances, however adds to sample magnetization a
contribution of the same order as coming from the shell. Thus for a given applied field, the
resulting sample magnetization is more for this latter situation and this state should prevail
in a realistic field penetration. Thus, the redistribution of current density near poles results
in the detachment of flux-front from the poles at higher fields. This result is also arrived at
in ref. [21] following a different approach.

As noted earlier, we can generate a series of approximate solutions depending on how
we truncate the system of equations (13). All these solutions correspond to havingB� 0
within the innermost flux-front, however,jJj 6= Jc everywhere in the current carrying re-
gion. The analysis presented in this paper indicates that solutions of Bhagwat and Chaddah
for transverse cylindrical samples correspond to choosingn= 2.

In the absence of an exact expression for surface current density on conductors of finite
size and arbitrary shape, the method presented here remains valid only for transverse cylin-
drical samples. The problem of determining current density on finite conductors would also
be interesting from the point of view of magneto-statics and it would be worth expend-
ing theoretical efforts in this direction. However, recently, an integral equation approach,
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Figure 3. (a) The elliptical cross-section of the cylinder with semi-axesa = 0:4 and
b = 1 and the flux-fronts for different values ofξ0 are shown. (b) The virgin curve
and typical small hysteresis loops for different reversal fields characterized byξ0

0 are
shown. (c) The virgin curve and typical large hysteresis loops corresponding to the
B(0)=Bp = 0;0:5, and 1 are shown.B(0) is the field at the centre of the start of reversal
andBp = 0:435H� is the field for full penetration. The envelope curves are also shown.
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Figure 4. (a) The cross-section of the second cylinder and the flux-fronts different
values ofξ0 are shown. Transverse dimensionb= 1 and the parallel dimensiona= 0:3.
The cross-sectional areaA= 1:131. (b) The virgin curve and typical small hysteresis
loops for different reversal fields characterized by values ofξ0

0 are shown. (c) The virgin
curve and typical large hysteresis loops for theB(0)=Bp = 0; 0:5, and 1 are shown.B(0)
is the field at the centre at the start of field reversal andBp = 0:413H� is the field for
full penetration. The envelope curves are also shown.
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with the kernel expressed in terms of the elliptic functions, has been derived and illustrated
for magnetization of a spherical sample by Telchow and Koo [16], and should prove useful
for finite samples.
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