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Abstract. We obtain conditions for the occurrence of polarization modulational instability in the
anomalous and normal dispersion regimes for the coupled nonlinear Schr¨odinger equation modelling
fourth order dispersion effects when the linearly polarized pump is oriented at arbitrary angles with
respect to the slow and fast axes of the birefringent fiber.
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1. Introduction

Modulational instability (MI) phenomenon in optical fibers manifests as breakup of con-
tinuous wave (cw) or quasi-cw radiation into a train of ultrashort pulses and happens when
a cw perturbed radiation experiences an instability that leads to an exponential growth of
its amplitude due to an interplay between fiber nonlinearity and group velocity disper-
sion [1]. Anomalous dispersion regime is a prerequisite for occurrence of MI in nonlinear
Schrödinger equation (NLSE) which describes scalar beam propagation in optical fibers
[1]. Beam propagation in an anisotropic medium such as a birefringent fiber is generally
governed by coupled NLSE [1–3]. In a birefringent optical fiber, MI phenomena can be ob-
served via two techniques; namely the single-frequency copropagation wherein two pump
waves of identical frequency copropagate with orthogonal polarization parallel to the two
birefringent axes of the fiber [4] and the two-frequency copropagation, where the two po-
larized waves copropagate with different frequencies [4]. Unlike in the case of NLSE, MI
can occur in the normal dispersion regime for the coupled NLSE under certain specified
conditions [5–7]. In polarization preserving birefringent optical fibers, MI may involve a
change of the polarization state of an incident pump wave [8–10] as it traverses the fiber.
This phenomenon is known as polarization MI (PMI) which is sensitive to the relative
phase of the orthogonally polarized waves. Due to PMI, the incident pump wave which
is polarized on one axis of the fiber, would generate orthogonally polarized Stokes and
anti-Stokes sidebands. Trillo and Wabnitz, in their work, have analysed the role of nonlin-
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ear polarization of the pump on parametric amplification [11]. They have shown that PMI
manifests as large changes in the output state of polarization when the input power or the
polarization state is changed slightly. They attributed this phenomenon to the case when
the linear beat length of the optical fiber becomes comparable to its nonlinear beat length
for a specific input power.

MI phenomenon is useful for the generation for ultra short pulses which find applications
in ultrafast all-optical switching devices capable of operating in high frequency regimes
[12]. As the nonlinear polarization response of the birefringent optical fibers play a very
crucial role in ultrashort pulse generation through pulse reshaping, a detailed analysis about
PMI phenomenon is very much needed. MI phenomenon in presence of higher order
dispersion effects results in ultrashort pulses with very high repetition rates which find
applications in ultrafast all-optical switches [12]. In the present paper, considering the
single-frequency copropagation regime, we study the influence of fourth order dispersion
effects on PMI gain spectra of a linearly polarized intense pump wave which experiences
periodic nonlinear polarization rotation in a birefringent optical fiber in both the anomalous
and normal dispersion regimes.

The paper is arranged as follows: Inx2, we briefly discuss the basic equation. Inx3,
using Floquet theorem we analyse the linear stability of a linearly polarized pump wave
oriented at arbitrary angles with respect to the principal axes. Inx4, we conclude.

2. Basic equation

An optically active medium such as a twisted birefringent optical fiber supports circularly
polarized waves [11,14] and is represented by the following coupled higher order nonlinear
Schrödinger equation (CHNSE):

i uζ �G1 uττ +2 p
h
juj2+2 jvj2

i
u�G3 uττττ +

v
2
= 0;

i vζ �G1 vττ +2 p
h
jvj2+2 juj2

i
v�G3 vττττ +

u
2
= 0; (1)

whereu andv are the normalized circular polarization components of the intensly polar-
ized pump wave.ς is the dimensionless longitudinal distance andτ is the dimensionless
retarded time.uς refers to partial derivative with respect toς and so on.G1 andG3 denote
group velocity dispersion and fourth order dispersion coefficients respectively. Since we
are considering the single-frequency copropagation regime,G1 andG3 are considered to
have the same value on both the slow and fast axes [4]. Equation (1) represents the contin-
uous wave propagation in an optically active medium such as a twisted birefringent optical
fiber which supports circularly polarized waves and which includes the effect due to fourth
order dispersion. In this case, we have neglected the effects due to polarization walk off.
We have also considered the case where the carrier frequency of continuous wave is at
the extremum of the group velocity dispersion as a result of which the third order disper-
sion vanishes. We have further neglected other nonlinear effects such as stimulated Raman
scattering (SRS), self-steepening, etc. as we are basically considering pulse propagation
having pulse durations of the order of 500 femto seconds. At this range, the effect due to
SRS can be neglected. Also at this range, the effects due to fourth order dispersion become
high enough to influence the modulational instability (MI) phenomena. Cavalcantiet al
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have demonstrated experimentally the MI phenomena for the scalar nonlinear Schr¨odinger
equation [13] where they have considered the effect due to fourth order dispersion with the
second and fourth order dispersion coefficients at�0.1 ps2=Km and�7.0 ps4=Km respec-
tively at the wavelengthλ = 1:32 µm. We have extended this to the case for a CHNSE.
Moreover, we have considered a weakly birefringent fiber where the effects due to polar-
ization walk-off can be neglected. The parameterp refers to normalized power.

3. Stability analysis and PMI phenomena

The state of polarization of a pump wave can be changed by introducing a phase shift
between the two orthogonal polarization components of the pump wave [15]: Equation (1)
admits steady state solutions of the form:

u(ς) = jU (ς)j exp
�
i φ1 (ς)

�
;

v(ς) = jV (ς)j exp
�
i φ2 (ς)

�
: (2)

On substituting eq. (2) in (1) we obtain the following expressions:

d(jU j)
dς

=
jVj
2

sin φ ;

d(jVj)
dς

=�
jU j
2

sin φ ;

d
�
φ1

�
dς

= 2 p
�
jU j2+2 jVj2

�
+

jVj
2 jU j

cosφ ;

d
�
φ2

�
dς

= 2 p
�

2jU j2+ jVj2
�
+

jU j
2 jVj

cosφ ; (3)

where we have collected the real and imaginary terms of the above equation. The nonlinear
phase shiftφ = φ1�φ2 is responsible for the power dependent ellipse rotation of the pump
wave. The local state of polarization of the pump is duly represented by the normalized
Stokes parameters [11,14–16] which are of the form:

S0 (ς) = jU j2+ jVj2 ;

S1 (ς) = 2 jU j jVj cosφ ;
S2 (ς) = 2 jU j jVj sin φ ;

S3 (ς) = jVj2�jU j2 ; (4)

such thatS2
1 (ς)+S2

2(ς)+S2
3(ς) = 1. On differentiating eq. (4) throughout with respect to

ς and by using eq. (3), we obtain the equations to the Stokes parameters which are of the
form:

dS1(ς)
dς

=�2 p S2(ς) S3 (ς) ;

dS2(ς)
dς

= S3 (ς)
�
1+2 p S1 (ς)

�
;

dS3(ς)
dς

=�S2(ς) : (5)
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From this set of equations, we obtain the expressionS1 (ς) = S10� p S2
30+ p S2

3 (ς) where
S10 and S30 can be obtained from the initial conditions. From eq. (5) we obtain an equation
of the form�

dS3(ς)
dς

�2

= p2 �α1�S2
3(ς)

� �
α2+S2

3(ς)
�
; (6)

where

α1 =
1

2 p2

�
�
�
1+2 p S10

�
+

q�
1+2 p S10

�2
+4 p2 S2

20

�

and

α2 =
1

2 p2

��
1+2 p S10

�
+

q�
1+2 p S10

�2
+4 p2 S2

20

�
:

S20 can also be obtained from the initial conditions. Equation (6) can be solved using
Jacobian elliptical functions of the first kind to obtain:

S3(ς) =�
S20

f
sd( f ς ; m) ; (7)

where f =
�
1+4 p2

+4 p S10

�0:25
and the Jacobian parameter,m= 0:5

�
1�

1+2 p S10
f 2

�
:

Therefore,

S2(ς) =�
d S3(ς)

d ς
= S20 cd( f ς ; m) nd( f ς ; m) (8)

and

S1(ς) = S10� p S2
30+ p S2

3 (ς) : (9)

sd, nd andcd are the Jacobian elliptic functions of first kind [17]. Thus eqs (7), (8) and (9)
represent the pump wave evolution. For a linearly polarized pump wave,

S10= cos(2θ ) ;
S20= sin(2θ ) ;
S30= 0; (10)

whereθ is the angle of orientation of the pump wave with respect to the slow axis.
So far we have considered the steady state solution. Now we consider a perturbation

procedure where we slightly perturb the steady state solutions first by considering only the
spatial evolution (ie. atτ = 0) of the perturbing amplitudes and then including the tem-
poral evolution of the perturbing amplitudes as well which are in the form of Stokes and
anti-Stokes side-band amplitudes [11]. We also consider the approximation that higher har-
monics do not significantly influence the system dynamics. Now, atτ = 0; the amplitudes
of the two polarization components are perturbed slightly to obtain:

u(ς) =
�
jU (ς)j+u00(ς)

�
exp
�
i φ1 (ς)

�
;

v(ς) =
�
jV (ς)j+v00(ς)

�
exp
�
i φ2 (ς)

�
: (11)
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On substituting eq. (11) into eq. (1), the coupled equations to the spatial dependance of
the perturbed pump fields are of the form:

� i
∂ u00 (ς)

∂ ς
=

 
p
�
1�S3(ς)

�
�

S1 (ς)
2
�
1�S3(ς)

�
!

u00 (ς)

+p
�
1�S3(ς)

�
u0�0 (ς)

+

0
@0:5

�
S1 (ς)� i S2(ς)

�
q

1�S2
3(ς)

+2 p
q

1�S2
3(ς)

1
A v00 (ς)

+2 p
q

1�S2
3(ς) v0�0 (ς) ;

� i
∂ v00 (ς)

∂ ς
=

0
@0:5

�
S1 (ς)+ i S2(ς)

�
q

1�S2
3(ς)

+2 p
q

1�S2
3(ς)

1
A u00 (ς)

+2 p
q

1�S2
3(ς) u0�0 (ς)

+

 
p
�
1+S3(ς)

�
�

S1 (ς)
2
�
1+S3(ς)

�
!

v00 (ς)

+p
�
1+S3(ς)

�
v0�0 (ς) ; (12)

whereu00 andv00 denote the spatial evolution of the perturbing amplitudes atτ = 0: In order
to study the temporal evolution of the perturbing amplitudes as well, we next consider the
full fledged spatio-temporal evolution of the perturbing amplitudesu0 (ς ;τ) and v0 (ς ;τ)
which are given by

u0(ς ;τ) = u10(ς) exp(i Ω τ)+u20(ς) exp(�i Ω τ) ;
v0 (ς ;τ) = v10(ς) exp(i Ω τ)+v20(ς) exp(�i Ω τ) ; (13)

where
�
u10;v10

�
and

�
u20;v20

�
are the amplitudes of Stokes and anti-Stokes side bands

respectively. Throughout, we have assumed that
��u0

��� jU j and
��v0

���jVj . The perturbed
equations are given by

u(ς ;τ) =
�
jU (ς)j+u0(ς ;τ)

�
exp
�
i φ1 (ς)

�
;

v(ς ;τ) =
�
jV (ς)j+v0(ς ;τ)

�
exp
�
i φ2 (ς)

�
: (14)

Now we replaceu00 andv00 with u0(ς ;τ) and v0 (ς ;τ) in eq. (12) and substituting this along
with eqs (13) and (14) into eq. (1) and on linearizing with respect tou10; u�20, v10 andv�20,
we finally arrive at the following set of coupled linear differential equations in terms of the
perturbing fieldsu10(ς) ;u

�

20(ς) ;v10(ς) and v�20(ς) which are of the form:

�i
du10(ς)

dς
= m11(ς) u10(ς)+m12(ς) u�20(ς)

+m13(ς) v10(ς)+m14(ς) v�20(ς) ;

�i
du�20(ς)

dς
= m21(ς) u10(ς)+m22(ς) u�20(ς)
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+m23(ς) v10(ς)+m24(ς) v�20(ς) ;

�i
dv10(ς)

dς
= m31(ς) u10(ς)+m32(ς) u�20(ς)

+m33(ς) v10(ς)+m34(ς) v�20(ς) ;

�i
dv�20(ς)

dς
= m41(ς) u10(ς)+m42(ς) u�20(ς)

+m43(ς) v10(ς)+m44(ς) v�20(ς) ; (15)

where

m11(ς) = G1 Ω2�G3 Ω4
+ p

�
1�S3(ς)

�
�

S1 (ς)
2
�
1�S3(ς)

� ;
m12(ς) = p

�
1�S3(ς)

�
;

m13(ς) =
0:5

�
S1(ς)� i S2 (ς)

�
q

1�
�
S3(ς)

�2
+2 p

q
1�
�
S3(ς)

�2
;

m14(ς) = 2 p
q

1�
�
S3 (ς)

�2
; (16)

m21(ς) =�p
�
1�S3(ς)

�
;

m22(ς) =�

 
G1 Ω2�G3 Ω4

+ p
�
1�S3(ς)

�
�

S1(ς)
2
�
1�S3(ς)

�
!
;

m23(ς) =�2 p
q

1�
�
S3(ς)

�2
;

m24(ς) =�

0
@0:5

�
S1(ς)+ i S2 (ς)

�
q

1�
�
S3(ς)

�2
+2 p

q
1�
�
S3(ς)

�2

1
A ; (17)

m31(ς) =
0:5

�
S1(ς)+ i S2 (ς)

�
q

1�
�
S3(ς)

�2
+2 p

q
1�
�
S3(ς)

�2
;

m32(ς) = 2 p
q

1�
�
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�2
;

m33(ς) = G1 Ω2�G3 Ω4
+ p

�
1+S3(ς)

�
�

S1 (ς)
2
�
1+S3(ς)

� ;
m34(ς) = p

�
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�
; (18)

and

m41(ς) =�2 p
q

1�
�
S3 (ς)

�2
;

m42(ς) =�

0
@0:5

�
S1 (ς)� i S2(ς)

�
q

1�
�
S3 (ς)

�2
+2 p

q
1�
�
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m43(ς) =�p
�
1+S3(ς)

�
;

m44(ς) =�

 
G1 Ω2�G3 Ω4

+ p
�
1+S3(ς)

�
�

S1 (ς)
2
�
1+S3(ς)

�
!
: (19)

Equation (15) can be represented in the matrix form as

dX (ς)
dς

= M (ς) X (ς) ; (20)

whereX (ς) =
�
u10;u

�

20;v10;v
�

20

�T
and the superscriptT denotes transpose.M (ς)is a com-

plex periodic matrix with period given byς p = 4 K(m)= f , whereK (m) is a complete el-
liptic integral of the first kind.ςp is defined as the normalized nonlinear beat length of the
optical fiber.

Equation (20) is a linear homogenous (LH) system with periodic coefficients. The LH
system is solved using Floquet theorem [19] as follows: The periodic matrixM (ς) has
distinct eigenvalues for all values ofς and frequency detuning parameterΩ: Hence the
corresponding eigenvectors would be linearly independent. LetP(ς) denote a periodic
matrix with the linearly independent eigenvectors written side by side. Then the solution
to eq. (20) is given by Floquet theorem as

Φ(ς) = P(ς) exp(B ς) ; (21)

where the nonsingular matrixB is written as

B = P�1
(ς = ςp) M (ς = ςp) P(ς = ςp)� P�1

(ς = ςp)

�
dP(ς)

dς

�
ς=ςp

:

(22)

Φ(ς) is known as the fundamental matrix with the property that

Φ (ς + ςp) = Φ(ς) exp(B ςp) : (23)

The normalized form of eq. (21) is known as the state transition matrixL (ς) which is
given by

L (ς) = Φ (ς) Φ�1
(ς = 0) : (24)

Therefore

L (ς = ςp) = exp(B ςp) : (25)

In order to obtainL (ς = ςp) numerically, we chooseL(ς = 0) to be the unit matrix of
order 4, such that each column vector ofL (ς = 0) depicts linearly independent initial
conditions for eq. (20). With this set of initial conditions, we numerically solve eq. (20)
using the Runge–Kutta–Gill method [18] in order to obtainL (ς = ς p) : As the next proce-
dure, the eigenvaluesΛ of L (ς = ςp) known as Floquet multilpiers are determined which
are distinct. The instability condition is satisfied only ifjΛj > 1 [11]. The eigenvaluesσ
of the nonsingular matrixB are known as Floquet exponents. Floquet theorem connects
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σ andΛ via the relationΛ = exp(σ ςp) [19] which is clear from eq. (25): Thus the un-
stable side-band power gainG is given by the relationG= 2=ς p ln jΛj [11]. Using the
above relation, one can draw parametric gain curves as functions of finite frequency detun-
ing Ω as is clear from the linear homogeneous system given by eq. (20) and thereby eq.
(25) for both the anomalous and normal dispersion regimes. Figures 1a and 1b show the
growth rate curves as functions ofΩ when the linearly polarized pump wave is oriented at
θ = 1Æ from the slow axis of the birefringent fiber for various values of the normalized
power coefficientp and for the fourth order dispersion coefficientG3 = 0:005 drawn for
anomalous and normal dispersion regimes respectively. The variation of the unstable para-
metric gain for various values ofp when the linearly polarized pump wave is oriented at
θ = 1Æ from the fast axis for the case of anomalous and normal dispersion regimes are
shown in figures 2 and 3 respectively. It is observed that the parametric gain curve virtu-
ally remains the same whenever the pump is rotated from the slow axis by a few degrees
for both the regimes. Also, when the linearly polarized pump wave is oriented close to
the fast axis, belowp= 0:5 no MI is observed. As the value ofp is steadily increased
thereafter, the parametric gain curve is found to vary considerably for various values of
p thereby confirming the fact that the slow and the fast axes of a polarization preserving
fiber are not equivalent when one considers the influence of the fourth order dispersion
effects also. Figures 4, 5 and 6 depict this property of the parametric gain curve for var-
ious values ofp when the linearly polarized pump wave is oriented at 1Æ from the fast
axis for the normal and anomalous dispersion regimes respectively. In order to obtain the
final form of u(ς ;τ) andv(ς ;τ), we plot numerically eq. (14) atς = ς p for various val-
ues ofτ and finite frequency detuningΩ under the approximation that higher harmonics
do not significantly influence the system dynamics. Figures 7 and 8 show the plots of

Figure 1. Graphical relation between the parametric gain curve and the frequency
detuning forp = 1:0 and 0:7 andG3 = 0:005 when the pump is oriented at an angle
of 1Æ from the slow axis for (a) the anomalous dispersion regime and (b) the normal
dispersion regime.
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Figure 2. Graphical relation between the para-
metric gain curve and the frequency detuning
for p= 1:2; 1:0 and 0:8 andG3 = 0:005 when
the pump is oriented at an angle of 1Æ from the
fast axis for the anomalous dispersion regime.

Figure 3. Graphical relation between the para-
metric gain curve and the frequency detuning
for p= 1:2; 1:0 and 0:8 andG3 = 0:005 when
the pump is oriented at an angle of 1Æ from the
fast axis for the normal dispersion regime.

Figure 4. Graphical relation between the para-
metric gain curve and the frequency detuning
for p= 0:7 and 0:6 and G3 = 0:005 when the
pump is oriented at an angle of 1Æ from the fast
axis for the normal dispersion regime.

Figure 5. Graphical relation between the para-
metric gain curve and the frequency detuning
for p= 1:3; 1:1 and 0:9 andG3 = 0:005 when
the pump is oriented at an angle of 1Æ from the
fast axis for the normal dispersion regime.
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Figure 6. Graphical relation between the para-
metric gain curve and the frequency detuning
for p= 1:3; 1:1 and 0:9 andG3 = 0:005 when
the pump is oriented at an angle of 1Æ from the
fast axis for the anomalous dispersion regime.

Figure 7. Plots of
��u

�
ς = ςp;τ

���2 versusτ for
various values ofΩ in the anomalous disper-
sion regime when the linearly polarized pump
wave is oriented at an angle of 1Æ from the slow
axis.

Figure 8. Plots ofju(ς = ςp;τ)j2 versusτ for various values ofΩ in the normal disper-
sion regime when the linearly polarized pump wave is oriented at an angle of 1Æ from
the slow axis.

��u(ς = ςp;τ)
��2 versus τ for various values ofΩ in the anomalous and normal dispersion

regimes respectively. Similar plots can be obtained for
��v(ς = ςp;τ)

��2 : We are able to

752 Pramana – J. Phys.,Vol. 57, No. 4, October 2001



Birefringent optical fiber

retrieve the results of ref. [12] forG3 = 0:0: Thus we can arrive at the conclusion that
even for a polarization preserving fiber, large asymmetry exists between the slow and the
fast axes for continuous wave evolutions in the case of both the anomalous and normal
dispersion regimes. In order to obtain the exact nature of the solutions for the case when
the pump wave is oriented at arbitrary angles with respect to the axes, one has to employ
direct numerical simulation of eq. (1). A study of this type of work is in progress.

4. Conclusions

Using Floquet theory, the unstable power gain is obtained as function of fine frequency
side-band detuning when a linearly polarized pump wave is oriented at arbitrary angles
with respect to the slow and fast axes for the anomalous and normal dispersion regimes on
considering fourth order dispersion effects. It is observed that the parametric gain curve
virtually remains the same whenever the pump is rotated from the slow axis by a few de-
grees for both the regimes. Also, when the linearly polarized pump wave is oriented close
to the fast axis, belowp= 0:5 no MI is observed. As the value ofp is steadily increased
thereafter, the parametric gain curve is found to vary considerably for various values of
p thereby confirming the fact that the slow and the fast axes of a polarization preserving
fiber are not equivalent when one considers the influence of the fourth order dispersion
effects also.
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