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On Hamiltonian formulation of cosmologies
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Abstract. Novello et al [1,2] have shown that it is possible to find a pair of canonically conjugate
variables (written in terms of gauge-invariant variables) so as to obtain a Hamiltonian that describes
the dynamics of a cosmological system. This opens up the way to the usual technique of quantiza-
tion. Elbazet al [4] have applied this method to the Hamiltonian formulation of FRW cosmological
equations. This note presents a generalization of this approach to a variety of cosmologies. A general
Schrödinger wave equation has been derived and exact solutions have been worked out for the stiff
matter era for some cosmological models. It is argued that these solutions appear to hint at their
possible relevance in the early phase of cosmological evolution.
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It has been shown by Novelloet al [1,2] that it is possible to study perturbations in the FRW
background in a gauge-invariant way in terms of pairs of observable variables, such as the
electric and magnetic components of the conformal Weyl tensor, the shear and the vorticity.
The authors have also pointed out the equivalence of their approach to the gauge-invariant
variables introduced by Bardeen [3] to investigate cosmological perturbations.

It has also been shown [1,2] that it is possible to bring in a new pair of canonically
conjugate variables (written in terms of the gauge-invariant variables) so as to obtain a
Hamiltonian that describes the dynamics of the system under study. This paves the way to
the usual technique of quantization.

Elbazet al [4] have applied this method to the Hamiltonian formulation of FRW cosmo-
logical equations. The purpose of this note is to present a generalization of this approach
to a variety of cosmologies.

We start with the following three fundamental cosmological equations [5]:

(a)The Raychaudhuri equation

_� +
1

3
�2 + 2�2 +

1

2
(3p0 + �) = 0; (1)

where�; �; p0 and� are expansion, shear, pressure and energy density respectively.
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(b) The generalized Friedmann equation

1

3
�2 = �+ �2 �

1

2
P; (2)

whereP is the scalar curvature of the homogeneous hypersurfaces which is always nega-
tive except in Bianchi IX.

(c) The conservation equation

_�+ �(p0 + �) = 0: (3)

In view of the arbitrariness in the above three equations, we adopt the following relations:

p0 = (
 � 1)�;

P = 2��2; (4)

where we call� curvature parameter such that we have the Bianchi I and FRW models for
�! 0 and�! �1 respectively.
 has the values1 � 
 � 2.

Using (4) and (5) in (1)–(3) respectively we obtain

_� +A�2 + B� = 0; (5)

with

A =
3� �

3(1� �)
and B =

1

2

�
(1� �)(3
 � 2)� 4

(1� �)

�
;

1

3
�2 = �+ (1� �)�2; (7)

_�+ 
�� = 0: (8)

Now, we write the Hamiltonian,H , of the system in terms of a pair of canonically
conjugate variablesp andq as follows:

H =
1

2
p2 + Cqm; (9)

whereC andm are constants.p andq are defined [4] by

p = a���� ; (10)

q = b�� (11)

and the Hamilton equations are

_q =
@H

@p
; _p = �

@H

@q
: (12)

Now, from (6)–(12) we obtain
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a = bA; � = �
A



; � = �

A



; � = 1

m =
2A� 


A
; C =

AB

mbm�2
; (13)

so that we obtain from (10) and (11)

p = bA���A=
 ; (14)

q = b��A=
 ; (15)

giving

p

q
= A�: (16)

Finally, the Hamiltonian takes the form

H =
1

2
p2 +

A2Bb
=A

2A� 

q(2A�
)=A: (17)

Now, following the usual quantization procedure (withp ! i@ q), we have the general
Schrödinger equation

�

�
d2

dq2
+

2A2Bb
=A


 � 2A
q(2A�
)=A

�
	 = �	: (18)

Our next task is to solve (18) exactly for an early era, e.g., the stiff matter era (
 = 2), for
a variety of cosmological models.

(a) Model1 (FRW). In this case,� ! �1 andA = 1=3 andB = 2 so that (18) is, with
a0 = 1

3
b6 andb0 = �,

q4	00(q) + [a0 + b0q
4]	(q) = 0: (19)

Now, with the substitution

	(q) = x1=4y(x); x = q2; (20)

eq. (19) reduces to

x3y00 + x2y0 +

�
a0

4
+

�
�

1

16

�
x+

�
b0

4

�
x2
�
y = 0: (21)

Next, with the substitution

y(x) = u(z); mx = e2iz ;
a0m

2

4
=

�
b0

4

�
; (22)

we obtain the equation

u00(z) + (M +N cos 2z)u(z) = 0; (23)

Pramana – J. Phys.,Vol. 54, No. 3, March 2000 443



K D Krori and S Dutta

where

M =
1

4
; N = �2

p
a0b0: (24)

Equation (23) is the well-known Mathieu equation which has standard solutions [8].

(b) Model2 (Bianchi I). In this case,� ! 0 andA = 1, (2A2B=(
 � 2A)) = 3 so that
(18) is

	00(q) + (� + 3b2)	(q) = 0; (25)

with the simple solution

	(q) = 	0e
i(�+3b2)1=2q; (26)

where	0 is a constant.

(c) Model3. In this case, we take a set of values

A = 1=2; � = �3; B = 3=2 (27)

so that (18) is now

q2	00 +

�
3

4
b4 + �q2

�
	 = 0: (28)

With 3
4
b4 = a(1� a), wherea is< (1=2),

q2	00 + [a(1� a) + �q2]	 = 0: (29)

Putting	 = qay(z), z = q1�2a, we have from (29)

y00 +Kzry = 0; (30)

wherer = 4a=(1� 2a) andK = �=(1� 2a)2.
Equation (30) has the solution

y =
p
zJ1=p

"
2
p
k

p
zp=2

#
; (31)

wherep = 2=(1�2a) andJ1=p is a Bessel function of order1=p. Hence, the final solution
is

	 =
p
qJ1=p

hp
�q
i
: (32)

(d) Model4. In this case we take a set of values

A =
2

3
; � = �1; B = 1 (33)

so that (18) takes the form
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q	00(q) +

�
4b3

3
+ �q

�
	(q) = 0: (34)

We put

	(q) = ei�
1=2xy(x); x = �2i�1=2q (35)

so that (34) takes the form

xy00 � xy0 +

�
i4b3

6�1=2

�
y = 0: (36)

This is a confluent hypergeometric equation. The solution is of the form

y = xF

�
1 +

4b3

6i�1=2
; 2; x

�
: (37)

It may be noted that one may find a different model with another set of values ofA; �
andB.

In fine, we would like to argue that the exact solutions derived here for some cosmo-
logical models for the stiff matter era hint, with their physical character, at their possible
relevance in the early phase of cosmological evolution. The subject is obviously interesting
and merits further investigation in more general cosmological contexts.
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