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Abstract. An exact solution is obtained for coupled dilaton and electromagnetic field in a cylin-
drically symmetric spacetime where an axial magnetic field as well as a radial electric field both
are present. Depending on the choice of the arbitrary constants our solution reduces either to dila-
tonic gravity with pure electric field or to that with pure magnetic field. In the first case we have a
curvature singularity at a finite distance from the axis indicating the existence of the boundary of a
charged cylinder which may represent the source of the electric field. For the second case we have a
singularity on the axis. When the dilaton field is absent the electromagnetic field disappears in both
the cases. Whereas the contrary is not true. It is further shown that light rays except for those pro-
ceeding in the radial direction are either trapped or escape to infinity depending on the magnitudes of
certain constant parameters as well as on the nature of the electromagnetic field. Nature of circular
geodesics is also studied in the presence of dilaton field in the cylindrically symmetric spacetime.
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1. Introduction

The dilaton black hole solutions have attracted considerable attention for the last few years
and there exists fairly exhaustive literature on the subject [1-4]. When the dilaton field is
a coupled system or in other words when we consider a charged dilaton sphere, the so-
lutions are significantly modified from the ordinary black hole ones. The presence of the
dilaton changes the scenario for the causal structure of the black hole and results in the
formation of curvature singularities at finite radii, Horne and Horowitz [5] and Shiraishi
[6] obtained charged dilaton blackhole solutions with weak rotation. Chamorro and Virb-
hadra [7] calculated energy associated with such charged dilaton blackhole solution. Very
recently Salimet al [8] considered dilaton field in the context of Bianchi-l cosmologies.

In the present paper we assume an action which is part of the low energy action of string
theory and study the corresponding cylindrically symmetric spacetime, where the dilaton
field is coupled to an electromagnetic field. The study of such spacetime is quite interesting
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in view of the existing results in more special cases where the dilaton field is absent and
the spacetime is due to the Einstein—Maxwell fields or due to the gravitational field alone.
Our spacetime is quite general in the sense that when some of the constants appearing in
our solution vanish, it either reduces to a dilatonic gravity with an axial magnetic field or

to that coupled to an electric field in the radial direction for a static cylindrical charged
source. The spacetime with the electric field alone has a singular surface at a finite radius
which may be interpreted as the boundary of the source, while that with an axial magnetic
field is found to be singluar at— 0.

Itis relevant to mention that our line-element also reduces to the well-known Levi-Civita
metric in the absence of the dilaton and the electromagnetic field.

It may be interesting to study the trajectories of light rays in the spacetime described
above. As in the case of Levi-Civita spacetime of pure gravitational field, here also light
rays directed exactly in the radial direction travel unobstructed, while photons moving
along other direction in the axial plane & constant) are either trapped or move unob-
structed depending on the choices of parameters and the nature of the electromagnetic field.
For the parameters chosen in this paper all the photons are trapped in the first case with
axial magnetic field, while they escape to infinity in the second case with radial electric
field.

2. Dilaton coupled to an electromagnetic field

The appropriate action function for the Einstein—-Maxwell dilaton field (ref. [1]) is given
below:

= oo [R+2¢;¢' — e 2P?F;;Fi] \/—gd*z, (2.1)

s
whereR is the Ricci scalar is the dilaton field and';; is the electromagnetic field tensor.
B is a dimensionless free parameter which regulates the coupling between the dilaton and
the electromagnetic field? = 1 actually gives the low energy action of the string theory.
Varying (2.1) withg = 1 we get

Gi]' = —87TTZ']', (22)
(e72°FU); i =0 (2.3)
and
1 o
gﬁ?l = 5672¢ijF‘]k, (24)

we further consider the metric with cylindrical symmetry
ds® =e?Vdt? —e 2¥ (eszTZ +e27d2? + r2d¢>2) , (2.5)

where ¥, ~ are functions of the radial coordinatealone. The metric (2.5) uses Weyl
canonical coordinates, which are allowed in this case. It is not difficult to calculate the
energy-momentum tens®i; from the form of the action function and this is expressed in
the form
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2% k ) 1 :
87Ti; = 2¢id; — 2e P g* i Fyj — gi; " o + Yiie 20 F*. (2.6)
Assuming here that the surviving independent components of the electromagnetic field
tensor are 3, i.e, the magnetic field alongdirection andFy;, i.e the electric field along
radial direction, one can write the following field equations

,yl/ — oy + \II'2 _ glIl' — _¢)l2 _ le—2¢+2\IJ(F13)2
r

r2
—672¢72W(F01)2, (2.7)
!
1
—u? 4 77 =¢"” + ,a_ze_Qd’JFQ‘I’(Fm)2 — e (R )?, (2.8)
v 2 1 —2¢+20 2 —2¢—20 2
\11'2 — 7 = —¢) — r_26 (F13) +e (F01) ) (29)
1
N = g T_Qe—2¢+2‘1’ (F13)2 + e—2¢—2‘I’(F01)2, (2.10)

where a prime overhead mea®s0r. The eq. (2.3) yields directly the electromagnetic
field tensor components

13 = M. 01 _ ﬁ (2.11)
COREN (~9)'72 |
so that the explicit form of';3 and Fy, are given by
Fig = Qure* @Y, Fy = %62(¢+\D), (2.12)
r

where@,, and(). are integration constants to be interpreted later as the strength of the
magnetic and electric fields respectively.
With the help of the field equations one readily obtains

o' 1
o4 —= e 2072V (Foy)? + T—Qe—2¢+”(F13)2, (2.13)
" ’Y_l _ 3 —2¢+2W¥ F 2 2.14
7+T—T2€ (F13)7, (2.14)
2 !
N 2w Sy 4 L o 9202 ([ )2, (2.15)
T T

The wave equation for the coupled system (2.4) may be written as
2
(r¢') = %e%“\" —Qpre*0 Y, (2.16)
Now the three relations (2.13-2.16) conngct and ¥ through the following relation
¢ =T -+ +c/r, (2.17)
wherec| is a constant of integration.

For economy of space we skip all details of the intermediate steps and give the final
expressions of the metric coefficients as
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27 = 7“26,1 (A17“1+d + 1317“17(1)2 R (218)
e2? — p (A17'1+d + Blrl_d) (017'1+Cl + Dl’f'l_cl)il R (219)
¢ = (Air't 4 Bir' =) (Gt 4 Dyt T (2.20)

where(4,, By, C1, D1,d, ¢;) are integration constants.
Further, a straight forward calculation shows that

Q%n = 2A1B1d2 and Qg = —201D10%. (221)

To get a better physical insight of the metric system (2.18-2.20) we would like to trun-
cate it into cases — one corresponding to a pure magnetic field and the other to an electric
field only.

Case I(Electric field absent

It may be interesting to point out that if we put eitliér = 0 or D; = 0, the electric field
vanishes and we get the solution of dilatonic gravity coupled to an axial magnetic field
only. In such a case the dilatonic field simplifies to

e 2% = (Ar® + Br?), (2.22)
whereA andB are new constants and
a=1—-c¢ +d and b=1-¢ —d. (2.23)

At this stage we can express the system of metric components in a compact form as

e 20 = Apl-ad(p2d 4 %), (2.24)
e?V = Aptter—d(p2d 4 o2) (2.25)
e2’y — A2r2(1+c+clfd)(r2d _+_a2)2‘ (226)

The constant is related ta:; andd to be shown later. Here
o’ = B/A. (2.27)

Adding (2.9) and (2.10) (taking’p; = 0) and expressing the derivatives®fand- in
terms of the derivatives @f we arrive at the following differential equation

1 1
¢ — 24" + 5201 = 1)¢' — T—Z(c‘f’ —2¢ —¢) =0, (2.28)
which is consistent with the solution fgrgiven in (2.24) provided
2c=c} +d* —2¢; — 1. (2.29)

Now omitting some trivial constants one can write the final form of the metric without loss
of generality

ds? = r1+cl—d(r2d + a2)dt2 _ r(e%—cl+dz—d)

x(r*? 4 o?)(dr? + d2%) — ' T2 4 o) T g, (2.30)
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when we putl = (¢; — 1) anda? = 0 in (2.30) both the scalar and e.m. field disappear
and the metric (2.30) reduces to

ds? = r2rde? — 2ol (dr? 4 d2?) — r2(1-c)dg? (2.31)

which is the well-known Levi-Civita metric [8] as expected withrepresenting the mass
per unit length of the cylindrical distribution. It is now easy to fiifd from (2.22) to write

a—b 2 2
@' = 1 (M) ) (2.32)

42 rafb + a?

Independent of wheth@id = (a — b) is positive or negative we immediately come to the
inference that¢'?) blows up as- — 0, that is, in either case the singularity on the axis is
unavoidable.

Itis clear from eq. (2.4) that’ = 0 leads to the vanishing of the electromagnetic field as
well. This is because the dilaton field is coupled to the electromagnetic field as is evident
from the action function (2.1). The equation (2.4) has been used to arrive at the metric
(2.24)—(2.26). Hence it is not possible here to remove the dilaton field leaving only the
electromagnetic field to exist. When eithet = 0 anda = 0 ora = b = 0 both the fields
disappear and we get purely the gravitational field. In the first case the Levi-Civita metric
(2.31) is recovered. In the second case, howelver) andc; = 1 and the metric for the
vacuum reduces to the form

ds? = #2dt* — (di? + dz?) — d¢?, (2.33)

wherer = r(1 + a?)'/?, the other coordinates being subjected to trivial transformation.
The above metric represents vacuum having all the curvature scalars equal to zero. But
the metric cannot be transformed to a globally Minkowskian form becaistands for an
angular coordinate and is not a simple Cartesian coordinate.

One must note here that is of course possible to obtain a purely scalar field solution from
(2.30) when the constant paramet€rvanishes. In that case the right hand side of (2.4)
vanishes bup’ does not necessarily vanish. The metric in this case is given by

20 — T1+Cl+d,

Joo = €
gi1 = goy = —pCitd Hd—e
and
gs3 = —rPp~ (TFertd), (2.34)

Case lI(Magnetic field abset

The analysis to be presented here closely resembles the formalism described in Case I.
So we will be very brief here. From eq. (2.21) it follows that if any of the constants

A; = B; = 0, the magnetic field vanishes and the dilatonic field may be solved to give the
following results:

e™2? = (Cr® + Dr?), (2.35)
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where agaim = 1 — ¢} + d* andb = 1 — ¢ — d*. HereC andD are arbitrary constants
andcj, d* are two independent constant parameters appearing in the explicit forms of the
metric

¥ = p2(1=c1)g20 (2.36)
o1 = e -1} (2.37)

Now putting— 32 = D/C the solution for the dilaton-field may be expressed as
0720 = ploci—d (247 _ g2y (2.38)

The spacetime singularity appears & = 2, indicating that this is the boundary of the
source. The absence of dilaton field needs eitifer= 0 andd* = (¢j — 1) ord* = 0

andcy = 1. In both cases the electromagnetic field also vanishes at the same time. It is
not surprising when we consider eq. (2.4). The reasons are given in the previous case for
magnetic field. For the first choice that is whéh = 0 andd* = (c¢f — 1) the metric
reduces to

ds? = r 24 qs? — 1“2‘1*(‘1*+1)(d1“2 +dz?%) — P+ g2,

This is clearly a Levi-Civita metric (2.31) with different symbols for the constant parame-
ters ¢ is replaced by a new symb@ét). For the second choice on the other hand

1
=1
which after some trivial coordinate transformations exactly reduces to the flat metric. Thus
the spacetime exterior to a static charged cylinder [9] is not recoverable from our general-
ized solution, which includes a dilaton field coupled with the electric field.

On the other hand if we put on}y? = 0, we get the spacetime for the purely dilatonic
field. The solutions are

ds? dt? — (1 — ) (dr? + d2?) — 72 (1 — f%)d¢?,

eZ\I/ — ,r,lfclfd ,

27 — pld (e =1)%)

These solutions exactly coincide with those obtained previously in (2.34) when we replace
¢t by —d andd* by —c;.

3. The trapping of photons

It is natural to ask under what circumstances the outgoing light rays will be trapped in the
spacetime obtained in each of the previous cases. This may be interesting in the context of
the old result in the Levi-Civita spacetime where such thing depends on the magnitude of
mass per unit length of the cylinder [10].

Case |

Here we consider the spacetime given by metric (2.30). For null geodesies aonstant
plane simple calculations show

342 Pramana — J. Phys.yol. 54, No. 3, March 2000



Cylindrically symmetric spacetime

t=m-ria (2 L o)7L (3.1)

¢ =nrar (24 4 o), (3.2)
so that

dt m e _

b (5) 262 4+ 0?72 (3.3)

Using (3.3) in the metric (2.30) and remembering that the light rays are confinee-in
constant plane the equation of motion for such orbits reduces to

2 7,.2(d—61)

2
<d7°> = 2= (G} 2 g o212 [T 1. (a4

@ n2 (7.2(1 + a2)?

The relation (3.4) demandsn?/n?) > Y, whereY is written for (r2¢ 4 a?)r2(c1=9),
Once this condition is satisfied it will remain valid for increasingrovidedY” decreases
monotonically withr and the rays escape to infinity without being trapped, which needs
(dr/dp) = 0 at some stage. On the other hand’ifincreases with increasingtill it
finally equals(m?/n?) at a certain stage, the rays will turn back and may be trapped. Here
such situations depend on the magnitudes of the paramsgtarsdd, both of which are
assumed to be positive. When > d > 0,Y increases monotonically and the light rays
are trapped. Whed > ¢; > 0, we find the asymptotic value &f asr — oo, which is
infinity in this case and so the rays are trapped again. The same conditions may be arrived
at for the spacetime due to a pure dilaton field algn€& = 0). Again for the trajectory in

the radial directiors = 0 and so(m/n) is infinitely large. Here in general the rays travel
continuously away from the axis not to turn back.

Case ll

In the second example, where the dilaton field is coupled with a radial electric field gen-
erated by a charged cylinder, the null geodesics i constant plane must satisfy the
condition that M/ 2/N?) > X, where

F2(d*=c})

The constantd/ andN are related with the usual energy and angular momentum. This
may be shown following the same procedure as in Case I. Omitting details of the procedure
at this stage one can arrive at the conclusion that for positive magnitudesaofd d*

the outgoing light-rays in a charged dilaton cylindrically symmetric spacetime are never
trapped. Contrary result may occur when the above restrictions on the parasrjedecs

d* are relaxed.

4. Circular geodesics

It is well-known that the circular trajectories in Levi-Civita spacetime have an interesting
property that their time-like, null or space-like character depend on the mass per unitlength
of the source. When this is exactly equal to 1/4 all the circular geodesics are null. Similar
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feature is apparent for the cylindrically symmetric spacetime in the presence of the dila-
tonic field alone. In this case the character of the orbits depends on the relative magnitudes
of the parameters; andd. To demonstrate this result we write below the equations of
motion for a particle orbiting along a circular track i & constant plane. The geodesics
corresponding to the radial coordinate in the spacetime given by (2.30) are as follows

[(1+ ¢ +d)rtD £ a?(1+ ¢ —d)rle=9)]

A= —dr¥ +a?(1— ey + d)r?=] (d¢ 2
= (7,2(1 + a2)2 (E) .

Again from the metric (2.30) itself there is another relation
2 _ 2
% = r1+cl_d(r2d +a?) — 7r1 e % .
dt (r2d + o2) \ dt
The above two equations when combined yield the relation

ds)? (14c1—d) (,.2d 2
w) = YR+ af)

w1 (1+c; +d)rBi=) £ a?(1 +¢; — d)rld—1)
(1—c1 —d)rBd=c1) 4 a2(1 — ¢; + d)rld=c1) |’

which in turn for no electromagnetic field:? = 0) takes a very simple form like

ds\? c 14+¢ +d
(E) _ (4eitd) [1 -t _Ci _d] _ 4.1)

The above relation (4.1) points to the immediate inference that all the circular orbits are
null whene; +d = 0. Further ifd = (¢; — 1) the dilaton field disappears and the condition
for all null orbits isc; = 1/2 which is exactly identical with the result obtained for the
Levi-Civita spacetime [11,12] (the mass per unit length is 1/4 in relativistic units).
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