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Abstract. Electric field induced tunneling is studied in three different types of quantum wells by
solving time-independent effective mass equation in analytic methods based on three different Airy
function approaches. Comparison of different Airy function methods indicates that they are identical
and connected to each other by the Breit-Wigner formula.
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1. Introduction

Quantum wells (QW) formed in the semiconductor heterostructures have been given con-
siderable theoretical attention because of their optical device applications [1]. For under-
standing the operating principles of devices, it is necessary to study the optical absorption
spectra in the QW under an applied dc electric field perpendicular to the growth direction
[2]. The intensity of the absorption spectra depends on the dephasing rate and is the combi-
nation of the relaxation time due to the electron-phonon scattering and the mean tunneling
lifetime of carriers due to the electric field [3]. The electron-phonon mean relaxation time
can be determined in a semi-classical picture whereas the mean tunneling lifetime is a
complete quantum phenomena [4]. Moreover, the peak position of the absorption spectra
is governed by the Stark shifted energy levels, which also need a complete quantum me-
chanical calculation. The electronic structure of the quantum wells under the electric field
has been studied usiralp initio formalisms [5]. However, in the present work we have
employed the effective mass equation [1] for simplicity.

The Stark shifted energy levels in a single rectangular quantum well (RQW) are thor-
oughly studied using both analytic Airy function methods [6—9] and numerical methods
[10-14]. The Airy function methods are also efficient in calculating the mean tunneling
lifetimes (7). Recently Pandat al [15] have presented accurate numerical methods based
on the Fourier series expansion techniques for calculatinguantum wells with arbitrary
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form of the potential profile. The analytic method is always preferred for its simplicity and
requirement of modest computational facilities.

In the single RQW there are three different Airy function methods available to obtain
Stark shifted energies and mean tunneling lifetimes [6—9]. Under the uniform electric field
the Stark shifted energy levels and mean tunneling lifetimes are calculated as the resonance
position(E,) and width(T" = #/7) in the Breit-Wigner formalism [16]. Austin and Jaros
[6] have calculateds, andT in the phase shift method. Enderleinal [7] have used the
density of states method for calculatiig andT’. Ghataket al [8] have presented this
method in the spirit of wave mechanics. Ahn and Chuang [9] have expréssaddl’
from the single complex energy eigenvalue. The complex energy is obtained using Airy
functions with complex arguments. This method has been employed byePakid7] in
order to calculatds, andl" in the symmetric double quantum wells (DQW).

Ghataket al [8] have generalized the real Airy function method to calculEteand
I' in the quantum wells with arbitrary form of the potential profile. This is achieved by
dividing the potential into a number of small strips, such that the potential in each strip
can be approximated by a rectangular barrier. BottandI are obtained from the current
continuity conditions. Yangt al[18] have used this method to calculde andTI in the
annealing induced diffusion modified quantum well (DMQW).

Unfortunately the position dependence of the effective mass has not been taken into
account in all Airy function methods presented above. Hutchings [19] has shown that the
inclusion of the barrier effective mass has got significant effect&,oandI .

This paper deals with two important aspects of the Airy function methods. (i) We incor-
porate the position dependence of the effective mass in the current continuity condition for
calculatingE,. andI’ under electric fields. For achieving this we have followed the work
of Hutchings [19]. (ii) We compare three different Airy function methods for reproducing
the same results. To the best of our knowledge such a comparison does not exist before. In
order to make our methods simple, we have not included strain and non-parabolicity [20]
in our calculations. However, the inclusion of these effects in the present Airy function
formalisms is rather straightforward.

2. Methods of calculations and results

In this section we describe details of the application of the real and complex Airy function
methods for calculating th&, andI" in the quantum wells under uniform electric field.
The effective mass equation for a given eneligig given by [21]

——————— +V(2)+eFz| Ug(z) = E¥g(2), 1)

wherem*(z) is the position dependent effective makgz) is the confinement potential,
e is the magnitude of the electric charge dnis the applied electric field.

The effective mass and the potential profile are constant in a given region. The effect of
the electric field is only to change the slope of the potential in that region by the polarity
of the applied bias. Therefore eq. (1) for thie region is expressed as

d20i(z)  2my

15~ oz (Vi) + eFz = E)¥i() =0, 2)
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where¥%(2) andm; are the energy dependent wave function and effective mass respec-
tively for theith region. We introduce a dimensionless co-ordimatgich is related ta
as

Qmi 1/3
n=— {(ehF)z] (E —Vi(z) — eFz). 3

Substituting eq. (3) in eq. (2) we find,

42T (n) i
g~ 1¥Em) =0. (4)
The solution of eq. (4) is expressed as

Uip(n) = CiAi(n) + DiBi(n), (5)

whereAi and Bi are Airy functions [22] with coefficient€’; and D; respectively for the
ith region. The required boundary conditions for getting coefficients are obtained from the
current continuity conditions at the heterojunctignas [21]

Ui(2) o=z = Ui (2)a=20) (6a)
1 dvd 1 deit

RS dvi(z) _ dvy (2) . (6b)
m} dz ime Mt dz -

A. Single rectangular quantum well
The potential profile of this well is given by

_Jo  forlz| <1/2;
V(z)—{vo for |2| > 1/2, @

whereVy = Bog[Eq(z) — E4(0)]. E4(x) andE, (0) are the band gaps of AGa _,As and
GaAs respectivelyB,g is the band offset. In the barrier regigr| > 1/2) the effective
mass of AL.Ga _,As ism*(z) and in the well regiorf|z| < [/2) the effective mass of
GaAs is given byn*(0). The parametrized forms &, (z) andm*(z) are taken from the
compiled work of Adachi [23]. The single RQW considered in the present case is shown
in figure 1.

Then andm*(z) are different inside and outside the well region. The wave functions in
the well and barrier regions are described as

ClAi(n)a 221/21
Vp(n) = {CzAi(U) + Dy Bi(n), |z| <1/2 (8)
CsAi(n) + DsBi(n), z<—1/2,

whereCy, Cs, Dy, C3 andD3 are constants. From the properties of Airy functions it is
clear thatBi(n) increases with increasing and becomes infinity when is at infinity.
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Figure 1. Potential profile of the single rectangular quantum well under the uniform
electric field. The electric field strength is 100 kV/cm. In calculating the potential
profiles we have takem = 0.353, | = 100A and B,z = 0.7. The solid line and the
dashed line are the potential before and after the applied electric field, respectively.

In order to make the wave function well behaved in the entire region, this part is not added
in the wave function in the region> [/2.

2.1 Phase-shift method

The Stark resonances are characterized by a rapid increaseroirthlee phase, where
[24]

tan(e) = g—j. 9)

In this methodE, andT are related taan(¢) in the Breit-Wigner formalism as

From eq. (10) we observe tha. is obtained from the pole abn(¢). From eqg. (9), we
find that this condition is satisfied when

C3(E,) = 0. (11)
The value ofl" is calculated in the following manner. From egs (9) and (10) we find that

r= 2(Er—E)%. (12)
3

ExpandingCs (E) in Taylor's series, and then using eq. (11) we obtain
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C3(E) = C3(Er) + (Ex — E)C3(Ex) + - - - = (Er — E)C3(Ex), (13)

where higher order terms are neglected &fdE,) = dC3(E)/dE|g,. Substituting eq.
(13) in eq. (12) we find the expression foias

D3 (Er)

r=2 :
C3(Ex)

(14)

2.2 Density of states method

The method of findingz, andI” from the density of states in the Rydberg Stark problem
has been formulated by Luc-Koenig and Bachelier [25]. This method has been used in
guantum well problems by several groups [7,8,26]. The time-dependent wave function is
defined as

U(e,t) = [ CE)ER()e I, (15)

wherej = /—1 andC(E) is the normalization constant. The wave function for a state
U(z) is obtained a®(z,t = 0). The density of states is the square of the normalization
constant which is derived from eq. (15) as [25,26]

2

C*(E) = ‘/\Il(z,t: 0)¥p(2)dz| . (16)

Substitution of eq. (8) in eq. (16) yields?(E) as [26,27]

G

“E = GE+ ey

(17)

whereG = (2m*(z)eF/h*)Y/%z /+/L. In the vicinity of the resonance energy?(E) is
given by the Breit-Wigner formula

2 — o2 (r/2)°
C*(B) = C*(B) tp— gyt 4 (r7a (18)

E, is obtained by locating the maximum 6f*(E). Comparing egs (17) and (18) and
using eq. (13), we find that'; (E,) = 0 andT’ = 2D3/CY. This method also reproduces
egs (11) and (14) found independently from the phase-shift method.

2.3Numerical methods for evaluating, andT’

There are two different but similar numerical techniques [7,8,19] to oliaiandI" in the
real Airy function methods. The technique followed by Endedtial[7] is described first.

Using the continuity equations (6a) and (6b}at 1/2 and—I/2 we obtain four equa-
tions which can be arranged as
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. |
Cy AZ.,(H’L 1)
D2 Ai (771, )
M =C m(z) , (19)
Cs 0
Ds 0
where the matri¥\/ is given by
Ai(nf')  Bi(nf') 0 0
Ai' (nFh) Bi'(nf1)
a a 0 0
M = m(0) m(0) (20)

—Ai(n;') =Bi(n') Ai(n, ") Bi(n, ") |

_Af(n, ") _Bi'(n,Y) Ai'(n') Bi'(n )

wherem(z) = [m*(x)]*/? andm(0) = [m*(0)]*/* andn values at boundariesl/2 are
given by

B 2m*(0) 18 l

(i hem?] (E Ter 5) ’ @12
. 2m* (x) 1/3 [

nEl = — {(ehF)z] (E -VoF eF§> : (21b)

The Wronkian determinant ofi(r)) and B

—~

1) is expressed as [22]

3=

Ai(n)Bi'(n) — Ai'(n)Bi(n) = (22)

Using eq. (22), the determinant of the mathikis obtained as

=5 () “

Since thelM | is not zero everywhere, eq. (19) may be solved for all values of erférgy
making the energy spectrum continuous. The coeffici€n{s), C>(E), D2 (E), C3(E)
andD;(E) are uniquely determined in dependenc€ef E). SinceC, (E) is arbitrary in
the normalization constant, it can be taken as ufGty(E) = 1). The coefficientss(E)
andD;(FE) are obtained from the following determinants,

Ai(FY)  Bi(pft) Ai(g ) 0
Ai' (o) Bi'(nfY)  Ad ()

1 0
(B = L | Tmo w0 m) o4
(=00 | i) —Bi) 0 Biggh) | 24)
_Ai(mrh) Bi'(nh) 0 Bi'(n, ")
m(0) m(0) m(z)
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Ai(nFY)  Bi(nfh) 0 Ai(nh)

1 A (Y Bi'(nfh) 0 Ad (mt)
Da= — T’_L(O) ”?(0) T m(z) . (25)
PTM | -Ai(n,Y) —Bi(n,Y) Ai(g') 0
_A'(m.Y) _Bi(n, ) Ai'(n, ) 0
m(0) m(0) m(z)

The roots of the eq. (24) represéiit,.) which are computed by the Newton and Raphson
method [28]. For calculating the derivativeC'} (E,) is calculated in the finite difference
scheme by symmetrically varyirfg, by a small increment.

The second method for obtainirdg, andI is based on the transfer matrix technique
[8,19]. As in eq. (19) the continuity equations are used at a boundary to obtain

Ai(m, ") Biln, ) (o (A Bidh (¢,
Ai (1@ ) Bi (17} ) Di+1 = Ai'(n") Bi'(n7") D. )

F + i
m. m.
i i

(26)

At 1/2, we takeC(E) = 1, Di(E) = 0, nf* andn," to find C»(E) and D»(E) at

different £ in a given energy range. Atl/2, C»(E), D»(E), n;' andn, ' are used to
find C3(E) andD3(E). ThenE, values are obtained from the root@f(E) = 0. The

width I is obtained from eq. (14).

2.4 Complex airy function method

Substituting eq. (18) in eq. (15) for a sindig, ¥(z, ) is derived as [16]
U(z,t) = T(z)e~ k(B4 27)

wheret > 0. The time-dependent effective mass is given by [1]

- - 9
—?am*—(z)& +V(z)+ er_ U(z,t) = ]halﬁ(z,t). (28)

Substituting eq. (27) in eq. (28) we find

[ ] J
—_— Fz|U(z)=(E — =T ) ¥(2). 2
2 92 m* () 02 +V(z)+e z_ (2) < 5 ) (2) (29)
Ahn and Chuang [9] have used this equation to calcuigteandI’. The dimensionless
co-ordinate; in this case is defined as

om; 1'/° J
= | — E—=T —Vi(z) —eFz).
n {(ehF)z] ( 5 Vi(z) —e z> (30)
We find thaty is complex in this approach.
Before proceeding to define the wave function in this approach, it is also important
to establish the connection between the phase-shift analysis and complex Airy function
method. From egs (9) and (10) we find that
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Cs = Dgw. (31)
In the vicinity of £, we obtain
2[E, — (B, — IT
Cs = D3 [ (I‘ el = jDs. (32)
Substituting eq. (32) in eq. (8) we obtain,
CiAi(n), z>1/2;
Vp(n) = { CaAi(n) + DaBi(n), |2 <1/2; (33)
Ds[Bi(n) + jAi(n)], z<-1/2.

Sincen is complex, the Airy functions are required to be evaluated with complex argu-
ments. In the present case we have no opportunity to use egs (11) and (14) for evaluating
E, andI'. Using the continuity conditions at= % andz = —% we obtain four equations.

In order that the coefficients;, Cs, D> andD3 have non-zero values, the determinant has

to be zero,

Ai(pf')y  —Ai(F') —Bi(n) 0
Al A Bif(mdh 0
i) o) O N (34)
0 Ai(n;')  Bi(ny')  —BA(n, ")
0 A (nh) Bi'(n;') _ BA'(n, ')
m(0) m(0) m(z)

In this equation we have takeBA(n; ') = Bi(n,') + jAi(n; ') and BA'(n;!) =
Bi'(n, ') + jAi'(n,'). The complex roots of the complex determinant are obtained in
the Newton—Raphson method [28].

We have showt,, andI at different field strengths in table 1. Our results are identical
in both real Airy and complex Airy function methods. As expected the quasi-bound en-
ergies decrease with increasing applied field whereas resonance widths are increased with
increasing electric field due to tunneling.

B. Symmetric double quantum well

The Airy function methods are then applied to the symmetric double quantum well (DQW)
[29] which is formed by two single RQWs of wid{{i) separated by a barrier of width
The potential profile for this well is expressed in the following form:

Table 1. Ground state energies and resonance widths
in the single RQW as shown in figure 1 at different
applied electric fields.

F Er r
(kV/cm) (eV) (eV)

50 0.031455 2.57410-23
100 0.026957 2.11010~ 11
150 0.019862 1.58510~7
200 0.010461 1.21910—°
250 —0.00094 1.45%10~4
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Figure 2. Potential profile of the symmetric double quantum well under the uniform
electric field. The electric field strength is 100 kV/cm. In calculating the potential
profile we have takem = 0.353, | = 60A, h = 40A and Bog = 0.7. Notations in this

figure are the same as in figure 1.

V(z)=<0 forh/2<|z| <l+h/2; (35)

{VO for|z| < h/2;
Vo for|z|>1+h/2.

The potential profile of this well is shown in figure 2. As in eq. (8), the wave function for
this well is described as

Cy Ai(n), z>1+h/2;
CoAi(n) + DoBi(n), hj2<z<l+h/2;
Ur(n) = { C34i(n) + D3Bi(n), |z <h/2; (36)
C4Ai(n) + DyBi(n), —-L/2<z< —l—-h/2;
C5AZ(’I]) + D5BZ(’I]), z S -1 - h/2

For the complex Airy function method [17], the wave function for the regigh—1 — h/2
is modified asD5[Bi(n) + jAi(n)]. The values of; at four boundaries are defined as

w =[] (e (9)), o
i =-[E] (e ()

The continuity conditions (eq. (6)) at = [ + h/2, h/2, —h/2 and -] — h/2 re-
sult eight equations in both real and complex Airy function methods. In the real Airy
function methodE, andI’ can be evaluated easily from the equati6hgE) = 0 and
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S Panda and B K Panda

Table 2. Ground state energies and resonant widths in
the symmetric DQW shown in figure 2 at different ap-
plied electric fields.

F E. r
(kV/cm) (eV) (eVv)
50 0.04113 4.72810~2!
80 0.025409 1.08810~ 13
100 0.01482 3.05610 !
120 0.00403 1.31010~°
150 —0.012387 5.478910° 8

I' = 2D5(E,)/CL{(E,), whereasE, andT are determined from the complex roots of the
determinant obtained from the continuity conditions of the wave functions in the complex
Airy function method [17].

As in the single RQW, thé, andT in the real and complex Airy function methods are
identical at different applied field strengths. We have sh@yrandT at different field
strengths in table 2. As observed before [15],decreases rapidly with increasing electric
field strength, whild increases slowly with that due to the barrier present between two
single RQWs.

C. Diffusion modified quantum well

When the single RQW is subject to annealing above’8)@ntermixing starts at the het-
erojunction [30-32]. The formation of the Ga vacancies in the well region induces Al
atoms from the barrier to diffuse into the well. The inter-diffusion process is therefore
characterized by the Al diffusion lengtth § = +/Dt) which can be obtained from the
diffusion constan{D) at the annealing temperature and the annealing {itneKhreis,

Gillin and Homewood [33] have however, recently found that the concentration of vacan-
cies in the substrate material are responsible for the inter-diffusion process. Thus there is
no thermal stability of the heterostructures. With good surface encapsulation it is possible
to reduce the background concentration and get a DMQW. Taking the diffusion constant to
be isotropic, the position dependent Al concentration from the diffusion equation is found

to be [2]
1 l+2z -2z
w(z)—m[l—ﬁ{erf< 1Ly >+erf< 1L, )}], (38)
where ‘erf’ is the error function [22] andis the width of the RQW. The potential profile

is expressed as

V(2) = Boit [Eg(w(2)) — E,y(w(0))]- (39)

The potential profile is shown in figure 3. Unlike in the previous quantum well structures,
in the present case there is no boundary between the well and barrier regions. The effective
mass varies in the entire quantum well structure. As discussed earlier, the potential profile
is subdivided into a number of strips. Before applying electric field the potential within
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Figure 3. Potential profile of the diffusion modified quantum well under the uniform
electric field. The solid, dashed, long-dashed, dot-dashed and dotted lines are the po-
tential profiles calculated a, = 0, 10, 20, 30 and40A respectively. Parameters in
this figure are the same as in figure 1. The potentials in well&fox 30 and40A are
very shallow. We have presented results for wellat= 10 and20A.

each strip is approximated by a trapezoidal barrier. The effective mass is assumed to be
constant in each strip. Under applied bias, the slope of each strip changes according to the
external voltage drop across the strip. It is important to choose an appropriate range and
width of the strip in order to obtain converged results. In our calculation we have solved

it from —L/2 to L/2 whereL is chosen such that the potential profile is constant before
applying the external bias. With as number of strips, the width of each strip is given
by A = L/(N —1). We varyL andN to find the convergence ifi, andl values. The
dimensionless co-ordinatetakes the form

2mlw(z; 1/3
0= |2 - vico) - era). (40)
The wave function for this well is taken as
( CyAi(n), 2> L/2;
C,Ai(n) + D> Bi(n), ~L/2+(N-2)A<z<-LJ2
+(N —1)A;
Up(n) =4 Cidi(n) + D;Bi(n), —L/2+ (N —-i)A<z< —L/2
+(N +1-19)A;
Cn-14i(n) + Dn—1Bi(n), —L/2<2<—-L/2+A;
[ CnAi(n) + DyBi(n), z < —LJ2.
(41)

The modification of eq. (41) to implement complex Airy function is trivial. In the region
z < —L/2, the wave function is given bp x[Bi(n) + jAi(n)]. The boundaries of the
small trapezoidals are given as

2 = —% + (i—1)A (42)
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for1 < i < N. Then at boundaries are calculated as

2m;" 13
+i_ i _vt_ )
n, = (chF)? {E V; erZ}, (43)
_ q1/3
E i E -V —eFz 44
770, |:(ehF)2} { I/z € z }? ( )

where the barrier heights and effective mass in the trapezoidals are taken at the center of
each trapezoidal,

Vi =v (z + %) : (45)
m;—L =m" [w <zZ + %)] . (46)

In the real Airy function method, andT" are obtained from equatiol$y (E) = 0 and
I' = 2Dn(E,)/C(E;) respectively. In the complex Airy function method, they are ob-
tained from the roots of the determinant formedvaboundaries by the current continuity
conditions.

As in the previous cases thig andI" are found to be the same in both methods. Our
results in table 3 are found to be different from those calculated by ¥ta$[18]. It
is because they have not included the position dependence of the effective mass in the
current continuity equation (6b) in their calculations. The effect of the effective mass is
quite significant on botl, andI'. The quasi-bound energies agree well with our previous
Fourier series [15] and finite difference [34] methods. The resonance widths estimated
in the present analytic methods do not agree with our previous work based on the finite
difference method [34] which solves time-dependent effective mass equations. The barrier
interaction and dwelling times arise in the time-dependent methods [35]. On the other
hand, the Fourier series technique in the stabilization method is found to give identical
results as in the Airy function method since both methods are based on the Breit—-Wigner
formalism. However, the Airy function method is an order of magnitude faster than the
Fourier series method.

Table 3. Ground state energies and mean lifetimes in the single DMQW as
shown in figure 3 at different applied electric fields.

Lq = 10A Lq =20A
F E: r E. r
(kV/cm) (eV) (eV) (eV) (eV)

50 0.048514 6.86210—23 0.054363 9.75%10~17
100 0.045554 2.09310~ 13 0.050513 4.68%10~08
150 0.040650 1.1091098 0.043733 3.45810~05
200 0.033955 2.30610~ %6 0.033438 8.64910~ 04
250 0.025346 5.23010~05 0.019209 521510793
300 0.014719 3.83710~ %4 0.002469 1.50410~02
350 0.023912 1.50210-03 —0.015110 2.99%1002
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3. Conclusion

In the present work we have applied the Airy function methods with both real and complex
arguments to calculate quasi-bound energies and resonance widths in the single RQW,
symmetric DQW and annealing induced DMQW under applied bias. Since these meth-
ods are based on the Breit—Wigner formalisms, we find them to give identical results. In
reality the tunneling problem is very hard to solve. There is no state-of-art scheme for
calculating tunneling time in quantum mechanical problems [35,36]. However, the present
scheme is useful for modeling quantum well devices where the quasi-bound energies and
mean tunneling lifetimes are important. As mentioned earlier, the inclusion of strain and
non-parabolicity effects in this formalism is straight-forward [20]. It is because the strain
effect changes the confinement potential whereas the non-parabolicity changes the effec-
tive mass, which is also position dependent. The electronic structure calculation in doped
guantum wells needs density functional methods. Since the confinement potential, Hartree
potential and exchange-correlation potential can be combined as the effective potential in
the density functional method, the Airy function methods can also be useful in estimating
E, andI" quite efficiently in doped wells. We have not shown wave functions for different
guantum wells in this paper. However, with known Airy function coefficients this calcula-
tion is trivial. The evaluation of the dipole matrix elements for obtaining absorption spectra
in the Airy function method has been studied in our earlier work [37]. Further application
of the Airy function methods to include hole bands and doping is in progress in our group.
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