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Abstract. I discussbasictheoryof effect of thepropertiesof thecosmologicalrelict neutrinoson
theobservationsof thecosmicmicrowave backgroundanisotropy.
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1. Intr oduction: The Einstein–Boltzmannequations

The evolution of the densityperturbationsin matterand radiationwhich we presently
observe as large scalestructuresand cosmicmicrowave backgroundradiation(CMBR)
anisotropies,aredeterminedby theBoltzmannequationwhichdeterminesthephasespace
distribution function �������	��
��
� . Theevolution of thephasespacedensitywith respectto
someparameter� (which maybetime, or somefunctionof thetime coordinate)is given
by � �����	����
��
�� � � � �� � � � ���� � � � �� 
 � � 
	�� ��� ��� ����� (1)

Thetermdenotedby
��� ��� is thecollision termwhich is dueto inter-particlescatteringor

decays. The trajectoriesof particlesin the phasespacearedeterminedby the geodesic
equation, 
�� � 
 �� � � ��� � "! 
  
 ! � # � (2)

TheChristoffel connections
� �  "! of thebackgroundmetricaredeterminedby solvingthe

Einstein’sequations$ �"%'&)(*�"%*+ ,-/. �"%0( � 1"2 $43 �"% (3)

whosesourceis theenergymomentumtensor
3 �"% whichin turnis determinedby thephase

spacedistribution �����  ��
 ! � ,
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 � 
 %
 � �����  ��
 ! �/� (4)

Solutionof thesecoupledsetof equationsfor the photon,baryon,neutrino,dark mat-
ter fluid determinesthe scaleof structuresandtheanisotropy of theobservedmicrowave
background.Somegoodreviews on this subjectareby Ma andBertschinger[1], Hu and
Sugiyama[2] andat amoreintroductorylevel [3].

1.1 Homogeneous relict neutrino density

As a first approximationwe solve for the distribution function of neutrinosassuminga
homogeneous,isotropicRobertson–Walkermetric,��@ > �)A >���B
�C� � BD> +FEHGJI � � G � � I �K� (5)

where
� B �LA �DM is theconformaltime variable,A ��BD� is theexpansionscalefactorand E GJI

is the 3-metricof thespatialpart (in theflat ( N � #
) universeEDGOI �QP GJI ). Thenon-zero

componentof theChristoffel connectionare� ��?� �SRAA � � � GOI �TRAA EDGJI � (6)

(we denotespacetimeindicesby Greekandspatialindicesby Latin letters). The distri-
bution function for the neutrinos� � ��� � ��
 G � is independentof the spatialposition � G , the
zerothcomponentof 
�� is written in termsof thespatialcomponentsby usingthedisper-
sionrelation.��?� �U
 � � > � � E GOI 
 G 
 I �WV > �K� (7)

For particleswith non-zeromass, the parameter� � ��@
the proper time for time-

like geodesics. The conjugatemomenta
 � to the coordinates��� are given by 
	� �V � ����X � � � VZY � . For masslessparticles, the conjugatemomentaare defined as
�� � � ����X � � � Y � .For bothmasslessandmassiveparticlestheform of thegeodesicequationis identicalas
givenin (2) andis givenby
 � � 
 G� B � -\[ RAA^] 
 � 
 G � # � (8)

TheBoltzmannequationfor thedistribution function ����B���
 G � is thengivenby� �� B + -\[ RAA_] 
 G � �� 
 G � # � (9)

The collision term
��� ��� for the caseof weakinteractionsis ` $ >a 3cb . Comparedto the

expansionterm � RA X A ��` 3 > Xed >f , thecollision termbecomessmallerafterthetemperature
dropsbelow

,
MeV (at thetime ` ,hg

).
TheBoltzmanneq.(9) is solvedby adistributionfunctionof theform ��� A > 
 G � . Fromthe

geodesicequationwe seethattheproduct A > ��B
�i
 G ��B
� is a constant.Themomentadefined
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with respectto the conformal time 
 G � 
 � � � � G X � B
� red shifts as A 8�> . The physical
momenta
 Gjek9lCm � 
 �jek9lCm � � � G X �DM � however redshiftsas A 8;: in the expandinguniverse.
Consideraninitial distribution functionat thetimeof decoupling,���J
�� � .on ��prq <?s0tvu , � 8/: (10)

where w �yx � 
�� and x � is thefour-velocityof thecenterof massof thefluid with respect
to theobserver. In thecomoving referenceframe x  � �z� . �?� � :=<?> � # � # � # � andw �{A 
 � � � E GJI 
 G 
 I �WV > A > � :z<?> � (11)

For relativistic particlestheredshift in themomentamaybeabsorbedin thetemperature
parameter. Theshapeof thespectrumremainsunchangedin timeandonly thetemperature
redshiftsas

3}| A 8;: .Sincethegeodesiceq. (8) andconsequentlytheBoltzmanneq. (9) areindependentof
mass,aninitial relativistic distribution���J
�� � .on�~ p f <?s�u ,�� 8/:
will retainthesameform in timeevenwhentheparticleshavebecomenon-relativistic. The
distribution functionat the presenttemperature

3 � is obtainedby scalingthe distribution
functionat thedecouplingtemperature

3;�
,���J
_� 3 � � � � [ 
_� 3;� [ A �A � ]�] � (12)

If theneutrinoswererelativisticatthetimeof decoupling� 3;� ` ,h� p��4� thentheirnumber
densityatpresentis relatedto their numberdensityat thetimeof decoupling,� � 3 � � � . % 5 � + . �98��� 
	> � 
 ����� pC�D� [ + 
3;�v� � A � X A � � ] � ,C� 8/:����� � � �� 2 > . % 3 6� [ A �A � ] 6� ��� � � �� 2 > . % 3 6� � (13)

Thepresentneutrinotemperatureis
3 � � � � X ,�, � :=< 6 3�� owing to thephotontemperature� 3�� � - �O� ��� � increasingafter �r�)� 8 recombinationrelative to the temperatureof the

decoupledparticles. The neutrinonumberdensityat presentis � � 3 � � � ,�, � cm8 6 per
neutrinospecies.Usingthisonecanrelatetheneutrinomassesto thepresentenergydensity
of theuniversein theform of neutrinos� % �{� V % � � 3 � � . This relationis givenby [4]� G V %z�¡ £¢ �c¤ >� � % eV � (14)

where ¤ � �y¥ � X ,¦#�# kms8;: Mpc 8/: and
� % � � % X �¨§ª©�« ¬ . Fromobservationsof largescale

structuresit is found that thebestfit valuefor
� % � # � � . This resulthowever changesin

casethereis a largevacuumdensitycontribution to thetotalenergy density.
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2. The Einstein–Boltzmannequationsin a perturbed metric

If theenergy momentumdensityof theuniversehasaninitial perturbation(owing to some
seedingmechanismlike inflationor cosmicstrings)thenits subsequentgrowth is governed
by the coupledsetof Einstein(3) andBoltzmann(1) equations.Thedominantperturba-
tionsovertheRobertson-Walkermetricmaybeexpressedin termsof two scalarsfunctions.
Theperturbedmetricmaybewrittenas��@ > �)A >���B
�¨­�� , � -0® � � BD> + � , + -�¯ � EHGJI � � G � � Ie° � (15)

wherewe have usedtheconformalNewtoniangauge.Here
® ���	� maybeinterpretedasa

local Newtonianpotentialand
¯ ���	� is theperturbationin thespatialcurvature.Thenon-

zerocomponentsof theChristoffel connectionswhichgovernthegeodesicequationsare� ��?� � [ RAA_] � R® �� �� G � ®¨± G �� G�?� � ® ± G �� � GOI � EDGJI [ RAA � , + -o¯ + -0® � + R¯ ] �� GI?² �´³ ¯ ± G EoI?²*+ ¯;± ² P GI + ¯h± I P G²�µ � (16)

whereoverdotsdenote(conformal)timederivativesandcommasdenotepartialderivatives
with respectto spatialvariables.Thephasespacedistribution functionis expressedasthe
zerothorderdistribution (10)plusaninhomogeneousperturbation,����¶�_�H¶
;�zBD� � � � �J
	�;� , �¸· ��¶�_�D¶
h�zB
�=��� (17)

where
 �º¹ EHGJI 
 G 
 I is themagnitudeof thespatialmomentum.Writing 
 G � 
 � G where� G are the direction cosinesalong the particle trajectories,the Boltzmannequationfor����¶�_��
_�o¶� �=B
� is givenby� �� B � � � G� B � �� � G � � 
� B � �� 
 � � � G� B � �� � G � ��� ���»� (18)

Usingthegeodesicequationswehave� 
� B¼� 
 R¯ + A 
�� � G ® ± G � (19)

Thelast termin thelhs of (18) is secondorderin perturbationandmaybedropped.Sub-
tractingout theBoltzmannequationfor theunperturbeddistribution from (18) we obtain
theequationfor theperturbationto thedistribution

· ��¶�_��
_�o¶� �=B
� ,� ·� B � 
A 
 � � G � ·� � G � 
� � � � �� 
 � R¯ + A 
 �
 � G � ®� � G � �{½ � ���o� (20)

Thecomponentsof theenergy momentumtensorcanalsobewrittenasazerothorderplus
aninhomogeneouspiece,
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¿wr�J
��=� � �J
	�e� , �¸· ��ÁÀ� � P ���3 G � � 5 � + . � 8 �� ¾ 6 
 � G � � �U
	� ·� � À� � À
	�ÃÂ G �3 G I � 5 � + . � 8 �� ¾ 6 
 � G � Iwr�J
�� � � �J
��C� , �Ä· �� + � À
 � P 
	� P GI � (21)

Using(21), theEinstein’sequation(3) for theperturbationturnout to beof theformÅ > ® � � [ÇÆ¯ � RAA � R¯ � R® � ] +ÉÈ7Ê [ RAA^] > + ÆAA;Ë ® � � 2 $ A > À��� , � � � >n � P �
(22)

R¯h± G � [ RAA_] ®¨± G � + � 2 $ A > À��� , �WÌ �ÃÂ G � (23)Æ¯ + Å > ¯ + ,� Å > � ¯ + ® � � [ RAA_] �ÎÍ R¯ � R® � � -ÐÏ ÆAA � [ RAA^] >CÑ® � + � 2 $ A > À��� , + � >n � P � (24)� ¯ + ® � ± GJI + ,� E GJI Å > � ¯ + ® � � # ��ÒÇÓ�WÔ �K� (25)

where P & � + À�À� � � >n & � 
� � � Ì & À
 À� � (26)

From(25)weseethat
¯ZÕ}®

to theleadingorderin perturbation.
The combinedsetof Einstein–Boltzmannequations(22–25,20)for the baryons,pho-

tons,CDM andHDM (neutrinos)aresolvednumerically[5] to determinetheevolutionof
perturbationsof densityandmetric.Somebroadfeaturescanhoweverbeseenanalytically.

Super horizon modes: For perturbationswhosewavelengthsarelongerthanthehori-
zononecanneglectthespatialgradientswith respectto the

� X � B terms.Einstein’s equa-
tions(22–25)canthenbecombinedto giveÆ® � � , � � >n � [ RAA ] R® � � � � >n + Ì � [ RA A ] ® � # � (27)

This equationhasno growing solutionseven for vacuumdominateduniverse � Ì � + , � .
This implies that the perturbationvariablesP and

®
remainconstantoutsidethehorizon.

ThevariablesP and
®

arerelatedvia theequation
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which is obtainedby combiningequations(22) and (24), and is analogueof Poisson’s
equation.

Sub-horizon perturbation: PerturbationsP and
®

canonly grow whenthehorizonsize
becomeslargerthantheir wavelengths.This canbeseenfrom Einstein’s equationswhere
now

� X � B termsareneglectedwith respectto the spatialgradients.Einstein’s equations
canthenbecombinedto yieldÅ > ® � � 2 $ A > À� P � � Poisson’sequation� (29)

RP � � , �WÌ � Å � ¶Â � � � � >n + Ì � [ RA A^] P4� # � � Continuityequation� (30)

R¶Â � � , + � Ì � [ RA A^] ¶Â � + � >n, �WÌ Å P + Å ® � � Euler’sequation� (31)

Equations(30)and(31)maybecombinedto giveÆP � -\[ RAA^] RPÖ� � 2 $ À� P � � >nA > Å > P � (32)

Equation (32) implies that only modes of P with wavelengths larger than ��× �� n X A � 2 X $ À�H� :=<?> (Jeanslength) cangrow. Modeswith wavelengthshorterthan � × os-
cillate. Thesmalleststructureswhich canbeformedhavea massdW× � � X � 2 � A ��×
� 6 À� . IfP is dominatedbyneutrinos(HDM) then dW× ÕØ,¦# :=Ù dWÚ whichis thesizeof superclusters.

3. Micr owavebackground anisotropy

Theperturbationsin thephotonphasespacedistributionareobservedasanisotropy of the
cosmicmicrowave backgroundtemperature.The photontemperatureperturbationÛ &��Û 3 X 3 � is definedby thedistribution function����¶�_��
h�o¶� �=B
� � � � [ 
� , � Û�� 3 ] � (33)

where � � is the Bose–Einsteindistribution function at temperature
3 � , � Û�� . Compar-

ing expressions(33) and(17) we seethat theperturbationof temperatureÛZ��¶�^��
_�o¶� �zBD� is
relatedto theperturbationin thedistribution function

· ��¶�h��
h�o¶� �zB
� asÛZ��¶�h��
h�o¶� �=B
� � + [¿
� � � � �� 
 ] 8;: · ��¶�_��
_�o¶� �=B
��� (34)

Using (34) andthe Boltzmannequationfor photondistribution (20) with 
 � � 
 we see
thatafterthephotondecouples,thetemperatureanisotropy obeys theBoltzmannequation
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RÛ � � G �� � G ��Û + ® � � R� G �� � G Û � R¯ � # � (35)

Theevolution of Û doesnot dependuponthephotonmomentum
 . We expandthe tem-
peratureanisotropy Û��¦¶�_��Ü� �=B
� in termsof sphericalharmonicsasÛZ��¶�_�oÜ� �=B
� � 5 � 6 �Ýp G»Þ²rß Þà ÛZ� ¶á �oÜ� �=B
�ÛZ� ¶á �oÜ� �=B
� �ãâ� äUå � � + ÒÃ�

ä � -�æ � , �=Û ä � ¶á �=B
�Ãç ä � ¶á � Ü� �K� (36)

Theangularpowerspectrumisè ÛZ�eÜ� : �éÛ���Ü� > �zê � ,� 2 â� äUå � � -"æ � , � � ä ç ä ��Ü� : � Ü� > �K� (37)� ä
and Û ä arerelatedby� ä � � 2 5 � 6 á ��� á �zÛ >ä � á �=B
�K� (38)

where �	� á � is the initial amplitudespectrumof the temperatureanisotropy whosesubse-
quentgrowth is governedby theBoltzmannequation(35). For anisotropiesatlargeangular
scales(low

æ
’s) from thecombinedBoltzmann–Einstein’sequationwe obtainÛZ�eÜ� �=B � � � ,� ® �¦¶� � ¶� ��B � + B ©�ëª§ �K�zB ©�ëª§ � (39)

and Û ä � á �zB � � � ,� Ô
ä � á ��B � + B ©�ëª§ �z�K� (40)

where B ©�ëª§ is thetime of photondecoupling.Therelation(39) is calledtheSach’s Wolfe
effect [6]. Assumingtheinitial densityspectrumto beç\� á � �}ì ��B � + B ©�ëª§ � 6 � á ��B � + B ©�ëª§ �=�=í 8�î � (41)

Thenfrom (38),(40)and(41)we seethat� ä � - í 2 6¢ ì � � � + � � � ³ > ä � í 8;:> µ� > ³ îe8 í> µ � ³ > ä � b 8 í> µ (42)

for � � ,
(which is thepredictionof many inflation models)� ä � 1"2 >¢ ìæ � æ � , � � (43)
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Figure 1. A standardneutrinomodelwith different ï values. ð�ñ curvesfrom bottom
to top correspondto ï¼òQó�ôKó¦õJó¦ôKó�õ ö0ôKó¦ô=÷ . Bold datapointsrefer to COBE (Tegmark
1996),CAT (Scottet al, 1996),Saskatoon(Netterfieldet al, 1997);seeScottet al (1995)
for a summaryof all theexperiments.

TheCobemeasurement[7] of Û 3 X 3 at largeangularscalesdeterminedtheamplitude
of theprimordialdensityspectrum.Thepresentobservationsatall angularscalesis shown
in figure1. Observationsfrom MAP andPLANCK experimentswill considerablylower
theerrorbarsandwill beinstrumentalin constrainingtheoreticalmodels.
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