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Cosmic microwave background anisotropy constraints on
relict neutrinos
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Abstract. | discusshasictheoryof effect of the propertiesof the cosmologicatelict neutrinoson
the obsenationsof the cosmicmicrowvave backgroundanisotropy.
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1. Intr oduction: The Einstein—Boltzmannequations

The evolution of the density perturbationsn matter and radiation which we presently
obsene as large scalestructuresand cosmic microwave backgroundradiation (CMBR)
anisotropiesaredeterminedy the Boltzmannequationwhich determineshe phasespace
distribution function f(z*, p*). The evolution of the phasespacedensitywith respecto
someparameten\ (which maybetime, or somefunction of the time coordinate)s given

by
df(e#,p") _ Of o  Of op* _
an ~owrox Taprax - Ul (3)

Thetermdenotedby C[f] is thecollision termwhich is dueto inter-particlescatteringor
decays. The trajectoriesof particlesin the phasespaceare determinedby the geodesic
equation,

opt o
P55+ Tagp PP =0. )

The Christofel connectionsl“gﬂ of the backgroundmetric are determinecdby solvingthe
Einsteins equations

1
G = Ry — 59, R = 87GT,., 3)

whosesources theenegy momentuntensorT,,, whichin turnis determinedy thephase
spacdlistribution f (2%, pg),
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T, = / e (G @)

Solutionof thesecoupledsetof equationdor the photon,baryon,neutrino,dark mat-
ter fluid determineghe scaleof structuresandthe anisotroyy of the obsened microwave
background.Somegoodreviews on this subjectareby Ma andBertschingef1], Hu and
Sugiyamg?2] andata moreintroductorylevel [3].

1.1 Homogeneous relict neutrino density

As a first approximationwe solve for the distribution function of neutrinosassuminga
homogeneoussotropicRobertson—\&lker metric,

ds? = a®(n)(dn* — vi;da’da?), (5)

wheredn = adt is the conformaltime variable,a(n) is the expansionscalefactorand-y;;
is the 3-metricof the spatialpart(in theflat (K = 0) universey;; = d;;). Thenon-zero
componenbf the Christofel connectiorare
a a

Fgo = a’ F?j = a%'j; (6)
(we denotespacetimandicesby Greekand spatialindicesby Latin letters). The distri-
bution function for the neutrinosfo(z°, p;) is independenbf the spatialpositionz?, the
zerothcomponenof p# is written in termsof the spatialcomponentdy usingthe disper
sionrelation

9%°(po)? = (Y pip; + m?). (7)

For particleswith non-zeromass, the parameter\ = ds the propertime for time-
like geodesics. The conjugatemomentap,, to the coordinatese* are given by p# =
mdz#/dA = mu*. For masslesgarticles, the conjugatemomentaare defined as
p* = daH /dA = ut.

For bothmasslessndmassve particlestheform of thegeodesi®quations identicalas
givenin (2) andis givenby

dpi é .
podi +2 (—) p’p' =0. )
’l] a

The Boltzmannequationfor the distribution function f (n, pt) is thengivenby

%_z(d)pggz 0. (©)

The collision term C[f] for the caseof weakinteractionsis ~ G&T. Comparedo the
expansiorterm(a/a) ~ T? /M2, thecollisiontermbecomesmallerafterthetemperature
dropsbelon 1 MeV (atthetime ~ 15).

TheBoltzmanreg. (9) is solvedby adistributionfunctionof theform f(a%p;). Fromthe
geodesiequationwe seethatthe producta?(n)p;(n) is a constant.The momentadefined
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with respectto the conformaltime p* = p°(d«’/dn) red shifts asa=2. The physical
momentapy,.. = Ppp,s(dz’/dt) however redshiftsasa™ in the expandinguniverse.
Consideraninitial distribution functionatthetime of decoupling,

f() = gs(e/™ £1)" (10)

wheree = U,p* andU,, is thefour-velocity of the centerof massof thefluid with respect
to the obserer. In the comaving referencdramel, = ((go0)*/2,0,0,0) and

e = ap® = (yi;p'P’ + m?a®)'/2. (11)

For relatiistic particlesthe red shift in the momentamay be absorbedn the temperature
parameterThe shapeof the spectrunremainsunchangedh time andonly thetemperature
redshiftsasT oc a™!.

Sincethe geodesieq. (8) andconsequentlyhe Boltzmanneq. (9) areindependenbf
massaninitial relatwistic distribution

-1
f®) =gs (e”/T + 1)
will retainthesameform in time evenwhentheparticleshave becomenon-relatvistic. The

distribution function at the presentemperaturdy, is obtainedby scalingthe distribution
functionatthedecouplingemperaturdy,

f(p,To) = f (p, T (Z—Z)) . (12)

If theneutrinoswererelativistic atthetime of decoupling T; ~ 1 MeV) thentheirnumber
densityat presents relatedto their numberdensityat the time of decoupling,

n(To) = gu/ (~9)"#p*dpdQ [e"p (‘%) " 1] )

Ty - (aq/ao
_ 3((3) 3 [ ad 3
B 472 gVTd ag

= ¥X0 5. (13

The presentneutrinotemperaturés T, = (4/11)'/3T., owing to the photontemperature
(T, = 2.73K) increasingafter et e~ recombinatiorrelative to the temperatureof the

decoupledparticles. The neutrinonumberdensityat presentis n(7y) = 113cm~3 per

neutrinospecieslsingthisonecanrelatetheneutrinomasseso thepresenenegy density

of theuniversein theform of neutrinosp, = >~ m,n(T}). Thisrelationis givenby [4]

> ma, <9303, eV, (14)

2

wherehg = Hgy/100 kms 'Mpc~! andQ, = pv/Qerit. Fromobsenationsof large scale
structurest is foundthatthe bestfit valuefor 2, = 0.3. Thisresulthowever changesn
casethereis alarge vacuumdensitycontribution to the total enegy density
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2. The Einstein—Boltzmannequationsin a perturbed metric

If theenegy momentundensityof the universehasaninitial perturbationfowing to some
seedingnechanisntik e inflation or cosmicstrings)thenits subsequergrowth is governed
by the coupledsetof Einstein(3) and Boltzmann(1) equations.The dominantperturba-
tionsovertheRobertson-Villker metricmaybe expressedn termsof two scalardunctions.
The perturbednmetricmaybewritten as

ds® = a®(n) [(1 + 2¢)dn”* — (1 — 2¢)v;;da’da’] (15)

wherewe have usedthe conformalNewtoniangauge.Here(z) may beinterpretedasa
local Newtonianpotentialand ¢(x) is the perturbationin the spatialcurvature. The non-
zerocomponent®f the Christofel connectionsvhich governthe geodesiequationsare

= (£) +4,

ng’ = ¢,ia
I‘f)O = ¢,i7
% = 7% (%(1 —2¢ — 2¢) — <i>> :
e = (" — D08 — ¢ 56%) (16)

whereoverdotsdenotgconformal)time derivativesandcommagienotepartialderivatives
with respecto spatialvariables.The phasespacedistribution functionis expressedsthe
zerothorderdistribution (10) plusaninhomogeneouperturbation,

f(@&p,m) = folp) 1+ O(Z, 5,m)) , (17)

wherep = /7;;p'p’ is the magnitudeof the spatialmomentum Writing pt = pn! where
n® are the direction cosinesalong the particle trajectories,the Boltzmannequationfor
f(Z,p,7,n) is givenby

Of Ozt 0f Opdf 8ni6f_c

et =+ —— == . 18
on + on ozt + On Op + On on? /] (18)
Usingthe geodesiequationsve have
9 .
8_17 =po — ap’niy ;. (19)
n

Thelasttermin the lhs of (18) is secondorderin perturbatiorandmay be dropped.Sub-
tractingout the Boltzmannequationfor the unperturbedlistribution from (18) we obtain
the equationfor the perturbatiorto thedistribution © (%, p, 77, ),

96  p 90  pOf [q;_ a_l’onz'a_d’,] = [f]. (20)
p Oz

" apd dxi ' fo dp

The componentsf theenegy momentuntensorcanalsobewritten asa zerothorderplus
aninhomogeneoupiece,
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0 = / (~9) 2dp () fop)(1 + ©)

=p+op,
T'o= [ (=) Fd'pnifo(r)o
=@+p0,
i _ [(_ %3 n'ng
7= [ (-9 G 1+ 0
= —(p+p)3;. D)
Using(21), the Einsteins equation(3) for the perturbatiorturn outto be of theform
N a\? a
V) +3 (¢ + E(¢ + ¢)) -6 l(a) - E] Y = 4nGa?p(1 + 3C2)s,
(22)
b+ (g) $i = —4nGa’p(1 + x)vs, (23)
. 1 a - a a\’
6=V - V(o-u)+ (5) (56 +14) +2 <5+ (5) )
¢ = —4rGa*p(1 — C2)6, (24)
(6= Vs~ 5V G -9 =0 (#]), 25
where
s=P—P 2= y=PL (26)
p’ * T op’ p

From(25) we seethat¢ ~ ¢ to theleadingorderin perturbation.

The combinedset of Einstein—Boltzmanrequationg(22—25,20)for the baryons,pho-
tons,CDM andHDM (neutrinos)aresolvednumerically[5] to determinethe evolution of
perturbation®f densityandmetric. Somebroadfeaturecanhoweverbeseeranalytically

Super horizon modes:  For perturbationavhosewavelengthsarelongerthanthe hori-
zononecanneglectthe spatialgradientswith respecto the 9/0n terms.Einsteins equa-
tions (22—25)canthenbe combinedo give

drasen () irscz-n(2)v=o. @7)

This equationhasno grawing solutionseven for vacuumdominateduniverse(xy = —1).
This impliesthatthe perturbationvariabless and+) remainconstantutsidethe horizon.
Thevariables) andy arerelatedvia the equation
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V) —3 (g) (¢ + S¢> = 4nGa’pé (28)

which is obtainedby combiningequations(22) and (24), andis analogueof Poissors
equation.

Sub-horizon perturbation:  Perturbationg and«) canonly grow whenthehorizonsize
becomedargerthantheir wavelengths.This canbe seenfrom Einsteins equationsvhere
now 9/9dn termsareneglectedwith respecto the spatialgradients.Einsteins equations
canthenbecombinedo yield

V2 = 4rGa®po, (Poissons equation (29)

b+ (1+x)V-T+3(C2—x) (g) §d=0, (Continuityequation (30)

- 7 2
74+ (1-3x) (%) T=— lisXV(S — V. (Euler's equation (31)

Equationg30) and(31) maybecombinedto give
.- 7 . 2
5+2 <9> $ = 4nGps + C—;v%. (32)
a a

Equation (32) implies that only modes of § with wavelengths larger than A;=

Cs/a (7r/Gp)1/2 (Jeandength) cangrow. Modeswith wavelengthshorterthan A; os-
cillate. The smalleststructuresvhich canbeformedhave amassiM,; = 4/3n(a);)3p. If
d isdominateddy neutrinofHDM) thenM ; ~ 1017 M, whichis thesizeof superclusters.

3. Micr owave background anisotropy

The perturbationsn the photonphasespacedistribution areobseredasanisotropy of the
cosmicmicrowave backgroundemperature.The photontemperaturgerturbationA =
(AT/T) is definedby thedistribution function

5 a4 p
F(&,p,ii,n) = fo (m) ’ (33)

where f; is the Bose—Einsteirtistribution function at temperaturel’(1 + A). Compar
ing expressiong33) and(17) we seethatthe perturbatiorof temperature (zZ, p, 71, n) is
relatedto the perturbationin thedistribution function©(Z, p, 71, ) as

P 9fo
fo Op

Using (34) andthe Boltzmannequationfor photondistribution (20) with p° = p we see
thatafterthe photondecouplesthetemperature@nisotroy obeysthe Boltzmannequation

—1
A@nmmz—( ) 0&,p,i,m). (34)
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0 (A—¢)+miA+¢=o. (35)

A tn 63&" 8711

The evolution of A doesnot dependuponthe photonmomentunp. We expandthetem-
peratureanisotrofy A(Z, 7, n) in termsof sphericaharmonicsas

A(k,7,m) =Y (=0 (20 + 1) Ay (k, ) Pi(k - 1) (36)

Theangulampower spectrums

o

. . 1 A
(Aln) A@)) = - ;m +1)Ci Py (i - iz). (37)
C; andA; arerelatedby
Ci=dn [ &% p(k)A (k) (38)

wherep(k) is the initial amplitudespectrumof the temperaturenisotrofy whosesubse-
guentgrowthis governedby the Boltzmannequation(35). For anisotropiestlargeangular
scaleglow I's) from the combinedBoltzmann—Einsteirs equatiorwe obtain

A(A,m0) = %¢(f = 71(1M0 — Nrec), Mrec) (39)
and
Ay(k,m0) = %jl(k(no — Threc))s (40)

whereny. is thetime of photondecoupling.Therelation(39) is calledthe Sachs Wolfe
effect[6]. Assumingtheinitial densityspectrumto be

P(k) = A(no — nreC)S(k(nO - nreC))niél- (41)
Thenfrom (38), (40) and(41) we seethat

2np® (3 —n)T (24p=1)

C = — — (42)
9 (%))
for n = 1 (whichis the predictionof mary inflation models)
82 A
= 43
G= 10+1) (43)
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Figure 1. A standarcheutrinomodelwith differentn values. C; curvesfrom bottom
to top correspondo n = 1,1.1,1.2,1, 3. Bold datapointsreferto COBE (Tegmark
1996),CAT (Scottet al, 1996),SaskatooriNetterfieldet al, 1997);seeScottet al (1995)

for asummaryof all the experiments.

The Cobemeasuremeri7] of AT /T atlarge angularscalesdeterminedhe amplitude
of theprimordialdensityspectrumThepresenbbsenationsat all angularscaless shavn
in figure 1. Obsenationsfrom MAP andPLANCK experimentswill considerablyower

theerrorbarsandwill beinstrumentain constrainingheoreticamodels.
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