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Constraints on three flavor neutrino mixing
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Abstract. We summarize the constraints on three flavor neutrino mixing coming from data. We
first map out the allowed region in the three neutrino parameter space using solar and atmospheric
neutrino data. We then incorporate the results of reactor and long baseline experiments in our analysis
and show that the parameter space is drastically reduced. We conclude by pointing out that the results
of Borexino and SNO will further help in constraining the parameter space.
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1. Why three flavors?

e LEP data tells us that there are three light active neutrino flavors, so any realistic
analysis of oscillation phenomena should incorporate all the three flavors.

e A two flavor analysis of the solar neutrino problem [1] demandlg:d ~ 10~ %eV?>
to fit data from all experiments, wheben? is the mass squared difference between
the two mass eigenstates.

¢ A two flavor analysis of the atmospheric neutrino problem [2,3] demands A~
10—3eV? to fit data from all experiments, where agaim? is the mass squared
difference between the two mass eigenstates.

Therefore to simultaneously address both the solar and the atmospheric neutrino problems,
one needs a minimum of two independent mass squared differences, which three flavors
naturally provides.

2. The solar neutrino problem

We briefly discuss the mixing between three flavors of neutrinos and then obtain the prob-
ability for a v, produced in the sun to be detected ag.aon earth. The three flavor
eigenstates are related to the three mass eigenstates in vacuum through a unitary transfor-
mation,

Ve vy
v, | =U0"|v3 |, (1)

vy 2
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where the superscripton r.h.s. stands for vacuum. TBex 3 unitary matrixU ¥ can be
parametrized by three Euler angles ¢, 1)) and a phase. The form of the unitary matrix
can therefore be written in general as

UY = Us3(¢) x U(phase) x Uys(¢) x Uya(w),

whereU;;(6;5) is the mixing matrix betweeith andjth mass eigenstates with the mixing
angled;; [4]. All the angles can take values betweeandr /2. It has been shown that the
expression for electron neutrino survival probability, integrated over the time of emission
and of absorption, is independent of the phase and the third Eulerafgle]. They can

be set to zero without loss of generality and we have the following forr@y for

CopCuw CopSw  S¢
U? = —5y Cw 01, (2)
—S¢Cw —SpSw Co

wheress = sin ¢ andcg = cos ¢ etc. Note that one of the flavors decouples if eithar
¢ is zero and we have a two flavor scenario. The masses of the vacuum mass eigenstates
are taken to be, o andus. We define the two independent mass squared differences as
821 = pd — pf anddz = p3 — ui. Without loss of generality, we can takie; andds;
to be greater than zero. We takg ~ 10~%eV? which is relevant for the solar neutrino
problem, andds; ~ 10~3eV? which is relevant for the atmospheric neutrino problem.
Matter effects are taken into account by incorporating the Wolfenstein term denoted by
in this analysis. In the sud can be written asl = 0.76 x p x E x 10~7. Herep is the
matter density in g/cc anB is the neutrino energyl is in eV ? if E is expressed in MeV.
Thus we work in an approximation where,, An.x < d31, WhereA .« is the value of4
at the core of the sun.

In this approximation, one can develop an analytic expression for the electron neutrino
survival probabilityP,.. [7]. We get

3
(Poe) = S ULPUR [wd | v

ij=1

(3)

|(yg’ | 1/;.”)|2 is the probability that thgth matter dependent eigenstate evolves ittio
vacuum eigenstate. As in the two flavor case, if the adiabatic approximation holds, then

v m 2
|<Vi | V; >| = dij. 4)
We introduce the jump probabilities
v my |2 . .
iﬂij:|<’/i |Vj >| fori # j )

to take into account the non-adiabatic transitions, if the adiabatic condition does not hold.
The matter dependent mixing angles can be expressed in terms of the vacuum parameters
andA as

(521 sin 2w
J91 €08 2w — A cos? ¢’

(6)

tan 2w, =
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sin ¢,,, = sin ¢ {1 + A cos? qb} . COS Py = COS P {1 _A sin? qb} .
031 1)

31
The matter dependent eigenvalues are given by

m3 = Acos® ¢cos® wy, + da1 sin? (W — wp,)
mg = Acos® ¢sin® wy, + 01 cos’ (W —wm),
m§ = (531 + Asin2 ¢ ~ (531. (8)

wnm, Ccan undergo a resonance if the valued gf, ¢ andw are such that the resonance
condition

A(r) cos® ¢ = 691 cos 2w 9

is satisfied for some [4]. Note that this condition is very similar to the resonance condition
in the two flavor case

A(r) = 021 cos 2w.

The new feature here, which occurs due to the mixing among the three neutrino flavors, is
the presence of the second mixing angjla the resonance condition. This dependence on

¢ leads to a larger region of allowed parameter space in the three flavor oscillation scenario
as will be shown in the next later.

Becaus&s; > Anax,do21, the third eigenvalue, both in vacuum and in matter, is much
larger than the other two eigenvalues. Non-adiabatic effects are significant only if the
eigenvalues of two states come close together [8]. Therefore the jump probabilities in-
volving the third stater,3 andz,3 are expected to be negligibly small. Thus we have the
expression for electron neutrino survival probability to be

2

(Pee) = cos? 1) cos? Om (cos2 w cos® wy, + sin®

wsin? wm)

+ sin? ¢ sin? ¢,,, — 12 cos® B cos” ¢y, COS 2w COS 2y, - (20)

For x5 we use the formula,

v F Ty F
— exp[— ; ] — eXp[_2si;{12 w] 11
L2 = i F ) (11)
1- exp[— 2 sin? w]
wherev is defined as
021 sin? 2w
= . 12
K 2B| 4441, cos2w (12)

v is known as the adiabaticity parameter, and it gives us a criterion for estimating the non-
adiabatic effects during the propagation of the neutrinoy & 1, then non-adiabatic
effects are negligible and the propagation is essentially adiabatic. On the other &ahd
means there can be substantial corrections to the adiabatic approximation. Netésthat
evaluated at the resonance point, that is because non-adiabatic effects are important only
in the vicinity of the resonance. The functihdepends upon the density profile in which

the neutrino propagates, and
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F=1-tan’w (13)

for an exponentially varying solar density [4] as in the case of the sun. We use eq. (11) for
the jump probability since it is valid both for large and small mixing angles. In the extreme
non-adiabatic limitz;» — cos?w and whenyF >> 1, we have the usual Landau—Zener
jump probability given byc1» — exp(—nyF/2) [4] as expected. We use the expression
for (P..) in (10) and find the ranges 6f;, w and¢ allowed by the three solar neutrino
experiments. Sincé&;; > Anax, We see from the expression foy, in (7) that the angle

¢ is almost unaffected by the matter effects. Howewugy, can be significantly different

from w and can undergo resonance if the resonance condition in (9) is satisfied. Since this
resonance condition depends@nn addition tods; andw, a larger region of parameter
space satisfies the three constraints from the experiments.

2.1 Results and conclusions

To search for the regions allowed in the three parameter $pace and¢, we define the
suppression factors observed by the four types of experiments

Yo = 1GERE (544 40,074,
RGa;ssm
yor = = 0.2731 + 0.044,
Rci;ssm
Rxam
YKam = 5 = 0.423 £ 0.058, (14)
RKam;SSM
R m
YSKam = 5 = 0.379 £ 0.034, (15)
Rskam;ssm

where the first number refers to the average of the data given by two experiments — namely
GALLEX [9] and SAGE [10]. The number for the chlorine experiment is from ref. [11].
Kamioka and super-Kamioka data are taken from refs [12] and [13] respectively. The
predicted SSM rates for various experiments were taken from Bahcall-Pinsonneault SSM
calculations [14]. The uncertainties i are the sum of the experimental uncertainty in
the numerator and the theoretical uncertainty in the denominator, added in quadrature.
Because of its different threshold, we treat super-Kamioka as a different experiment.

The predictions foy; for the three flavor oscillation scenario are obtained by convolut-
ing the SSM fluxes and the detector cross sections {th) from (10). The expression
we use is

_ T Jp dBSx(B)o(E) < Pec > (E)
Sk [ dE® K (E)o(E)

where the sum ovek refers to the neutrino fluxes from various sources contributing to the
process. We also include the contributions from the CNO cycle apart from the dominant
contributions from the — p cycle. In the case of Kamioka, and super-Kamioka only’tBe

flux contributes and one must also take into account the neutral current contribution arising
from the muon and tau neutrinos interacting with the detector material. The parameter

; (16)
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ranges are then calculated by putting vetogyaat 1.60 levels. The energy dependent
fluxes were taken from ref. [14] and the cross sections were taken from ref. [15].

We show the results in figure 1 as regions allowed at 90 per cent C.L in thé s
plane, for various values @f. The following features emerge from the graphs.

1. The panel labelled (a) shows the region allowedyfer 0°. There are two distinct
regions in the parameter space. The first regionshas< 10~°eV?, andw about
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Figure 1. Allowed regions in thev— plane for various values @f. Thez-axis shows
log(sin® @) and they-axisda; in eV>.
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3°. This is called the small angle region. The other regionthas> 10~°eV?, and
w > 25°. This is called the large angle region. Notice the clear separation between
the two regions.

2. Panel (b) shows the region allowed fox= 10°. One sees that there is no perceptible
difference, when compared to the= 0° case.

3. Panel (c) shows the region allowed foe= 20°. Now the value ofp starts influenc-
ing the parameter space. The small angle region is almost the same, while the large
angle region broadens a bit to include slightly smaller values of

4. Panel (d) shows the region allowed &= 30°. Now both the small angle as well
as the large angle regions broaden, and they almost merge at a point. Each region
has the appearance of two limbs.

5. Panel (e) shows the region allowed §or= 40°. The two limbs merge with each
other at one end of each limb. But one can still discern the two different limbs.

6. Panel (f) shows the region allowed = 45°. Now two limbs completely merge
with each other, and there is one single patch in the parameter space. Hence the
effect of increasingp is finally to merge the two disjoint regions into one single
region.

Note that the parameter space obtained in the present analysis, is more or less the same
parameter space which was obtained in previous analyses of solar neutrino problem in
three flavors using older data [7,16].

The various regions of the allowed parameter space may be classified as follows:

1. smallds;, smallw, smallg,
2. largedsy, largew, small g,
3. smalldsy, smallw, largeg,
4. largeds;, smallw, largeg,
5. largeds, largew, largeo,

where the small or largé,; means eithed,; < 10~%eV? or §y; > 10~%eV?. The first

two regions corresponding to smalin the above classification belong to an approximate
two generation situation since the anglés small. The one corresponding to smalls

the usual non-adiabatic solution, whereas the one corresponding tavléasge usual
adiabatic solution. The rest invoke the genuine three generation oscillation mechanism.
In conclusion the solar neutrino problem enables us to put bounds on three of the five
parameters which occur in neutrino mixing.

3. The atmospheric neutrino problem

The atmosphere is a source of electron as well as muon type of neutrinos and antineutrinos.
These neutrinos are the end product of a cascade process which is triggered by cosmic rays
interacting with nuclei in the earth’s atmosphere. These reactions produce pions which, in
turn undergo the following decay

™ = /1i + v (W),

followed by
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pE = et + v () + v, (V).

One observes that there are twice as many muon type of neutrinos as that of the electron
type. (Unless explicitly stated, in this section we call neutrinos and anti-neutrinos collec-
tively as neutrinos). There are detailed Monte Carlo predictions for these fluxes, and they
confirm that the ratio of the flux of muon neutrinds,, to the flux of electron neutrinos

®,, is about2 [17,18]. The absolute neutrino fluxes predicted from different calculations
however differ significantly from each other (by as mucl3@%), but the predictions for

the ratio of the fluxesp, /®,. are in good agreement with each other (to witha).

This is because though the individual fluxes have large uncertainties, this cancels out in
the prediction of the ratio. The large water Cerenkov detectors Kamiokande and IMB [19]
have measured this ratio and have found it to be about half of what is predicted [20]. This
anomalous value of the ratio is called ‘the atmospheric neutrino problem’. The experimen-
tal results are presented in the form of a double ratio

(3)
R= ~velobs _ Tobs, (17)

(5 )ye ™

Nve ) Mmc

N,, is the number of events which are induced by muon type of neutrinos, While

is the number of events induced by electron type of neutrinos. The suffix ‘obs’ stands
for the observed number of events, while ‘MC’ stands for the Monte Carlo prediction.
Kamiokande collaboration have presented their results for neutrinos with energy less than

1.33 GeV (sub-GeV data) [2] and for neutrinos with energy greater thiahGeV (multi-
GeV data) [3]. For the sub-GeV dat&,= 0.607)-0% + 0.05 and for the multi-GeV data,

R = 0.5770-0% £0.07 after averaging over the zenith angle. Here the zenith angle denoted
by 6 is the angle between the direction of the incident neutrino, and the vertical axis passing
through the detector. As the detector is located about a few km below the surface of the
earth,d = 0°, means the neutrinos are coming straight from abovefanad 80 ° means

the neutrinos are coming from below, i.e., neutrinos which travel the whole diameter of
the earth to reach the detector (note the downward direction is taken as the positive zenith
axis). The value of? has no significant zenith angle dependence for the sub-GeV data.
However, for the multi-GeV datak is small for large values of zenith angle (upward
going neutrinos) and is large for small values of zenith angle (downward going neutrinos).
Also the number of electron neutrino events alone are in reasonable agreement with data,
while there is an appreciable deficit of the muon neutrino events.

3.1 Three flavor analysis

The transformation between the flavor and the mass eigenstates is givéh tgfined
earlier. Now, ifds; ~ 10~%eV?, the oscillation length corresponding to it, even for the
minimum of the atmospheric neutrino energies, is much larger than the length scales as-
sociated with the atmospheric neutrino problem.j$ois redundant for the atmospheric
neutrino problem and can be set to zero. Given this it has been demonstrated that the (12)
mixing anglew does not appear in the oscillation probabilities [21]. Hence it can be set
equal to zero. We also neglect CP violation, and set the CP violating phase to zero. Hence
the atmospheric neutrino problem is also a function of three parametets, &iandé 3.
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Including matter effects we get the mixing angles and mass eigenvalues in matter. The
mixing angley remains unaffected but the angldbecomes matter dependent. We obtain
[21],

(531 sin 2¢)

tan 2¢, = — o
an2¢ 031 cos2¢ — A

(18)

and

Ym = . (19)

The mass eigenvalue of” remains0 (actually it is of the order ob,; which we are
neglecting here). The other two matter dependent mass eigenvalues are given by

mj = % [(531 +A) - \/(531 cos 2¢ — A)* + (031 sin 2¢)2} ’ (20)

2 _
ms =

% |:(531 + A) + \/((531 COS 2¢ — A)2 + (531 sin 2(]5)2:| . (21)
Equations (18), (20) and (21) are valid for neutrinos. For anti-neutrinos, we get a similar set
of formulae with A replaced by-A. The neutrinos produced in the atmosphere enter the
earth after travelling through the atmosphere for aBokim and finally reach the detector
after travelling through the earth. The distance travelled through the earth is a function of
the zenith angle. For the five bins considered by Kamiokande [3], the average values of the
cosine of the zenith angle are).8, —0.4, 0.0, 0.4, 0.8 and the average distances travelled
through the earth ar0210, 5137, 832, 34, 6 km respectively [22].

A neutrino of flavora, produced in the atmosphere at titne- 0, propagates through
the atmosphere as a linear combination of the vacuum mass eigenstates. If the neutrino
enters earth at time= ¢, its state vector at that time can be written as

:U‘z 1 v
Z ; exXp < 5 ) V7). (22)
Re-expressing the vacuum mass eigenstates in terms of flavor states, we have
2t
Z . exp < . [y 1) Z U*|V>\ (23)

After entering the earth, the neutrino propagates as a linear combination of the matter
dependent mass eigenstates. We take the earth to be a slab of constant density. At the time
of detectiont = ¢4, the state vector takes the form

2
) :U’ztl *
o (ta) = S Utexo (i) Uk S0,
i A J

X exp ( M) V). (24)

2F
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Hence the amplitude for the neutrino produced as flavat¢ = 0 to be detected as a
neutrino of flavors at timet 4 is given by

it
(5| o (ta)) ZZU”U UnUL: exp( 2E>

X exp ( %) . (25)

The probability of oscillatior,s is given by the modulus square of the above amplitude.

If t; — t1 is set equal to zero (that is if the total time of travel is equal to the time of travel
through the atmosphere) then the expression in eq. (25) reduces to the simple vacuum
oscillation amplitude. The same is true if the matter effects are ignored, &7} i U”

andmi = ;.

3.2 Analysis

We refer to ref. [23] for details of our calculation. Below we give the salient features of
our analysis.

1. Sub-GeV dataFirst we describe our analysis of the sub-GeV data. Matter effects are
unimportant for the sub-GeV data. If the earth is taken to be a slab of dérisity /cm *,

the matter termd for the sub-GeV neutrinos is less thaml x 10~* eVZ. As we will
shortly see, the sub-GeV data sets a lower limitign > 10~2 eV?2. Hence the matter
effects can be neglected and the expression®fgrin the sub-GeV analysis are simply
the vacuum oscillation probabilities

P = (UL UL + (ULUS) + (ULUS,)

vt v g0 d by

+2 U, UgUp Ug, cos <2.53 i >
d 631
E

+2 U, Un3Ug, Ugs cos <2.53

d 032
20U, U8,U} 2.53 26
+2U U3V ﬁ3COS< E >a (26)

whered is the distance of travel in meterss are the mass differencesd ? andF is the
neutrino energy in MeV. Because we have neglected the CP violating phase, the oscillation
probability for the anti-neutrinos is the same as that for the neutrinos. 8iide very

small, the cosine term containing it in eq. (26) can be set equalTbe other two cosine

terms are dependent 6, (anddss ~ d31), the neutrino energy and the distance of travel
which is related to the zenith angle. As mentioned earlier, the double Ratlefined

in eg. (17) does not have any zenith angle dependence for the sub-GeV data. One can
account for this if it is possible to replace the distance dependent terms in eq. (26) by their
average values. This replacementis possible only if the average distance travelled contains
many oscillation lengths. The above condition sets a lower limit on the mass difference
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631 > 1072 eV? [29]. Note that this lower limit is consistent with the approximation
831 > 021 ~ 1075 eV?, which was made so that both solar and atmospheric neutrino
problems could be solved simultaneously.

The expression faR can simply be written as

0 1 0
_ Puu + rMC Peﬂ (27)
PY, +ruchPy,’

where

_ S [v.0u + b5, 05] AE
TN G e ¥ bp.0e] B (28)

whereryc is the Monte Carlo expectation of the ratio of numbpelike events to the
number ofe-like events. From the sub-GeV data of Kamiokande, we figd: = 1.912
andR = 0.6070-0% + 0.05 [2]. We take the allowed values gffrom our analysis of solar
neutrino data which restricts to be in the rangé < ¢ < 50° [7]. We find the allowed
region in theg — v plane by requiring the theoretical value calculated from eq. (27) to
be within 1o or 1.60 uncertainty of the experimental value. The region allowed by the
sub-GeV data, wher¢ was restricted by the solar neutrino data anid allowed to vary
betweer0 to 90°, is shown in figure 2. The region between the solid lines is the parameter
space which satisfies the experimental constraints #&tvel whereas the region between
dashed lines satisfies the experimental constrairt$atlevel. One important point to be
noted in this analysis is that the sub-GeV data place only lower boudighoifhe allowed
region ing — ¢ plane is quite large.

i)

= L ]

Figure 2. Allowed region ing — 1) plane by the sub-GeV data (withy; > 1072 eV?)
atlo (enclosed by solid lines) and at &.¢enclosed by broken lines).
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Table 1. Zenith angle dependent data from Kamiokande (3).

Binno. (cosf) (distance)inkm ri;q Tobs obs
1 -0.8 10,210 3.0 087703 0201012
5 —04 5,137 23 106403 046701
3 0.0 832 21 10T 051701
4 04 34 23 1457930 0.63%52
5 0.8 6 30 3945 1379

2. Multi-GeV data The multi-GeV data of Kamiokande have been presented for five zenith
angle bins in ref. [3]. For each of these bins, the observed numbers of electron-like events
and muon-like events and their Monte Carlo expectations (without neutrino oscillations)
have been given. From these one can calculate two sets of ratios

i N;i 29
MCc = F; , (29)
MC
) Ni
2 _ 1
Tobs = ( N;) , (30)
obs
and the set of double ratios
Ribs = Thps/Thic (31)

for each bini = 1,2,...,5. We summarize the multi-GeV data of Kamiokande [3] in
table 1. In the multi-GeV regime thelike events are subdivided into fully contained (FC)
and partially contained (PC) events whereas alkttike events are fully contained. The
efficiency of detection for each type of event is different and is a function of the neutrino
energy. This must be taken into account in the analysis [24].

We can calculate the ratio ptlike events tee-like events in the presence of oscillations

to be
. N
i — H 2
TOSC (Né > (3 )

and the double ratio

Ri = Tosc (33)

0sC i
mc

3.3 Results and conclusions

If the atmospheric neutrino deficit is due to neutrino oscillations, then the double ratios
Rgs givenin eq. (33) should be within the range of the corresponding observed double ra-
tios R, ., which are givenin table 1. We searched for the values of the neutrino parameters
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¢, andés; for which the predicted values &' __ satisfy the experimental constraints on

osc

the double ratios for all the five bins. The ranges of variation in the three parameters are:

1.0 < ¢ < 50°. This is the range of allowed by the solar neutrino problem. For
this range ofp, there exist values afz; andw such that all the three solar neutrino
experiments can be explained [7,16].

2.0 < <90°. v is varied over its fully allowed range.

3.107 % eV? < §5; < 1071 eV2. The lower limit is given by the sub-GeV data and the
upper limit is the largest value allowed by the two flavor analysis of the multi-GeV
data by Kamiokande [3].

The results are plotted in figures 3 and 4. Figure 3 gives the projection of the allowed
region on they—y plane and figure 4 gives the projection on the § 3; plane. The solid

lines enclose the regions of parameter space whose predictions lie within the experimental
range given byl uncertainties. The broken lines enclose regions whose predictions fall
within the range given by.60 uncertainties. These results have been presented in [23].
The salient features of the results of the multi-GeV analysis are:

e Most of the parameter space allowed by the multi-GeV data is a subset of the space
allowed by the sub-GeV data.

Figure 3. Allowed region ing — v plane by 5 bin analysis of multi-GeV data (with
1072 eV? < 631 < 107! eV?) atlo (enclosed by solid lines) and k6o (enclosed by
broken lines).
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Lo |

nmn

Figure 4. Allowed region ing — v plane by 5 bin analysis of multi-GeV data (with
0 < ¢ <50°) atlo (enclosed by solid lines) and 6o (enclosed by broken lines).

e The range ob3; allowed bylo vetoes is extremely narrow. It is very close to the
best fit value given by the two flavor analysis of Kamiokande.

e The value ofy is always largéy > 40°) andy = 90° is allowed.

e In the region allowed by o vetoesy is always non-zerop = 0 is allowed only at
1.60 vetoes.

From the parametrization df v, effective two level mixings can be obtained for the
following choices of the angles:

o v, < v, fory =90°,
e v, +> v, fory =0and
. Vu(—>V.,-fOI'(]5:0.

Any solution to the atmospheric neutrino problem should suppress the muon neutrinos,
enhance the electron neutrinos or do both. irhe» v, channel, which suppresses elec-
tron neutrinos but leaves muon neutrinos untouched, cannot account for the atmospheric
neutrino problem. Hence any solution of atmospheric neutrino problem should be away
from the effective two flavor, < v, oscillations. The large value of the anglds just

a reflection of this fact. The allowed region includes the value 90°. Then the atmo-
spheric neutrino problem is explained purely in terms of the two flavor oscillations between
ve + v, With the relevant mass difference beifig. In this case, the solar neutrino prob-

lem is solved by, — v, oscillation which is determined by the mass differefige(and

the mixing angles, andg).
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How important are the matter effects in the analysis of the multi-GeV data? It can
be seen from figures 2(d)—(f) of ref. [3] that most of the expected multi-GeV events are
caused by neutrinos with energies less than 10 GeV @bf&rfor muon-like events and
over90% for electron-like events). The matter term, for a neutrino of energy 5 GeV, is
about2 x 103eV?2. Since the initial range we considered #gf varied from10—3 eV? to
0.1 eV?, apriori one must include the matter effects in the expressions for the oscillation
probabilities. However, the value 6§, in the allowed region, especially for the vetoes,
where it is abou0.03 eV, is much larger than the matter term. Therefore, it is likely that
the matter effects may not play an important role in determining the allowed parameter
regions in the analysis of the multi-GeV data. To check this we reran our program with
the matter term set equal to zero. With this change, the doubleR4tjg defined in eq.

(32), changes by aboii0% in the first bin and by abodt% in the second bin. There is no
discernible change in the other three bins. Since the erraRin are abouB0%, these

small changes i’ do not lead to any appreciable change in the allowed regions of the
parameter space. However, the effect of matter terms may become discernible when more
accurate data from super-Kamiokande become available.

Since the earth matter effects seem to play no role in the determination of the parameter
space, can one interpret the observed zenith angle dependence purely in terms of vacuum
oscillations? For an energy of 5 GeV, the mass square diffei@nceeV? corresponds to
an oscillation length of abou200 km. Thus bind and2 contain many oscillation lengths
and the second and the third cosine terms in the vacuum oscillation probability, given in
eq. (26), average out to zero. For bihand5 the cosine terms are almost 1. In [@in
these terms take some intermediate value. Therefore we have large suppression in the first
two bins, almost no suppression in the last two bins and moderate suppression in the mid-
dle bin. In conclusion, we have analysed the atmospheric neutrino data of Kamiokande
in the context of three flavor neutrino oscillations. We found that the matter effects have
negligible influence on atmospheric neutrinos even in the multi-GeV range. The atmo-
spheric neutrino problem enables us to put bounds on the two neutrino parameters which
are unconstrained by solar neutrino data.

Super-Kamiokande have also published their results on atmospheric neutrino events,
and a comprehensive three flavor analysis of their results is given in [25]. Super-Kamioka
results favor a smaller range f; as compared to Kamioka. The best fit pointder is an
order of magnitude lower than that for Kamioka. The (23) mixing afiggestill maximum
i.e 45 degrees. An important aspect of super-Kamioka results is that there is hardly any
change in the observed spectrum of electron events vis-a-vis the Monte Carlo expectation.
But this by itself does not restrict the mixing angléo be small, i.e super-Kamioka data
does not constraip to be small [26]. So large values ¢fare allowed by super-Kamioka
data.

4. Constraints from reactor and accelerator based experiments

Neutrino oscillation experiments with laboratory beams can be broadly classified into short
baseline and long baseline experiments. In a short baseline experiment the source to de-
tector distance is typically less than 1 km. For the long baseline experiments the distance
is hundreds of km. The survival probability, i.e the probability that the neutrino retains its
original flavor denoted by, (we consider electron neutrinos and only two flavors as an
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example) after traveling a distangas given by
. om?
P.. =1 —sin® 20 sin® (Ex> )

In usual units the formula faP.. can be written as

e 2op? 1.276m?(eV?)z(m)
P.. =1 —sin” 26 sin ( E(MeV) (34)
and
o aon . o (1.276m2(eV?)z(m)
P,,, = sin” 20 sin ( E(MeV) ) (35)

where the distance is measured in meter&n? in eV? andE is in MeV .

One sees from the above two equations that for a given valdeéfandsin® 26, the
sensitivity of a baseline experiment to possible oscillations is controlled by the fadfor
Example ifém? is very small, then one needs large values A to observe oscillations
with fine tuning. All the laboratory experiments performed so far (with one exception
which we shall discuss soon) have been short baseline experiments. For a review see [27].
The range of:/ E accessible to these experiments has been from abodt— 10 (in units
of m MeV~1). None of these experiments has found any evidence for neutrino oscillations.
Very recently the CHOOZ collaboration [28], a reactor based experiment which searches
for signals ofp, — 7, oscillations, where: can be any other flavor, in the disappearance
mode of the original flavor has reported the results of its first run [28]. Even though the
source to detector distance for CHOOZ is only about 1 km, it mimics a long baseline
experiment. This is because the beam energy being verydd@®WeV) the average value
of z/E is equal to 300. Hence it can probe mass squared differences as 10w asV?,
an order of magnitude lower than previous reactor experiments. The collaboration sees no
evidence of oscillations of the original flavor. They have analysed their results assuming
two flavor oscillations between, and another flavor and gave an exclusion plot in the
parameter space spanned by the mass squared diffedenéeand the mixing anglé.

Their main result is that foAm? > 3 x 10~3eV?, sin?(20) must be less than 0.18 [28].

4.1 Three flavor analysis of CHOOZ result

In three flavors the vacuum oscillation probability for a neutrino of flavdo oscillate
into a neutrino of flavop is given by

Pl = (Ua1Us1)” + (UazUps)” + (UasUss)”

dé
+2 Un1Upn2Us1 Ups cos <2.53%>

dé
+2 Ua1UpasUs1 Ups cos <2.53%>

ds
+2 UnyUasUsaUss cos <2.53%> : (36)
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whered is the distance traveled in metefsjs in MeV, and mass squared differences are in
eV2. We may also note the vacuum oscillation probabilities are same as in eq. (36) for the
case of antineutrinos because CP violation is neglected. If we assume the hierarchy among
the neutrino mass eigenstafgs >> 6.1, and thati,; is aboutl0—*eV?, which is required

to fit solar neutrino data [1], then the oscillatory term involving can be set to one. The
oscillation probability relevant for the CHOOZ experimentis the electron neutrino survival
probability P,.. which is easily computed from eq. (36) to be

P.. =1 —sin®2¢sin® (1.27%) . (37)
Notice the interesting point that this involves only the (13) mixing angknd because of
the hierarchy the (12) mixing angle disappears from the probability. So we reinterpret
the CHOOZ result [28], to be that fas; > 3 x 102, sin?(2¢) must be less than 0.18,
i.e ¢ < 12.5°. At this point we wish to emphasize again the importance of a three flavor
analysis. The fact is that the (13) mixing angle which is constrained by CHOOZ can be
seen only in a three flavor analysis [29]. We can now estimate the maximum contribution of
thee — p channel to the atmospheric neutrino anomaly using the CHOOZ result. Since the
relevantds, is aboutl0—2eV?, matter effects are negligible for the problem [23]. Hence
the relevant probability is the vacuura < v, oscillation probability,
.92 ) .92 d531

Py = Py = sin” 2¢sin” ¢ sin (1'27T> . (38)
Note that bothp and« have to be non-zero fd?,,. to be non-zero, and also the oscillation
length corresponding #,; does not contribute to the atmospheric neutrino problem [23].
Now solutions to Kamiokande atmospheric neutrino data [23,29] require a vale>of

45°. The average contribution of the oscillatory term is 0.5. Therefore using the CHOOZ
result that the maximum value sifi?(2¢) allowed is 0.18 we get

Pl < 1.0 x 0.18 x 0.5 = 0.09 (39)

which is less than 9 per cent. Hence the atmospheric neutrino anomaly is driven almost
completely byv,, <> v, oscillations. This bears out our previous analysis of the atmo-
spheric neutrino problem [23]. We found that matter effects play a negligible role in the
solution to even binned multi-GeV data. Hence ¢heéependence of data can be simply
explained by the distance dependence of various oscillation probabilities. In three flavors
sincer, can oscillate inta/- also we compute the— 7 conversion. The, < v, conver-
sion probability is given by
. 92 2 .2 d631
Psz = P, = sin” 2¢ cos” ¢ sin (1.27?> . (40)

Sincey > 45°, we find that the — 7 conversion probability is less than 5 per cent, i.e there
is very little e — 7 oscillations. Therefore the electron neutrino flux is more or less close to
the Monte Carlo (no oscillations) prediction, which is what is experimentally observed.

In figure 5, the light contours enclose the parameter regian-irw) plane allowed by
the sub-GeV data of Kamiokande with6o error bars. The present CHOOZ constraint
has been shown as a thick vertical line, with the region to the right of it being excluded.
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EXCLUDED BY CHODT

wang

Figure 5. Allowed region ing — v plane by the sub-GeV data.

One sees that the CHOOZ constraint as properly interpreted in a three flavor framework
drastically cuts into the parameter space which was previously allowed. Now observe
what is probably the most important consequence of the CHOOZ result. The fagt that
the link between the solar and the atmospheric neutrino problems is constrained to be small
implies that the solar neutrino problem can be essentially viewed as a twoiflavery,,
oscillation phenomena, and the atmospheric neutrino problem essentially as a two flavor
v, + v, oscillation phenomena even in a three flavor framework. We mention that this
remarkable result implies that for the solar neutrino problem there is essentially only the
small angle and the large solutions. See figure 1 where the parameter space fidr°

is shown. There is no discernible change as compared 1 th@° case. We mention in
passing that in three flavors, the larger mass scalézi.én our case cannot account for
atmospheric plus CHOOZ plus LSND results.

5. Conclusions

A minimum of three neutrino flavors are needed to simultaneously explain the solar and the
atmospheric neutrino problems. The present data from solar and atmospheric neutrino ex-
periments give a large region in the three flavor parameter space. This region is drastically
reduced if one incorporates the result of the recent CHOOZ long baseline experiment on
the parameter space. The CHOOZ result also demonstrates the decoupling of the solar and
the atmospheric neutrino problems from each other. The solar neutrino parameter space is
effectively reduced to the usual two flavor small angle and large angle solutions. Future
experiments mainly BOREXINO and SNO will enable us to distinguish between the large
and the small angle solutions.
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