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Abstract. After a brief introduction to neutrino mass via the see-saw model I discuss neutrino
mixing and oscillation, first in vacuum and then its matter enhancement. Then the solar and atmo-
spheric neutrino oscillation data are briefly reviewed. Finally I discuss the problem of reconciling
hierarchical neutrino masses with at least one large mixing, as implied by these data. A minimal
see-saw model for reconciling the two is discussed.
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1. Neutrino mass: See-saw model

The fermion masses are represented by the combination of Dirac spinors

m�uLuR; (1)

while

�uLuL = �uRuR = 0: (2)

It follows from the basic anticommutation relation of Dirac
 matrices that the bar of a left-
handed projection operator is right-handed, so that the product of the opposite projection
operators vanish identically. In the standard model (SM) the left-handed fermions occur in
SU(2) doublets and the right-handed ones in singlets except that there is no right-handed
neutrino, i.e.
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Here the particle labels represent the corresponding spinors andi is the generation in-
dex. Thus we can not have direct mass terms even for quarks and charged leptons, since
terms likem �̀

L`R are not gauge invariant. However they can acquire mass by absorbing
the Higgs scalar�, which is aSU(2) doublet. Thus the Yukawa interaction,f� �̀L`R, is
gauge invariant. As the gauge symmetry is spontaneously broken,� acquires a vacuum
expectation value and correspondingly the fermion acquires a mass, i.e.
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f��̀L`R ! fh�i|{z}
m

�̀
L`R: (4)

However this is not possible for the neutrino, since it does not have a right-handed compo-
nent in the SM.

The simplest and most popular way of giving mass to the neutrino is via the see-saw
model [1]. It assumes each neutrino to have a right-handed singlet componentN R like the
other fermions. Unlike the latter however theNR has a unique property. Its gauge charges
corresponding to the SM gauge groups

SU(3)C � SU(2)�U(1)Y (5)

are all zero — it carries no colour, isospin or hypercharge. It is called a Majorana particle,
since the particle and antiparticle have the same gauge charges — minus zero is zero. Of
course they have opposite lepton numbers, which is however not a gauge quantum number
and hence need not be conserved. Consequently one can have a direct mass term coupling
the right-handed singlet neutrino with its left-handed antiparticle,

MNC
L NR; (6)

which is called Majorana mass. This can be very large since it does not break any gauge
symmetry. In addition one can have a Dirac mass term like (4), i.e.

m��LNR: (7)

Diagonalising the resulting mass-matrix in the�L �NR basis induces a tiny mass for the
left-handed neutrino, i.e.

�
0 m
m M

�
!
�
m2=M 0

0 M

�
: (8)

The larger the Majorana mass ofNR the smaller will be the left-handed neutrino mass
induced by it, sincem� = m2=M . Therefore it is called see-saw model. It is an ingenuous
model that solves two puzzles at one stroke. The large Majorana massM banishes the
right-handed neutrino beyond observation. It also makes the left-handed neutrino mass
tiny compared to the other fermion masses, which are characterized by the Dirac massm.

The way the Majorana mass (6) was introduced above as a direct mass term was rather
ad-hoc. This was remedied in [2] by assuming an extension of the SM gauge group (5)
by a

U(1)B�L; (9)

whose gauge charge corresponds to the difference of baryon and lepton numbers. In this
case the requirement of anomaly cancellation implies the existence of 3 right-handed sin-
glet neutrinos as in the case of the other fermions. This will ensure vector coupling of
theU(1)B�L current as the axial parts cancel between the left and right handed fermions.
Then one can easily see that the remaining axial anomalies cancel one by one. Therefore
theU(1)B�L can be treated as a gauge symmetry along with the other symmetry groups of
the SM. One assumes spontaneous breaking of this gauge symmetry at a high mass scale
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via a Higgs scalar�, carrying 2 units of lepton number (i.e.B � L = 2). The coupling of
this Higgs scalar leads to the Majorana mass

f�NC
L NR ! fh�i|{z}

M

Nc
LNR; (10)

analogous to the Dirac mass (4). This is a left-right symmetric model, which can be em-
bedded inSO(10) GUT. Indeed all the fermions of one generation, includingN R, can be
naturally accommodated in the 16 dimensional representation ofSO(10). In theSU(5)
GUT on the other hand the10 + 5 dimensional representation can naturally accommodate
all the SM fermions of one generation. In this sense theSU(5) GUT is more appropriate
for the SM. But even in this case one can add aNR as aSU(5) singlet if needed. It may be
noted here that inSU(5) GUT one has the flexibility of adding any number of right-handed
singlet neutrinos — not necessarily three. In fact we shall see later that a minimal solu-
tion to the atmospheric and solar neutrino oscillation data requires only two right handed
singlet neutrinos.

2. Neutrino mixing and oscillation (vacuum)

If the neutrinos have nonzero mass, there will in general be mixing between the neutrino
species as in the case of quarks. For most practical applications it is adequate to consider
mixing between a pair of neutrino species, e.g.

�
�e
��

�
=

�
cos � sin �
� sin � cos �

��
�1
�2

�
; (11)

where�1;2 are the mass eigenstates with eigen valuesm1;2. Each of them propagates
with a distinct phase factor, characterized by its mass. To see this we make the extreme
relativistic approximation, appropriate for the tiny neutrino masses, i.e.

E1;2 ' p+m2
1;2=2p and t ' `: (12)

Then the phase factors for the free particle wave functions of� 1;2 are given by

e�i(E1;2t�p`) ' e�(im
2

1;2
`=2E): (13)

This automatically leads to neutrino oscillation [3] as we see below.
Let us consider a beam of�e produced at the origin. It can be split into the�1 and�2

components, each propagating with its own phase, i.e.

�e ! �1 cos �e
�(im2

1
`=2E) + �2 sin �e

�(im2

2
`=2E): (14)

To find the�� component in this beam after a certain distance`, we split�1;2 back to�e;�,
i.e.

�e ! (cos ��e � sin ���) cos �e
(�im2

1
`)=2E

+(sin ��e + cos ���) sin �e
(�im2

2
`)=2E : (15)
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Clearly the coefficient of the�� term is nonzero. The square of this co-efficient represents
the oscillation probability, i.e.

P�e!��(`) =
���cos � sin � ��e(�im2

1
`)=2E + e(�im

2

2
`)=2E

����2

= sin2 2� sin2
Æm2`

4E
; (16)

whereÆm2 = m2
1 � m2

2 and the two factors represent the amplitude and the phase of
oscillation. Converting to more convenient units, one gets

P�e!��(`) = sin2 2� sin2

0
@1:3 Æm2|{z}

eV2

� `|{z}
m

= E|{z}
MeV

1
A

= sin2 2� sin2(`�=�); (17)

where� represents the wavelength of oscillation. Note that the oscillation probability
reaches maxima at odd multiples of

�=2(m) = 1:25E (MeV)=Æm2 (eV2); (18)

while it vanishes at the even multiples. Thus for large mixing angle,sin 2� ' 1, one can
identify three distinct distance scales of oscillation, i.e.

` � �=2 ' �=2 � �=2
P�e!��(`)

=1�P�e!�e
(`)

0 1 1=2
; (19)

where the last quantity comes from averagingP .
It is clear from the above discussion that assuming large mixing one can see the effect

of neutrino oscillation for

`(m)>� 1:25E (MeV)=Æm2 (eV2); (20)

and the same relation holds if we replace the units of distance and energy by km and GeV
respectively. Let us illustrate this with some real life examples.

Table 1 summarises the typical energy and distance scales for the four different types
of neutrino experiments. The reactor and solar neutrinos, arising from nuclear reactions,
have energies in the MeV range. The typical distance travelled is� 102 meters in the
former case and1 AU ' 1011 m in the latter. Thus from (20) the reactor neutrino oscil-
lation experiments are sensitive toÆm2 >� 10�2 eV2 while the solar neutrino oscillation
is sensitive down to10�11 eV2. The accelerator and atmospheric neutrinos, arising from
pion decay in flight, have typical energies in the GeV range. The typical distance scale
for short base line accelerator neutrino experiments is� 1 km, while it is� 10 4 km for
atmospheric neutrinos traversing through the diameter of the earth. Thus the accelerator
neutrino oscillation experiments are sensitive toÆm2 >� eV2, while atmospheric neutrino
oscillation is sensitive down to10�4 eV2.
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Neutrino mass and oscillation

Table 1. Sensitivity of different types of neutrino experiments to the scales of
neutrino mass.

� Source Energy(E) Dist. (`) Æm2

Reactor �MeV 102 m >
� 10�2 eV2

Sun �MeV 1011 m >
� 10�11 eV2

Accelerator � GeV km >
� eV2

Atmosphere � GeV 104 km >
� 10�4 eV2

Of course the above realization is not new. Soon after the discovery of neutrino, it was
observed by Pontecorvo [3] that the solar neutrino oscillation experiment can probe for
neutrino mass down to a small fraction of an eV, if there is significant mixing between the
neutrino species. Indeed this provided the main motivation for starting the solar neutrino
experiment in the late sixties. Later on it was realised that the solar neutrinos can show
large oscillation even for small mixing between the neutrino species [4–6], as we see below.

3. Matter enhancement (resonance oscillation)

This phenomenon is also known as the MSW effect, as it was systematically worked out
by Mikheyev and Smirnov [4] following the original suggestion of Wolfenstein [5]. This
is analogous to the effect of the medium on the propagation of light, which imparts an
induced mass to the photon, resulting in the index of refraction. Similarly the neutrino,
propagating through the sun, acquires an induced mass.

The electrons in the solar medium have charged current interaction with� e,

�ee
W�! e�e; (21)

but not with�� or �� . The resulting interaction energy is given by

Hint =
p
2GFNe; (22)

whereGF andNe are the Fermi coupling and the electron density in the solar medium. The
corresponding neutral current interactions are identical for all neutrino species and hence
have no net effect on their propagation. To see the effect of the charged current interaction
let us consider the wave equation for�e and�� as in the last section, but now including the
interaction energy (22). We have

� id

dt

�
�e
��

�
=

�
p+

M2 + 2pHint

2p

��
�e
��

�
: (23)

Defining the quantity

M 02 =M2 + 2pHint 'M2 + 2EHint; (24)

as an effective mass or energy, we see that
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Figure 1. Schematic diagram of the energy eigenvalues of�e and�� as functions of
electron density;N0

e denotes the electron density at the solar core andNc

e the critical
density where the two energy levels cross [6,7].
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1

�
; (25)

wheres; c denotesin �, cos �. The 1st term represents the squared neutrino masses, rotated
into the flavour basis, while the 2nd term represents the interaction energy (22).

Let us consider small mixing angle,s � 1, so that the eigenstates of (25) correspond
approximately to the flavour eigenstates�e and��. The corresponding eigenvalues are
shown against the electron density in figure 1 for the casem2 > m1. They roughly cor-
respond to the two diagonal elements of (25). At the solar surfaceN e ! 0, so that the
energy eigenvalues of�e and�� correspond to their masses. As one goes towards the solar
core, however, the eigenvalue of�e increases withNe and ultimately overtakes that of��.
The two energy levels cross over atM 02

11 =M 02
22, i.e.

Nc
e =

Æm2

2
p
2GFE

cos 2�: (26)

Of course the finite off-diagonal elements ensure that the two energy levels are separated
at this point by a small but finite gap

� = Æm2 sin 2�; (27)

which represents the width of the energy interval over which the level crossing takes place.
In analogy with vacuum oscillation, one can define an effective mixing angle in matter as

tan 2�M =
2M 02

12

M 02
22 �M 02

11

=
sin 2�

cos 2� � 2
p
2EGFNe=Æm2

: (28)

No matter how small the mixing angle� the resonance condition (26) ensures that
�M ! 45Æ at the cross-over point. This is why it is called matter enhanced (or resonant)
oscillation.
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Physically speaking, the�e produced at the solar core has an energy level higher than
that of�� (figure 1). It continues to occupy this higher energy level as it emerges through
the region of critical densityN c

e , which means that it emerges out as��. This assumes
of course that the transition probability between the two energy levels at the critical point
remains small, i.e.

T / 
�1c / 2E

Æm2

cos 2�

sin2 2�

�
dNe=d`

Ne

�
c

� 1: (29)

This is called the adiabatic condition. One can show from (18), (26) and (27) that the above
expression represents the ratio of the oscillation wave-length� to the distance over which
the energy eigenvalue changes by an amount�. Thus the adiabatic condition (29) requires
theNe to change very slowly during the level crossing, so that the resulting change in the
energy over a distance� is� � [6]. Such a slow change of energy ensures that the wave
function continuously adjusts itself to one energy level (upper or lower) instead of jumping
to the other.

Thus the twin conditions for the resonant conversion of� e ! �� inside the sun are
No
e > Nc

e and the adiabatic condition (29). Quantitatively speaking the conditions for
� 50% conversion of solar neutrino,

hP�e!�ei < 0:5; (30)

are

Æm2 cos 2�

2
p
2GFNo

e

< E <
�Æm2 sin2 2�

4`n2 cos2�(N�1
e dNe=d`)c

: (31)

The 1st inequality ensures resonant transition by requiring that the core density is higher
than the critical density of (26), while the 2nd ensures the adiabatic condition (29) [7].

One clearly expects from (31) a non-monotonic suppression of the solar� e flux as a
function of neutrino energy, with the maximum suppression occurring for some value of
E in between the two limits. As we shall see in the next section, this pattern seems to
be observed in the gallium, chlorine and the water-Cherenkov experiments, which are in
increasing order of neutrino energy (see figure 2 and table 2). While the gallium and
the water-Cherenkov experiments show a suppression ratehP�e!�ei ' 0:5, the chlorine
experiment shows a higher suppression rate of' 0:3.

Finally, one sees from (30) and (31) that when a solar neutrino experiment, correspond-
ing to particular range ofE, finds a suppression rate for the solar� e flux, the result can
be cast into a contour plot in theÆm2 � sin2 2� plane. These contours are generally of
triangular shape, as seen in figure 3. To understand why let us concentrate on the contour
for the gallium experiments (SAGE and GALLEX), corresponding tohEi ' 0:5 MeV and
hP�e!�ei ' 0:5. The resonance condition of (31) fixes theÆm2 value, roughly indepen-
dent ofsin2 2�, resulting in the horizontal side of the triangle. The adiabatic condition
implies a minimum value of the mixing angle,sin2 2� >� 10�3. At the large angle end both
the conditions of (31) are satisfied, so that there is complete MSW conversion between the
two neutrino species. Consequently

hP�e!�ei = sin2 �; i:e: sin2 2� = 4hP i(1� hP i); (32)
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Figure 2. The spectra of thepp, pep, 7Be and8B neutrinos are shown along with the
energy ranges of different solar neutrino experiments [9].

Table 2. The threshold energies of different solar neutrino experiments along with the
predicted and observed�e fluxes (in106 cm�2s�1 units) for the Kamiokande and event
rates (in solar neutrino units) for the others. Their ratio gives the survival probability
shown in the last column.

Expt. Target Eth(MeV) Pred. Obs. hP�e!�e i

GALLEX [10] gallium 0.2 129+8
�6

78� 8 0:60� 0:07

SAGE [10] gallium 0.2 129+8
�6

67� 8 0:52� 0:07

Homestake [11] chlorine 0.8 7:7+1:2
�1:0

2:56� 0:23 0:33� 0:05

Kamiokande [12] water 7.5 5:15+1:0
�0:7

2:80� 0:38 0:54� 0:07

Super-Kamiokande [12] water 6.5 5:15+1:0
�0:7

2:44� 0:10 0:47� 0:08

which corresponds to the vertical side. It extends downward by 3 orders of magnitude in
Æm2, at which point the adiabatic condition ceases to hold. The third side corresponds to
the non-adiabatic solution to eq. (23). Assuming a constant density gradient,dN e=d`, one
gets [8]

hP�e!�ei � e��
c=2: (33)

This corresponds to a contour of fixedÆm2 sin2 2�, i.e. a diagonal line in thelog Æm2 �
log sin2 2� plot (see eq. (29)).

4. Solar neutrino oscillation

The main sources of solar neutrinos are the threepp chains of nuclear reactions, taking
place at the solar core, which convert protons into4He (� particle). They are
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(I) pp! 2H+ e+ + �e;
2H+ p! 3He + 
; 3He +3 He!4 He + 2p; or

(II) 3He + 4He! 7Be + 
; 7Be + e� ! 7Li + �e;
7Li + p! 2 4He; or

(III) 7Be + p! 8B + 
; 8B! 8Be? + e+ + �e;
8Be? ! 2 4He: (34)

While most of this conversion takes place by the straight path (I) a small fraction takes
place through a detour via7Be (II) and a still smaller one through a longer detour via8B
(III). Thus thepp neutrino has the highest flux, followed by those of7Be and8B neutrinos.
But their energies are in reverse order. These are shown in figure 2, along with the energy
ranges of various solar neutrino experiments [9]. The gallium experiment gets largest
contribution frompp neutrino (55%), followed by the7Be (25%) and8B (10%) neutrinos.
The chlorine experiment gets largest contribution from8B neutrino (75%) followed by the
7Be (15%). The remainder in both cases come from thepepand the CNO neutrinos. The
water-Cherenkov experiment gets contribution only from the8B neutrino.

The gallium [10] and the chlorine [11] experiments are based on the reaction

�e +
71Ga! e� + 71Ge; (35)

�e +
37Cl! e� + 37Ar: (36)

10
−3

10
−2

10
−1

sin
2
2θ

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

∆m
2  (

e
V

2 )

SAGE & GALLEX
Kamiokande & Super−K
Homestake

Combined 95% C.L.

Bahcall−Pinsonneault SSM

Excluded

with He and metal diffusion

. The 95% CL contours of MSW solution for the suppression rates observed by dif-
ferent solar neutrino experiments [13]. Also shown are the regions excluded by the
Kamiokande energy spectrum and day–night asymmetry.
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The produced71Ge and 37Ar are separated by radio chemical method, from which the
neutrino fluxes are estimated. On the other hand the water-Cherenkov experiments are
based on the charged current interaction (21), where the outgoing electron is detected by
its Cherenkov radiation. Thus it is a real time experiment. It also has directionality; the
direction of the incoming neutrino can be estimated from that of the outgoing electron.
Thus one can study day–night (zenith angle) variation of solar� e flux, which probes the
effect of its propagation through earth. Similarly the energy spectrum of the incoming
neutrino can also be estimated from that of the outgoing electron. It may be noted here that
this experiment also gets a contribution from the neutral current reaction,

�e;� + e�
Z�! �e;� + e�; (37)

but at a reduced sensitivity of about 1/6th of the charged current process.
Table 2 lists the threshold energies of different solar neutrino experiments along with

the theoretically predicted and experimentally observed results. The ratio of the two cor-
responds to the�e survival probability (suppression rate)hP�e!�ei, shown in the last col-
umn. As mentioned in the last section, one can clearly see the non-monotonic energy
dependence of this probability, as suggested by the MSW solution. It should be noted here
that Kamiokande values for this quantity will go down further by� 0:1 unit after taking
account of the neutral current interaction (37) effect.

The MSW solutions to the observed suppression rateshP�e!�ei for the three sets of
experiments are shown in figure 3 [13]. As discussed in the last section, each solution
corresponds to a triangular region in theÆm2 � sin2 2� plane. The vertical position of
each triangle scales with the average neutrino energy of the corresponding experiment
(see eq. (31)). The overall solution to the observed suppression rates corresponds to the
overlap region among the triangles, which are shown by the two shaded areas. They repre-
sent the small and large angle MSW solutions. The additional constraints coming from the
Kamiokande energy spectrum and day–night effect are also indicated. However, they do
not impinge upon the two allowed regions. Figure 4 shows a more recent MSW analysis of
the solar neutrino data including the latest super-Kamiokande results [14]. While one can
have both the small and large angle solutions to the rates and energy spectrum, the small
angle solution is favoured after including the zenith angle distribution.

Finally figure 5 shows the corresponding vacuum oscillation solution to the solar neu-
trino data [14]. One can reproduce the non-monotonic energy dependence of the suppres-
sion rate by assuming the half wave-length�=2 of eq. (18) to match with the sun–earth
distance, i.e.

1:25E (MeV)=Æm2 (eV2) ' 1011 (m); (38)

for the middle energy range (E � 5 MeV). Consequently one gets the best solution for
Æm2 � 10�10 eV2, and a large mixing angle. While the statistical significance of this
solution is as good as the small angle MSW, it seems less natural on two counts – the
requirement of a large mixing angle and more importantly the fine tuning of the sun–earth
distance to match the oscillation length for solar (MeV range) neutrino. Interestingly in this
scenario one predicts seasonal variation, due to the eccentricity of earth’s orbit, which can
be tested by future super-Kamiokande data. In the absence of such measurement however
the vacuum oscillation solution appears less natural than the small angle MSW solution.

12 Pramana – J. Phys.,Vol. 54, No. 1, January 2000
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Figure 4. The MSW solution to the combined solar neutrino data on suppression rates
along with the super-Kamiokande energy spectrum and zenith angle distribution. The
contour is drawn at 99% CL [14].

Figure 5. The vacuum oscillation solution to the combined solar neutrino data on
suppression rates along with the super-Kamiokande energy spectrum and day–night
asymmetry. The contours are drawn at 99% CL [14].
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5. Atmospheric neutrino oscillation

The source of atmospheric neutrinos is the decay of��, which are produced by the colli-
sion of cosmic rays with the atmosphere, i.e.

�+ ! �+��; �
+ ! e+�e���;

�� ! �����; �
� ! e���e��: (39)

Thus one expects a ratio of

R =
�� + ���

�e + ��e
= 2: (40)

The observed ratio is significantly smaller – close to 1 is some situations.
In this case the (super) Kamiokande is clearly the market leader [15], although there is

corroborative evidence from several other experiments [16]. Interestingly the Kamiokande
(as well as its super version) started as Kamioka nucleon decay experiment and ended up as
Kamioka neutrino detection experiment. In the process it showed that, contrary to the con-
ventional wisdom, yesterday’s background can become today’s signal. The atmospheric
neutrinos have been long recognized to constitute the irreducible background to proton de-
cay. Because of this no earth-based experiment can probe proton life-time beyond10 34

years, for which one has to go to the moon. What the (super) Kamioka experiment did
instead was to concentrate on the study of this background. And in the process they seem
to have discovered a result, which could be as significant as proton decay.

The two main features of the SK data are as follows:

(i) It shows a deficit in the(�� + ���) flux while the (�e + ��e) flux agrees with the
prediction. This favours�� ! �� oscillation over�� ! �e, which is also supported
by the CHOOZ reactor data [17].

(ii) The deficit is seen mainly for up-ward going��, cos� < 0, where capital� denotes
the zenith angle (to avoid confusion with the mixing angle�). Note that the distance
traveled by the up-ward going neutrino is related to earth’s diameterd (� 10 4 km)
by

` = dj cos�j; (41)

while that of down-ward going ones is restricted to the atmospheric depth (� 10 km).
Hence this result suggest the oscillation length(�=2) to be of similar order asd.

Figure 6 shows the zenith angle distribution of the electron and muon neutrinos for
different ranges of energy. The theoretical expectations without and with(� � ! �� )
oscillation are shown by hatched and solid lines respectively. There is no evidence for
oscillation in the�e case. But there is a clear deficit of�� flux from the no oscillation
prediction. The lowest energy bin, corresponding to low oscillation length�=2 � d,
shows a roughly constant deficit as expected from (19) and (41). On the other hand multi-
GeV neutrinos correspond to higher oscillation length (18), i.e�=2 � d. In this case the
deficit increases steadily with the zenith angle, again in agreement with (19) and (41).
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Figure 6. Zenith angle distribution of atmospheric�e (��e) and�� (���) events from
super-Kamiokande for different energy ranges. The partially contained�� (���) events
roughly correspond top > 10 GeV/c. The theoretical prediction with and without
�� ! �� oscillation are shown by solid and hatched lines respectively [15].

Figure 7 combines the data points from different zenith angles (41) and energy to give
the distribution in the ratiò=E. This is the appropriate quantity for studying the oscillation
phenomenon via (17). One sees a large decrease in the�� flux, relative to the Monte Carlo
prediction, by almost a factor of 2 as`=E ! 103 km/GeV. It corresponds to a large mixing
angle(sin2 2� � 1) and aÆm2 � 10�3 eV2. Indeed the best solution represented by the
dashed line, corresponds tosin2 2� = 1 andÆm2 = 2:2� 10�3 eV2.

Finally figure 8 shows the allowed region of the vacuum oscillation solution to the super-
Kamiokande data in thesin2 2� andÆm2. The corresponding 90% CL contour of the earlier
Kamiokande data is also shown for comparison. Although the latter is slightly higher in
Æm2, the two agree within1:5�. Of course the combined 90% CL contour will be close to
the SK contour because of its higher statistical significance, i.e.

sin2 2��� > 0:82(��� = 45� 130); (42)

and

Æm2 = (0:5� 6)10�3 eV2: (43)

6. Reconciling large mixing with hierarchical masses

Thus the atmospheric neutrino oscillation data implies nearly maximal mixing between
�� and�� (42). This would normally suggest a degenerate pair of neutrinos, with a small
mass difference given by (43). For example a Dirac mass-matrix for the� ���� pair would
correspond to degenerate masses and maximal mixing, i.e.

�
0 M
M 0

�
!
�
M 0
0 �M

�
; � = 45Æ: (44)
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neutrino data are shown at 68%, 90% and 99% CL. The corresponding 90% CL contour
for the Kamiokande data is also shown for comparison [15].
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However the favoured solution to the solar neutrino oscillation data (figure 4) would then
require the�e to have even a more precise mass degeneracy with one of these states along
with a small mixing, i.e.

Æm2 = (0:5� 1)10�5 eV2 (45)

and

sin2 2�e = 10�3 � 10�2
�
sin �e =

1

50
� 1

20

�
: (46)

Such a degeneracy would of course be totally unexpected. It is therefore more natural
to consider the alternative of hierarchical neutrino masses instead of degenerate ones. It
implies that the two larger mass eigenvalues correspond to the square-roots of eq. (43) and
(45),

m1 � 0:05 eV; m2 � 0:003 eV; (47)

with m3 � m2. Indeed as far as the atmospheric and solar neutrino oscillation phenomena
are concerned one can takem3 to be exactly0. Note that them1 andm2 mass eigenstates
correspond to large admixtures of�� and�� (42), with a small�e component correspond-
ing to (46).

There is a broad consensus in the current literature in favour of this second alternative.
Indeed much of it is devoted to exploring models for reconciling hierarchical masses with
at least one large mixing angle. I shall conclude by briefly discussing a minimal see-saw
model where the two can be naturally reconciled.

Recall that the canonical see-saw model [2] is based on aU(1) extension of the SM
gauge group, corresponding to the gauge chargeB � L. The latter treats the three neu-
trino flavours identically, while the atmospheric and solar neutrino oscillation data seem to
distinguish the�e from �� and�� . Thus to account for these oscillation data one needs to
consider a variation of this see-saw model, where the above distinction between the neu-
trino flavours is incorporated into the choice of theU(1) gauge charge. Two such variations
were presented by us in [18] and [19]. I shall concentrate on the latter, because it is more
economical. It corresponds to theU(1) gauge charge

Y 0 = B � 3

2
(L� + L� ): (48)

The requirement of anomaly cancellation implies two right-handed singlet neutrinosN 1;2

with Y 0 = �3=2 to match the two doublet ones, carrying this gauge charge.
The minimal Higgs sector consists of

�
�+

�0

�
Y 0=0

and �0Y 0=3 (49)

as in the canonical see-saw model. The latter acquires a large vev at theY 0 breaking scale
giving large Majorana masses toN1;2, i.e.

M1;2 � h�i: (50)

The� couples these right-handed singlet neutrinos to�� and�� giving them Dirac masses,
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f����;�N1;2 ! fh�i���;�N1;2; (51)

while there is no such coupling to�e. Thus it implies two non-zero mass eigenstates of the
SM neutrinos, corresponding to large admixtures of�� and�� but no�e component. In
order to introduce a small mixing of�e with these states, as required by the solar neutrino
oscillation data, we expand the Higgs sector by an additional doublet and a singlet,

�
�+

�0

�
Y 0=�3=2

and �0Y 0=�3=2: (52)

The doublet introduces a small Dirac coupling of�e with N1;2 via

f���eN1;2 ! fh�i��eN1;2: (53)

The singlet�0 is required to avoid an unwanted pseudo-Goldstone boson. This comes
about because there are three globalU(1) symmetries, corresponding to rotating the phases
of �; � and�0 in the Higgs potential, while only two localU(1) symmetries get broken.
The addition of the singlet� 0 introduces two more terms in the Higgs potential,� y��0 and
�0�0�0, so that the extra global symmetry is avoided.

The doublet� can acquire a small but nonzero vev at theSU(2) breaking scale, which
can be estimated from the relevant part of the Higgs potential,

m2
��

+� + �(�y�)(�y�) + �0(�y�)(�y�)� ��y��: (54)

Althoughm2
� is positive, after minimization of the potential we find this field has acquired

a small vev,

h�i = �h�ih�i=2M2
� ; (55)

whereM 2
� = m2

� + �h�i2 + �0(�i2 represents the physical mass of� and� <� h�i � h�i.
Thus a reasonable choice ofM� � 5h�i implies

h�i=h�i � 1=50; (56)

which would correspond to the required mixing angle for� e (46).
Let us write down the full5�5 mass matrix in the flavour basis of�e;�;� , corresponding

to the mass basis of the charged leptons. Since the latter do not interact with the singlet
neutrinosN1;2 they can be simultaneously diagonalized in the same basis. Thus we have
the symmetric mass matrix

0
BBB@

0 � � � �
0 0 � � �
0 0 0 � �

f1e h�i f1�h�i f1� h�i M1 �
f2e h�i f2�h�i f2� h�i 0 M2

1
CCCA : (57)

We assume the Higgs–Yukawa couplings to be of similar magnitude, which means that a
mass-matrix arising from a single Higgs vev has a democratic texture. On the other hand,
in analogy with the charged leptons, it is reasonable to assume a mild hierarchy for the
N1;2 mass eigenvalues, i.e.
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M1=M2 � 1=20: (58)

There is of course no conflict between the two assumptions; rather they are closely con-
nected. Democratic mass matrices naturally lead to large cancellations in the determinant,
which are required for hierarchical mass eigenvalues.

One can write down the3 � 3 mass-matrix for the SM neutrinos from (57) using the
see-saw formula [19]. Instead of doing that, we will simply read off the rough magnitudes
of the masses and mixings from the matrix elements of (57). We get

tan ��� � f1�=f
1
� � 1;

sin �e � h�i=h�i � 1=50;

m2=m1 �M1=M2 � 1=20; (59)

which are in good agreement with the experimental value of (42), (46) and (47). Finally
the scale of theU(1)Y 0 symmetry breaking can be estimated from the see-saw formula,

M2 = f2h�i2=m2 = f21016 GeV

= 1012 � 1016 GeV; (60)

depending on whether we take the� Yukawa coupling asf � 10�2 in analogy with the�
lepton or� 1 in analogy with top quark (h�i � 102 GeV). Thus for aU(1)Y 0 symmetry
breaking scale of1012–1016 GeV the model can naturally account for the large (small)
mixing solutions to the atmospheric (solar) neutrino oscillation data.

Let me mention here that there is one more evidence of neutrino oscillation, from the
Los Alamos accelerator neutrino experiment [20], which is far more controversial however
than the solar and atmospheric neutrino results. If confirmed, it will be hard to explain all
the three oscillation results within the framework of three light neutrinos.
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