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Abstract. We investigate how dissipation and nonlinearity can affect the electromagnetic wave
propagating through a saturated ferromagnet in the presence of an external magneticield )n (
dimensions. The propagation of electromagnetic waves through a ferromagnet under an external
magnetic field in the presence of dissipative effect has been studied using reductive perturbation
method. It is found that to the lowest order of perturbation the system of equations for the electro-
magnetic waves in a ferromagnet can be reduced to an integro-differential equation.
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1. Introduction

The phenomenon of propagation of electromagnetic waves in ferromagnets are not only
interesting as itself but are also important in connection with the behaviour of ferrite
devices at microwave frequencies such as ferrite loaded waveguides, magneto-optical
recording systems, etc. The concept of magneto-optical recording has become techno-
logically very important for the purpose of high storage and fast reading. Electromagnetic
waves in ferromagnets have been investigated by several authors so far [1-7]. The propaga-
tion of electromagnetic waves in a ferromagnet obeys nonlinear equations with dispersion
and dissipation. Recently several authors [8,9] gave a rigorous study of the propagation
of long wavelength electromagnetic waves in a saturated ferromagnet taking into account
nonlinearity and dissipation il (+ 1) dimensions. It may be interesting and worthwhile

to examine the effect of dissipation on the propagation of electromagnetic waves of long
wavelength inZ + 1) dimensions.

The purpose of the present work is to study the property of electromagnetic waves of
long wavelength propagating through an isotropic ferromagnet in the classical continuum
limit in (2+1) dimensions taking into account the dissipative effect. By using the long
wave approximation of the reductive perturbation method (RPM) [10-12], it is found that
the system of equations can be reduced to an integro-differential equation. It is shown that
under certain conditions the equation admits steady state solutions.
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2. Formulation of the problem

We are considering electromagnetic waves in a ferromagnet under an external magnetic
field in the presence of dissipative effect(id + 1) dimensions. The basic equations
relevant to the present problem are the following :

vxB=198 ﬁ:aa_f. (1)

The magnetic inductiofs and the magnetic field are related to the magnetization of the
medium through the relation:

g = Mo (ﬁ + M)a
wherepg is the magnetic permeability in vacuum. The magnetization dedsiig gov-
erned by the ‘torque’ equation
oM -~ o M
— = MxH-9
ar . Home
where~, is the gyromagnetic ratio anilis a positive constant. Following Landau and
Lifshitz [13,14], we have assumed that the dissipative effect in the ferromagnet is incorpo-

rated by taking into account the second term on the right hand side of (2). Taking the time
derivative of (1) and then substituting fét and £ we can get

X
=
X

=

()

—V(v-ﬁ)+v2ﬁ:cl—(ﬁ+1\2), ©)

wherec = 1/, /o€ is the speed of light based on the dielectric constant of the ferromagnet.

Equations (2) and (3) are simultaneous equationgfoand & .

Let us consider the propagation of plane wave2i# (1) dimensions. All the physical
guantities are assumed to be functions of two space coordinajesnd the time coor-
dinatet. Let us seek a solution of these equations in the form of a Fourier expansion in
harmonics of the fundament&l = expi(kz — wt) as

+oo +oo
M= > M"E", H= Y H"E"

We assume here that the ferromagnet is in an uniform state at upstream infinity. Writing
M = (M., M, M.)andH = (H,, H,, H.) and expressing the Fourier components
of M andH in powers of a small parameterwe can write

oo oo
M"™ =) &M} (a,y,0), H" = Y I HY (2,y,1). ©)
=0 =0

M andH satisfy the following boundary conditions,

Mj, — 0, exceptthat My, — mgcos¢ = mg,, (5)
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M;, — 0, exceptthat My, — mgsin ¢ = mo,, (6)
M;. — 0, (7)
Hj, — 0, exceptthat Hy, — hocos o, (8)
H;, — 0, exceptthat Hy, — hosin ¢, (9)
Hj. >0, (10)

asz — —oo, wheremy, hy and¢ are positive constants adK ¢ < 7/2.

Before proceeding to the nonlinear problem, we will first examine the dispersion rela-
tion in the linearized limit. Assuming a sinusoidal waveform for the field variables the
equations (2) and (3) can be cast in the form

[
{& —mw} M™ = —povo l Z MP XH‘I]

p+g=n
5| > MPx[M?x(H - aM’“)] , (11)
Lp+g+r=n

82 . 8 2 2- n ny _ 2 82 - 8 21.2
[ﬁ-i—Qmwa—nw_[Ms-i—Hs]—c [w-i—ka%—nk]

X H (1= 652), (12)

wheres = z, y, z andd,, is the Kronecker delta function. Taking the leading order terms
forthe order = 1) from both equations, we can write the component&dfas functions

of H;. Thus we can find a linear homogeneous system of equatio foH, andH .
Here we have assumed a linear relation between the zeroth compongdhsmfH, i.e.,

ho = amgy. The determinant of this system of equatiax@:) is

An) = inw [-n*y2w? + B2 (mog)? +7B(1 + ) (moy)?

+667(1 + a)(mo)?], (13)
where
B=(1+ay), (14)
v = (1 — i) . (15)
w

Forn = 1, A(1) is zero ifw satisfies the dispersion relation
—7*w? + B2 (moz)* +yB(1 + @) (moy)® + 68y(1 + a)(mg)® = 0. (16)

Writing v andg3 in terms ofe, k andw, we can obtain an equation which is cubic.if:

Pramana — J. Phys.Vol. 54, No. 2, February 2000 277



S G Bindu and V C Kuriakose

<1+a <1— i—§2>>2(m01)2+ (1_i—§2>
<1+a <1— i—f)) (1+a)(m0y)2+5<1— i—]f)

<1+a<1—ci—lz2>>(l+a)(m0)2:w2 <1—i—’§2>. (17)

This shows that there are three kinds of waves, for small valugstbe three values of
w/k are given by

w

Z = 1
2 T a® (18)
w a+sin? ¢

w_,jersme 1
2 Txa © (19)
w l+a dal 1

5T a c<1_T>H’ (20)

wherel = C/(IU()’)/()H()).

In the long wavelength approximation and for finite values of velocity we can exclude
the wave corresponding to the third mode for whigtk — oo ask — 0. We assume that
they coordinate is orthogonal to the plane determined by the external magnetiélfeld
and the direction of propagation of the perturbation is alongrthgis. The system will
have a solution only if the determinant of the augmented matrix is zero.

In the study of the asymptotic behaviour of nonlinear dispersive waves, Gardner and
Morikawa [12] introduced a scale transformation

E=¢e%(z - V), (21)

T =¢eb (22)

in the (1 + 1) dimensional case, whefé stands for the velocity of the wave motion.
Gardner and Morikawa combined this transformation with a perturbation expansion of the
dependent variables so as to describe the nonlinear asymptotic behaviour of the system of
equations and will arrive at a single tractable equation describing the asymptotic behaviour
of a wave. This method is called the reductive perturbation method (RPM) which is the
basic mechanism for carrying out this problem. 2rni{ 1) dimensions we will introduce
one more space co-ordinate

We will now introduce the stretching variables( andr as,

E=e(xz—-Vt), (23)
¢ =¢%, (24)
T =¢34, (25)
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wheree is the small parameter measuring the weakness of dispersive effect or smallness
of k. The expression fof represents weak dependence of the field parameters on the
coordinatgy. In the present case we consider the waves with veldcigyven by (18)

w /| «
V—E— 1+ac.

One can also proceed with velocity given by (19). Applying the scale transformations
(23), (24) and (25) and substituting the expansions given by (4) in (2) and (3) and then
collecting and solving coefficients of different orders éfforn = 1, we get the following:

At ordere?:
NO'YO[MOyHOz - MOZHOy] - 6[(1 + a)MOyMOx - (1 + a)MOZMOx] =0,
(26)
povo[MozHoy — Moz Hoz] — 6[(1 + o) Mo, Mo, — (1 + o) Moy Moy] = 0,
(27)
/J,g’}/g[MomHoy — ngHg;t] — (5[(1 + a)MOZMOz — (]. + Q)MOZM()y] = 0,
(28)
82[11035 + MOm]
"0zl 2
5 0, (29)
82
At ordere!:
OM, M x (M x H
VoS = ol (i — aMy)] - 8 [ - )] @
Thez, y, z components of this equation are
oM,
—1oYo(1 + ) Mo, M1, = Va—;y — 6[(1 + @) (Mo-)* My,
—(1 + @) (Mog)* M), (32)
OMy.,
poyo(1 + @) Moy My, =V 8; —6[(1 + a)(Mog )2 M.
_(1 + a)(MOy)2M1z]a (33)
Hi, + M, =0, (34)
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Hly - aMly = 0, (35)

le—aMlz =0. (36)

My = mg andHy = amyg are the constant vectors characterizing the initial static state of
the system, whereyy = (m,, m,, 0). Using this factin (31) we can show thiy — oM,
andmg are colinear vectors. Thus we can write

H1 — aM1 = (1 + a)ﬂgmo, (37)

whereg(&, ¢, 7) is an arbitrary function of, ¢, 7. By using the relation given by (37) and
using the fact that{, and M, are constant vectors and that for» —oco, M; — 0 and
H, — h! (h] parallel tom) in first order equations (31)—(36), the component&/af, and
M, are found to be

Mly = 7(1 + a)mygv
My, =0, since m,=0.

At ordere?:
OM;,
1% 651 = —poYo[Moy(Ha, — aMa,) — Mo, (Hay — aMay)]
—(5[(1 + a)MlyMoyMlm — (1 + Q)Mle()lez]; (38)
oM
1% 85” = —poYo[Mo: (Hze — aMsy) — Moy (Hz. — abMls.)]
—6[(1 —+ a)MlelyMOZ — (1 + Q)M[):tMl:tMly], (39)
oM.
v 851 = —poYo[Moa (Hay — aMsy) — Moy(Haze — M2, )]
—6[(1 + CK)MlZMlegz - (]- + a)MleOZMly], (40)
Hyy + M, =0, (41)
O(Hyy —aMzy) (1+a@)? My, 0% My,
BT 2V = 5 (1+a) oz (42)
O(Hy, —abls,) (1+ @) OMp, 0* Mo.
Solving for Hy,,, Ma, andH,, M-, from (42) and (43) we can get
¢ 1+ a)? OM,
(sz — asz) = / —2V% a:y df
&t 9% M,
+/ / a(l+ a) 8C2°y (d€)?, (44)
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13
(HOZ—aMgz)_/ —2V( a)’ aM"ng
c2 or

[ [ atsa e (45)

(Hgy — ang) and (HQZ — OéMQZ) (46)

Substituting for

in (38) we get

V. OM, ¢ V(1 +a)? 0
oo O = Moy [/00 c? 37M0Zd€

+/; /; a(1+a)82ﬁ°y (dg)?]

€ _ 2
Mo, [ [y

c? or

A IR

—m(S[(]. + a)MlyMOyMlm — (]. + CK)MleOZMlz]. (47)

Introducing two new variableg andf = 6(¢, ¢, 7) defined by
Moy, = Acos, My, = Asinf, A = mgsing, § — 0as§ - —oo. (48)

Since we are considering the wave propagation along:ttigection, substituting (48)
in (33), thed term goes to zero sinckl . is zero, we have the expression for theg,
component in terms of the new variables as

Vv o
oo (1 4+ a) O¢°

Now substituting the value aff,, and using the new variables given in (48), (47) can be
written as

9% o [t . o* [t ot )
—,ua—52 —COSQE [m s1n0d§+acosﬁa—<2/ / sin O(d¢€)

3
—sinﬁ% /_Oocos0d§—asm08—c2/ / cos f(d¢)?

+vsin 92—5 (50)
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where
_ Ve?
"0+ o’
C2
S 2V(1+ a)poyo’
5c?
YT o1+ a)

Differentiating (50) with respect t§ and simplifying we obtain

2 %+ugigg_f§m 8C2+Vsm 9853 @ % - @2
o€ il - Moe o 9€
(51)
Equation (51) can be integrated with respec to give
L A L L a?oaodg
or Faes "7 )__ 8¢ oe2 ~ Moe | e ¢
0 801°
Putting f = 06/0n the above equation becomes
of 20f | O°f Pf  of [¢ (0f\"]
s + wf B¢ ,ua53 v |sin 08§2+ ¢ B¢
13 82f
=0 _006—4-27 (53)
wheref is a function of¢, ¢ andr.
Differentiating (53) with respect t6 we obtain
of 20f | O°f o°f _of [¢ (af\’
or + wf B¢ /1863—!-1/ sin? 0352+af \ 3¢ 5
0 f

This equation is an integro-differential equation. In the absence oftéen this equation
reduces to the modified Kadomtsev—Petviashvili equation [15,16]»Them represents

the effect of dissipation. It should be noted that this additional term is not only a higher

derivative off with respect t& but contains nonlocal nonlinear terms.

We first examine the existence of steady state solutions of this equation. We assume

that (&, ¢, 7) is a function ofy through ¢ — A7), where ) is a constant. That is we
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seek solutions of (54) in a moving frame of reference. Under this assumption, (54) can be
integrated once with respect#fosubject to the boundary conditioifis—+ 0 asn — —oo,
giving rise to

2 2
—/\f+%uf3+u%+u%+l/[ +f/ ] / g?(dn)
(55)

We can now show that in the special case-pf << v that is, when the effect of dispersion
can be neglected compared to that of dissipation, (55) admits solutions of the form

Fnr) = X sech?\[ 2~ ) (56)

providedA < 0 and there is no bounded solutiomif> 0. For the case af = 0 we can
arrive at the modified Kadomtsev—Petviashvili equation as

of of 63f] _ of

2
ar+_fe% “oer |, T Tac

(57)

The steady state solution of this equation can be obtained by using elliptic integrals. Thus
we find

f = 6kZsech’kn,

wheren = € + ¢ — Ar, andk? = u(o + p) andX is a constant. Sincg = 90/9n, 6 is
obtained ag = ffoo fdn. 8 increases from 0 to/2or decreases from 0 te2x according
ask > 0ork < 0 asn goes from—oo to + 0.

We can obtain explicit form of solutions fét o, Mo., Hoy, Ho-y Hie, M1z, M, and
H,,. Thus we can obtain

Mo, = mg sin ¢ cos(6k?y/[1 — sech’®kn]), (58)
M. = myg sin ¢ sin(6k>4/[1 — sech®kn)]), (59)
Hy, = amy sin ¢ cos(6k%1/[1 — sech®kn))) (60)
Hy. = amgsin ¢sin(6k>1/[1 — (sech?kn)]) (61)
6V k2sech’k
Hy, = 717,
1+ «)
6V k2sech’kn

M e 62

! (1+a) (62)
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. 1+ siné 5
Mly =V (m) sec h n, (63)
1+sind 2
Hyy = —aV [ 2227 . 4
1y aV<6(1+a)>sechn (64)

We have found that/,, H:., Moy, Hoy, H1, andM;,, components give soliton solutions
while My, andH,, components give kink solutions.

Any localized static (time-independent) solution is a solitary wave. All these solutions
have localized energy density and finite total energy. The energy expression for the mKP
solitary wave is obtained by putting

f=Ug

in (57) [17]. The functiorf can be considered as the derivative of the aégled can also
be considered as the amplitude of the first-order t&fm of the longitudinal component
of the magnetization density. That is,

B= [ U - uUe - 5o (65)
—_Oo2u 133 o Ve 50 Uc) an.
On evaluating this integral with
f = 6k>sech’®kn,
we obtain
E= <ﬁ> sec h' [kx] [—315 k sin h[kx] + 45360 k% sin h[kz]

—840 k7 sin h[kx] — 525 k sin h[3kx] — 21168 k* sin h[3kx]

—504 k7 sin h[3kz] — 245 k sin h[5kz] + 3024 k* sin h[5kz]

—168 k7 sin h[5kx] — 35 k sin h[Tkz]

+432 k3 sin h[7kx] — 24 k7 sin h[Tkz]]. (66)

The momentum for this solitary wave is given by

r-| Z Eu(UgP + aUg] dn (67)

and the momentum expression is given by
P = cos h[kx] [12 k* sec h?[kx] + 12 k% sec hO[kz]][30 sin h[kz]
+80 k* sin h[kx] 4+ 45 sin h[3kz]
+40 k* sin h[3kz] + 15 sin h[5kz]
+8 k* sin h[5kx]]/[30k(3 + 8k* + 4 cos h[2kx] + cos h[4kx])].
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3. Conclusion

We have attempted to find out what happens to the dynamics of the magnetization of a
ferromagnet when an electromagnetic wave propagates through it in the presence of dissi-
pation in higher dimensions. A perturbation analysis is carried out to understand the nature
of excitations due to the interaction between the intensity of magneticdieidd the mag-
netizationM of the ferromagnet. We have analysed the resulting equations separately for
the dissipation dominant case and the dispersion dominant case and obtained solutions in
both cases.
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