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Abstract. Is theUniverse(aspatialsectionthereof)finite or infinite?Knowing theglobalgeometry
of a Friedmann–Lemâıtre (FL) universerequiresknowing bothits curvatureandits topology. A flat
or hyperbolic(‘open’) FL universeis not necessarilyinfinite in volume.

Multiply connectedflat andhyperbolicmodelsare,in general,asconsistentwith presentobser-
vationson scalesof 1–20h ��� Gpc asare the correspondingsimply connectedflat andhyperbolic
models.Themethodsof detectingmultiply connectedmodels(MCM’s) arepresentlyin their pio-
neeringphaseof developmentandthe optimal observationally realisticstrategy is probablyyet to
be calculated.ConstraintsagainstMCM’s on � 1–4 h ��� Gpc scaleshave beenclaimed,but relate
moreto inconsistentassumptionson perturbationstatisticsratherthanjust to topology. Candidate
3-manifoldsbasedonhypothesisedmultiply imagedobjectsarebeingofferedfor observationalrefu-
tation.

The theoreticalandobservational sidesof this rapidly developingsubjecthave yet to make any
seriouscontact,but theprospectsof asignificantdetectionin thecomingdecademaywell propelthe
two together.
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1. Cosmic topology

This workshopis on observationalcosmology:how observationsconfrontcosmological
theory. Unfortunately, oneof thefundamentalaspectsof Friedmann–Lemâıtre modelsof
theUniverseis weakin theoreticalpredictions.Generalrelativity saysnothingabouthow
big the Universeshouldbe. It describescurvature,which dividesup constantcurvature
3-manifolds(‘spaces’)into threeclassescorrespondingto thethreepossiblesignsof cur-
vature.

For example,a canonicalflat multiply connectedmodel is the hypertorus,���	� which
canbe thoughtof asa cubewhoseoppositefacesareidentified. This is a flat 3-manifold
withoutany edgesor boundaries,but finite in volume.A �
� universemaybeassmallas1
h �
� Gpcor asbig asthehorizonfor thesamevaluesof ��� , ��������� , ��� and ��� [1]. Evolu-
tion in the luminosity functionsof galaxiesandquasars,thestarformationratehistoryof
theUniverse,andsimilar observationalquantitiesdo not distinguishbetweenthedifferent
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models.They do not constrainthe sizeof the Universe.Although the ‘curvatureradius’
and � � have strongeffectson the sizeof the observable Universe,i.e. on the horizon
radius,they only haveweakeffectson thesizeof theUniverseitself.

How can the theory (that spatialsectionsare 3-manifolds)be confrontedwith obser-
vations?In short,by photonstravelling many timesacrossthe Universeso thatmultiple
topologicalimagesareseenof singleobjects.In amultiply connecteduniverse,objects(or
regionsof CMB plasma)would be seenseveral timesin differentdirectionsand(in gen-
eral)at differentredshifts.This would besomethinglike gravitationallensing,exceptthat
the whole Universewould be the lensandthe angularandradial distancedifferencesin
multiply imagedobjectswould be,in general,big fractionsof � andof thehorizonradius
respectively, asopposedtoarcsecondandsub-parsecdifferencesin thecaseof gravitational
lensing.

2. Recommended reading

Recentreviews of the differentobservationalstrategies include [2,3] (the latter also in-
cludesabrief historicalandmathematicalbackground).

A fuller review including theoreticalaspectsof cosmictopologyandpre-1993obser-
vationalwork is that of [4], but dueto exponentialgrowth in the subject,the numberof
publishedarticleson thesubjecthasroughlydoubledsincethen.

Proceedingsof the 1997Clevelandand1998Parisworkshopson cosmictopologyare
availableas[5] and[6] respectively.

Mathematicaltools,particularlyincludinga ‘census’of a few thousandsmall compact
hyperbolic3-manifoldsareavailableat [7].

3. A survival kit for the observer: jargon

The minimum conceptsandjargon that the workshopparticipantor readershouldretain
from theabove literatureareprobably:

(i) ‘Compact’ essentiallymeansfinite in spatialvolume.
(ii) To avoid confusion,the word ‘open’ is droppedin favour of ‘hyperbolic’, ‘nega-

tively curved’, ‘ � ����� ’ or ‘ � �! ’; and‘closed’ is droppedin favour of ‘elliptic’,
‘spherical’, ‘positively curved’, ‘ � �#"$� ’ or ‘ � "% (otherwise,compacthyperbolic
modelswould bereferredto asclosedopenmodels. . . ).

(iii) ‘Geodesic’ generallymeansa geodesicin 3-space,but at times is usedto meana
geodesicin &
' � space-time.

(iv) Theentire(comoving spatialsectionof the)Universecanberepresentedasa poly-
hedronembeddedin �(���*)+� or ,-� (for � �% �/.  � "0 respectively) of whichfaces
areidentifiedwith oneanotherin someway— this is the‘fundamental polyhedron’
or ‘Dirichlet domain’.

(v) By pastingtogethercopiesof thefundamentaldomain,anspace�(�1��)+� or ,2� (re-
spectively) canbeconstructedwhich corresponds,for theobserver, to theapparent
spacein which objectsat high redshift are locatedunderthe hypothesisof trivial
topology[9] — this is termedthe‘universal covering space’, 34 .
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(vi) In the covering space,the isometriesmappingmultiple ‘topological images’ (or
‘topological clones’) to one anotherform a group, 5 , whoseelementsare linear
combinationsof asetof ‘generators’.

(vii) The3-manifoldcanformally bewrittenas
4 .63487 5 .

(viii) For convenience,oneoftenswapsthinkingandcalculatingbetweenthefundamental
polyhedronandthecoveringspace.

4. An example of a candidate 3-manifold

In thecommonlystudiedcaseof therectilineartoroidalmodels,multiple topologicalim-
agesof an objectform a rectilineargrid in comoving space.Amonga small selectionof
thebrightestknown galaxyclusters,threeform aright angleof equalarmlengthsto within
2–39 and �;: accuracy respectively [10].

Are theComacluster, RX J1347.5–1145andCL 09104' 4109threeimagesof a single
clusteror is theright anglejusta coincidence?

A list of argumentsfor andagainstthis �
< candidateis providedin thediscussionsection
of [11], anda comparisonwith COBEdatais presentedin [12].

5. Projects

This is aworkshop.Thefollowing areideassuggestedfor projects.

5.1 Theory

(i) Whatshouldthe topologyof theUniversebe? Cana theoryof quantumgravity or
of quantumcosmologymakeany seriouspredictionsaboutwhatthetopologyof the
Universeshouldbeat =->?= � ?

(ii) A group 5 relatesthe covering space 34 of a multiply connecteduniverseto the
fundamentalpolyhedron

4 .A@B 7 5DC Thestandardmodelof particlephysicsrelates
different particlesto one anotherby a group, e.g. SU(2)E�F U(1)GIH?F SU(3)J .
Could the Universebe considereda particleat the quantumepochandthe spatial
transformationsof 5 berelatedto thegaugebosons?

5.2 Observation

Methods:

(iii) Theclassicalmagnitude-redshiftrelationyieldedonly weakconstraintson thecur-
vatureparameters( ��������� ) until anempiricalway of improving supernovaeof type
Ia asstandardcandleswasdevised.Theresultsareimpressive,eventhoughtheoret-
ical understandingof themethodof sharpeningthestandardcandleis weak[13,14].
Could somesort of similar ‘trick’ improve the presentlypublishedmethodsto the
pointof extractinga significanttopologicaldetection?
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(iv) Realisticsimulationsincludingall theobservationaldifficultiescouldbeusedto opti-
misethecosmiccrystallography[15–17]andlocal isometrysearchmethods[18,17].

(v) Realisticsimulationsandanalysisshouldalsobeusedto find thebestway to apply
thematchedcirclesprinciple[19–21,12].

Candidates:

(vi) Generatespecificcandidates.

(vii) Observationallyrefutethesein orderto understandsystematicerrors.

New catalogues:

(viii) radio:GMRT — K#L>NM L> �* ? proto-clusters

(ix) mm/sub-mm:MMA/LSA — KOL>NM L> �P ? galaxies

(x) cm: MAP, Planck— M?Q ���P � or . . . (integratedSachs–Wolfe effect) MSR ���* T 
CMB (plasma);M > 1–3clusters(SZeffect)

(xi) optical:SDSS,VLT — M > 1–3?quasars,galaxies

(xii) Xray: XMM — M > 1–2clusters,quasars

Local (10kpc U 100Mpc):

(xiii) Understandthegalaxy(or thelocal unit of largescalestructure)well enoughto say
whatits topologicalimagemusthave lookedlikeat M > 2–5andfrom an‘arbitrary’
angle.This would bea ‘safe’ themefor a thesisproject,sincethetheoreticaland/or
observationalwork donein understandingthegalaxywould bevalid independently
of its usein identifying or refutinghigh redshifttopologicalimagesof thegalaxy.
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