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Nuclear structure at high excitation energies
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Abstract. The present paper deals with the investigation of hot GDR and quadrupole shapes of
106;120Sn isotopes as a function of temperature and spin utilizing cranked quadrupole–quadrupole
model interaction hamlitonian in the linear response theory and static path approximation to the
grand canonical partition function.

Keywords. Average nuclear shape; giant dipole resonance; static path approximation; linear re-
sponse theory.

PACS Nos 21.10.Pc; 24.10.Pa; 24.30.Cz; 24.60.-k

1. Introduction

Study of the structure of nuclei in extreme conditions of angular momentum, excitation
energy (temperature) and isospin has recently become a very interesting and active area
of research in nuclear physics. Experimentally compound nuclei can be formed at high
excitation energies and in high angular momentum states through heavy ion fusion reac-
tions. Also hot nuclei at low angular momenta can be produced in inelastic�-scattering
type reactions. Since several years different isotopes of tin have been the subject matter
of investigation of the change in quadrupole shape parameters� and
 as a function of
excitation energy (temperature,T ) and spin (J) [1–14]. From the many body mean field
theories, like Hartree–Fock or Hartree–Fock–Bogoliubov, it is expected that with the in-
crease of temperature even the deformed ground state (T = 0) shape would tend towards a
spherical one [15]. On the other hand if the nucleus is already spherical in the ground state
it would become oblate at high spins with the magnitude of� increasing with the increase
of spin. Thus at a moderate high temperature of aboutT = 2:0 MeV one expects all nuclei
to become oblate at high spins [15].

At a finite temperature the nuclear potential energy does not have a very well defined
value of�, 
 even for nuclei that are strongly deformed in the ground state. Therefore, at
T � 1:0 MeV even for such nuclei one can talk only of an average shape (h�i; h
i) at a
given value of angular momentum. More than a decade ago, Gaardhojeet al [1] studied
the shape of giant dipole resonance (GDR) built on excited states for108Sn and concluded
that the data are consistent with a mostly spherical shape up toT � 2:0 MeV. A few years
later Majkaet al [2] reached a similar conclusion for110Sn in a study of�� 
-ray angular
correlation measurements. Recently Braccoet al [10] have studied the dependence of the
GDR width and angular distribution of the
-rays as a function of temperature and spin
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for 109;110Sn and concluded that due to thermal fluctuation effects the average deformation
becomes very large atT ' 2:0 MeV andJ ' 50�h. In yet another study of the GDR
properties of106Sn atT � 2:0 MeV, Braccoet al [11] and Mattiuzziet al [12] infer that
h�i � 0.3�0.6 for J = 0�60 �h. The value of
 is taken to be�60Æ (change in sign
convention of
) implying a non-collective rotation about the axis of symmetry. From
these discussions it is clear that a detailed investigation of the shape evolution of hot, and
highly spinning nuclei employing a theory beyond mean field which accounts for thermal
fluctuations of the shape degrees of freedom is called for.

Now it is known that the effect of thermal shape fluctuations can best be incorporated
in a microscopic theory through the so called static path approximation (SPA) to the path
integral representation of the partition function [16–18]. Recently we have already applied
this approach to study the structural properties as well as level densities of somepf -shell
and medium mass nuclei [19–21] employing a quadrupole–quadrupole model interaction.
The angular momentum effects can be included in the cranking approximation. In view
of the available experimental data on GDR, it is desirable that simultaneously the GDR
properties are also explained as a function of temperature and spin. Thus, we have also used
this scheme in a linear response theory to calculate the GDR
-absorbtion cross section at
finite temperature and spin [22]. Here we shall discuss some of our recent results on
GDR and quadrupole shape of106;120Sn isotopes where a cranked quadrupole–quadrupole
model interaction hamiltonian is employed.

2. Formalism

Before we present the formalism used by us, we would like to comment briefly on the
thermal fluctuation model of Ormandet al [13] which is quite successful as far the variation
of the GDR width as a function of temperature is concerned. The GDR cross section is
evaluated through

�(E) = Z�1
J

Z D[�]
I(�; 
; �;  )3=2 �(�; !J ;E)e

�F (�;J;T )=T ; (1)

whereE is the
-ray energy,D[�] = �4 d� sin(3
) d
 sin � d� d� d is the volume el-
ement with� standing for the quadrupole deformation parameters� and
 and the Euler
angles�, �,  . The cranking frequency! is so adjusted that on the averagehJi = J+1=2.
The partition function is given by

ZJ =

Z
D[�]=I3=2e�F=T ; (2)

where, corresponding to the laboratoryz-axis cranking, the moment of inertia factor is
given by

I(�; 
; �;  ) = I1 sin2 � cos2  + I2 sin2 � sin2  + I3 cos2 � (3)

with Ik representing the deformation dependent principal moments of inertia. The free
energy is parametrized as

F (�; J; T ) = F (�; ! = 0; T ) + (J + 1=2)2=2I(�; 
; �;  ): (4)
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Various expansion coefficients are essentially fitted to the Strutinsky shell correction en-
ergy of the nucleus at a finite temperature and spin. The cross section under the integral
in eq. (1) is modeled by a harmonic vibration along the three principal axes and then
transformed approximately to the laboratory frame of reference [4,13].

It is to be noted that there is no many-body hamiltonian employed to describe all the rel-
evant quantities. In our approach, presented below, we attempt to address to this question.
Some results on the application of our approach will be discussed in the next section.

Details of the SPA approach can be found in several papers [16–18,20,23] for a
quadrupole–quadrupole (Q �Q) model interaction hamiltonian,

Ĥ = Ĥ0 � 1

2
�Q
X
�

(�1)�Q̂��Q̂� ; (5)

whereĤ0 stands for the spherical part and̂Q� = (r2=b2)Y2� is the quadrupole operator
with b2 = �h=m!0,m being the nucleon mass and�h!0 = 41A�1=3 MeV. The quadrupole
interaction strength [24] is taken as

�Q = 120A�5=3fc MeV; (6)

wherefc is a core polarization factor (� 1) and is unity if there is no assumption of an
inert core. Corresponding to the hamiltonian (5) the mean field 1-body hamiltonian takes
the form

ĥ(�; 
) = ĥ0 � �h!0�
r2

b2

�
cos 
Y20 +

1p
2
sin 
(Y22 + Y2�2)

�
: (7)

A normalized statistical density operator is defined as

D̂ = e�Ĥ=T =Tr(e�Ĥ=T ): (8)

Then the thermal average of an operatorÔ in the SPA theory is given by

hÔi =
R
dD(�; 
;
)e(���2=2T )z O(�; 
;
; !; T )R

dD(�; 
;
)e(���2=2T )z ; (9)

where
 stands for the Euler angles, whereas! is the rotational or cranking frequency.
The SPA partition functionz is defined as

z(�; 
;
; !; T ) = Tre�(Ĥ!��pN̂p��nN̂n)=T (10)

with Ĥ! =
P

i ĥ
!(i) and� = (�h!0)

2=�Q and

ĥ! = ĥ� !(cos �ĵz � sin � cos ĵx + sin � sin ĵy) (11)

with cranking axis as thez-axis in the laboratory frame.
The values of the chemical potentials�p;n and the cranking frequency! can be adjusted

to satisfy the particle number and angular momentum constraints

Np;n = T (@lnz=@�p;n); (12)

and

hĴzi = T (@lnz=@!): (13)
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2.1 GDR cross section

The GDR cross section in the intrinsic frame for a fixed shape is given by

�int(E; �; !; T ) =
X
i

�i(E; �; !; T ); (14)

with

�i(E; �; !; T ) = �4�aE ImRii(E; �; !; T ); (15)

� standing for all the deformation parameters including the Euler angles anda = e 2=�hc.
The linearized Bethe–Salpeter equation [25] is to be solved to get the matrix

R(E) = (1�R0(E)�D)
�1R0(E) (16)

with

(�D)i =
3A

NZ
m!2

i ; (17)

!i � !0

"
1�

r
5

4�
� cos

�

 � 2�

3
i

�#
; (18)

and

R0 = R0
p +R0

n ; (19)

where

R0
ij =

X
k;k0

hk j D̂y
i j k0ihk0 j D̂j j ki(fk0 � fk)

�k0 � �k +E + i�
: (20)

In the abovej ki is the eigenstate of the cranked mean field Hamiltonian with an eigenvalue
�k, andfk is the Fermi distribution function. The dipole operators for protons and neutrons
are defined as

(D̂i)p =
N

A
(xi)p ; (D̂i)n = �Z

A
(xi)n ; (21)

wherexi = x; y; z for i = 1, 2, 3, respectively. Finally within the SPA the intrinsic GDR
cross section is given by

�int(E;!; T ) =

R
dD(�; 
;
)e(���2=2T )z(�; 
;
; !; T )�intR
dD(�; 
;
)e(���2=2T )z(�; 
;
; !; T ) : (22)

The cross section in the laboratory frame for a fixed shape is given by [4,13]
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�lab(E;!; T; �; 
;
) = �4�aE
X
�

ImRD1�D1�
(E � �!; �; 
;
; T ):

(23)

where the subscriptD1� indicates that the matrixR is expressed in the spherical tensor
representation. Then performing integration similar to that in eq. (22) one would obtain
the cross section in the laboratory frame of reference.

It should be noted that if the orientation angles are set to zero, the limit of
 integration
should be such that it allows for full quadrupole shape evolution with the possibility of
rotation about and perpendicular to the prolate as well as the oblate symmetry axes.

3. Results and discussion

First we briefly discuss about some of the results on the application of the thermal fluctua-
tion model of Ormandet al [13] outlined in the previous section. Mattiuzziet al [12] repro-
duce the GDR parameters well and find that for106Sn the average value of the quadrupole
deformation parameterh�i � 0:3 atT = 1:8 MeV andJ = 0, and it becomes of the order
of 0.55 ifJ is increased to 60�h. For 120Sn the increase in the average valueh�i atJ = 60
is about 0.15 compared to itsJ = 0 value. So, the effect of thermal fluctuation correction
on the shape is found to be very large. In view of this it is rather surprising that there is no
such discussion about the average valueh
i. They seem to believe that the shape becomes
oblate atT = 1:8 MeV andJ = 60.

In [13] calculations are performed for120Sn and208Pb. The increase of the GDR width
� with the increase ofT is more or less in agreement with experimental data atJ = 0. It
is also found that up to aboutJ = 40 there is no dependence on spin. But for the range
J = 40�60 atT = 1:6 MeV the calculation shows that� increases by about 1.5 MeV for
120Sn and about 1 MeV for208Pb. The increase for Pb seems rather large [30].

Next we would like to present some of our results. As in our recent paper [26], the
dipole interaction strength�D is reduced by25% as compared to the one given by eq.
(17) above. This is required to get the GDR energy corresponding to the peak value of the
cross section,E0, close to the experimental value of about 16 MeV. Here we present our
results for a model space consisting of 54 negative parity and 86 positive parity orbitals
(total 140) extending the basis space up to the principal quantum numberN = 6 major
shells with56Ni as the inert core. The value of the core polarization factorf c = 1.60
for 106Sn and 1.75 for120Sn so that the equilibrium value of the quadrupole deformation
parameter�0 in the ground state is about 0.1. The spherical single particle energies are the
spherical Nilsson model energies withA-dependent parameters [27]. Also the radial matrix
elements of the quadrupole operator are reduced by factors(N 0+3=2)=(N +3=2), where
N0 = 3 andN > 3 are the principal quantum numbers. For a discussion on such factors
see [28]. Following thez-axis cranking approach, as discussed in the previous section, to
generate very high angular momentum states, recently [29] we have found that the effect
of orientation fluctuation corrections on the GDR cross section is quite insignificant, at
least for106Sn. Therefore, here we have computed the GDR cross sections at high spins
following the standard principal axis (x-axis) cranking approach without the inclusion of
the orientation fluctuation effects.
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Figure 1. Normalized
-absorption cross section�(E) of the GDR in106Sn at various
temperatures andJ = 0. The solid, long dashed, solid with diamond, short dashed and
dotted curves correspond toT = 0:5; 1; 2; 3; 4 MeV, respectively.

Figure 1 shows the plot of�(E) at ! = 0 for 106Sn. The solid, long dashed, solid
with diamond, short dashed, and dotted curves are the results atT = 0:5; 1; 2; 3 and4
MeV, respectively. The diamond points indicate the value ofE at which actual numerical
calculations have been performed withÆE = 0:5 MeV. The average values of the defor-
mation parameters at the respective temperatures are ash�i = 0:120; 0:166; 0:226; 0:243,
and0:249, andh
i = 24:2Æ; 24:3Æ; 25:6Æ and26:7Æ. As the figure shows, the value of
E0 is about16 MeV, with exact value as16:3 MeV at T = 0:5 MeV and15:9 MeV at
T = 4 MeV. We obtain� = 4:47; 4:67; 5:15; 5:54 and5:93 MeV at T = 0:5 to 4 MeV
showing a net increase of only about1:5 MeV at such a high temperature. This increase is
by about1:2 MeV in case of120Sn in our calculation. This is quite small compared to the
experimental values [12,13].

Figure 2 depicts the variation of the GDR shape of106Sn as a function ofJ at T = 2
MeV. The value of the GDR energy isE0 = 16:2 MeV atJ = 0 and16:5 MeV atJ = 69.
The five curves: solid, long dashed, solid with diamond, short dashed and dotted ones
correspond toJ = 0; 26; 40; 57 and69, respectively. The corresponding values of the
width � are5:15; 5:83; 6:51; 7:48 and8:07 MeV. The width increases by about3 MeV
at the highest spin compared to its value atJ = 0. The corresponding value for120Sn
is found to be about 2 MeV. The average values of the shape parameters are ash�i =
0:226; 0:225; 0:224; 0:225 and0:228, andh
i = 24:2Æ; 9:1Æ;�0:5Æ;�11:8Æ and�18:8Æ
atT = 2 MeV andJ = 0; 26; 40; 57 and69, respectively.

Thus, the average value of� remains around 0.23 whereas
 shows a change from
positive triaxial to negative triaxial shape for increase ofJ from 0 to 69. In the mean
field approximation at very high spins this nucleus is expected to exhibit a non-collective
rotation about the oblate symmetry axis which corresponds to
 = �60 Æ in our convention.
In this sense, the thermal average of about�19Æ at J = 69 andT = 2 MeV should be
quite reasonable. It may be emphasized that besides the constancy ofh�i, the width shows
quite reasonable increase with the increase ofJ [12].
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Figure 2. Same as in figrue 1 atT = 2 MeV and at variousJ values. The five curves:
solid, long dashed, solid with diamond, short dashed and dotted curves are forJ = 0,
26, 40, 57 and 69, respectively.
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Figure 3. GDR width� as a function ofJ atT = 2 MeV for 106Sn (dotted curve with
crosses) and120Sn (solid curve with diamonds) followingx-axis cranking. The points
correspond to the actual values ofJ for which calculation is done.

Finally, in figure 3 we show the relative increase of� as a function ofJ atT = 2 MeV
for 106Sn and120Sn within thex-axis cranking approach. As expected [12,30], the increase
of � is more rapid for the lighter isotope. The main problem in the present approach is that
the increase of the width with temperature is not enough.
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4. Conclusions

From our present study we would like to draw the following conclusions.
1. Given a many-body hamiltonian, a grand canonical partition function can be calcu-

lated within the SPA at a given value of temperature and spin (in cranking approximation).
Then, including effects of thermal fluctuation corrections, an average energy and shape
parameters can be computed.

We find that at the highest values ofT andJ considered here for Sn isotopes the average
h�i comes out to be� 0:25. On the other hand atT = 2:0 MeV the average valueh
i
goes from a positive triaxial value to a negative triaxial value with the increase ofJ . This
is not reported by others in the context of the GDR shape studies.

2. In view of the experimental data on GDR and their empirical connections with the
average quadrupole shape parameters, it is desirable that within SPA the GDR energy and
width are also calculated. We do this following the linear response theory at a finite tem-
perature. However, when it is applied to the study of Sn isotopes using a simpleQ̂ � Q̂
interaction hamiltonian, our results on� as a function ofT are not satisfactory, though the
variation as a function ofJ at a fixedT is quite good.

3. It seems that within SPA the thermal fluctuation corrections are not adequately incor-
porated, or more likely the use of a simplêQ � Q̂ hamiltonian is unrealistic.

4. Though the approach presented here is the best practicable approach available so far,
it is still phenomenological in nature, the way the SPA theory is used in conjunction with
the linear response theory. Thus, there is still a need of a profound theory.
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