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1. Introduction

Recently there has been a considerable resurgence in the no scalar hair theorem for black
holes. Investigations regarding no hair theorem, however, had started about thirty years ago
[1]. Inspired by Israel's uniqueness theorem for Schwarzschild and Reissner—Nordstrom
black holes [2] and Carter [3] and Wald’s [4] uniqueness theorem for Kerr black holes,
Wheeler anticipated that gravitational collapse leads to black holes endowed with mass,
charge and angular momentum and no other free parameters, which he summarized as
‘black holes have no hair'. The ‘no scalar hair theorem’ excludes the availability of any
knowledge of a scalar field from the exterior geometry of a black hole even when a scalar
field is present in the space-time along with gravity.

The search for such scalar hair were initiated long back. Investigations, involving phys-
ical fields like massless scalar [5], massive vector [6], spinor [7] fields go in favour of
Wheeler’s dictum as any information about these fields from a stationary [6] black hole ex-
terior is excluded. These investigations were mainly limited to the cases where the scalar
field is only minimally coupled to gravity. But in the early 90’s, solutions for stationary
black holes with exterior non-abelian gauge field or Skyrmion field [8—10] have put strong
challenge in front of the conjecture. Black hole solutions with new hair like Yang—Mills
hair [8], Skyrme hair [9], dilaton hair [11] or others [12] act as counter examples to the
conjecture. With a few exceptions [9] many of these black holes are unstable [13]. It is
interesting to note that all the hair are not of similar stature [14]. The hair which act as new
guantum numbers, i.e, independent of other quantum numbers are primary hair. Skyrme
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hair [9,14,15] in nonlinear sigma models coupled to gravity are examples of such hair. The
hair which grow on other hair, i.e, the new quantum numbers determined by other quantum
numbers are examples of secondary hair. Dilaton hair on electrically charged black holes
[11], Kaluza Klein black holes [16] fall in this second category.

In spite of the popular name, there is no proof of the no hair theorem, and its status is in
fact that of a conjecture. In the absence of a true theorem, one has to consider explicitly
various sources of gravity and try to examine the nature of admissible black hole solutions.
In this work the validity of the no scalar hair theorem is studied for a class of stationary
axisymmetric charged black hole solutions in the context of a wide class of scalar tensor
theories. In the rotating space-time there were some investigations [6,17] with minimally
coupled scalar fields. It was shown that black hole in its final state cannot be endowed with
an exterior scalar field. So the interest in the present work primarily involves the inclusion
of a wide class of scalar tensor theories in axially symmetric space-time, where the scalar
field is non-minimally coupled to gravity.

In order to check the validity of the no scalar hair theorem we have explicitly studied the
space-time metric and scalars both in the cases of minimally and non-minimally coupled
scalar fields. But the exact solutions for such fields in various scalar tensor theories are
not available in the literature in most cases. So we use an algorithm to generate the exact
solutions for charged rotating space-time with a minimally coupled scalar field from the
known general relativistic electrovac solution. This solution is then analysed to find the
compatibility of a scalar field with a black hole. Then we use a conformal transformation to
generate the solutions for a large number of non-minimally coupled scalar tensor theories
from Einstein—Maxwell minimally coupled scalar field (EMS) solution and test the no
scalar hair theorem against these solutions.

2. A minimally coupled scalar field
2.1 A technique to generate solutions for minimally coupled scalar field

We start with a general form of stationary axially symmetric line element
ds? = e?¥(dt + wdg)? — e 2¥[e®7(d2? + dz?) + h2de¢?], (2.1)

wherey, w, v, h are all functions ofc; andz..
The energy momentum tensor for the electromagnetic field is

Ty = 9*" FuaFyp — igWFagF“B : (2.2)
where the Maxwell tensafr,,, is given by

Fo=4,,—4,,, (2.3)
A, being the vector potential componedfy andA;, (i.e A; andAy) are the only existing
components ofi,,. They are also functions af; andz,.

Now if a massless scalar fielfl is also included, the total energy momentum tensor
becomes
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Eu, =Tu + Su, (2.4)

whereT),, = energy momentum tensor for electromagnetic field Sipgd = energy mo-
mentum tensor due to massless scalar telgl , ¢, — %gu,,gb,m’a, whereg is also func-
tion of z; andxs.

The set of equations to be solved are

1
R;u/ = _Qb,u(z),u - gaﬁFuaFuﬁ + ZguuFaBFaB; (25)
O¢ =0, (2.6)
and
Fi =0. (2.7)

For the line element (2.1), the wave equation (2.6) becomes

h h
b1 + P22 + Tlfﬁl + 72(152 =0. (2.8)
Now according to the generation techniquey, dan be written as

v=9"+9%, (2.9)

where~? is the solution fory in the electrovac field for metric (2.1) and’ satisfies the
equations

hivg + hayy = hon és, (2.10)

h
o} = havg = S (67 — 83), 2.11)

then, the metric coefficients, w andh, vector potentialsi, and A3 of the general rela-
tivistic electrovac solutions along withas given by (2.9) and determined by (2.8) form
the complete set of solutions for Einstein—Maxwell field minimally coupled with massless
scalar field (EMS).

This algorithm is similar to that given by Eris and Gurses [18]. The difference is that
our technique holds for a general metric while they [18] have used a different coordinate
system, where the metric (2.1) is written in the Weyl—-Papapetrou canonical form

ds? = e?¥ (dt + wdg)? — e 2¥[e?7(dp? + d2?) + pde?], (2.12)

p andz are harmonic functions af; andz, and are called canonical cylindrical coordi-
nates. The result of ref. [18] can be recovered from our result ferp.
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2.2 Some axisymmetric solutions with minimally coupled scalar field

The most widely used axially symmetric stationary electrovac solution in general relativ-
ity is the Kerr—-Newman (KN) metric. We use this solution as a seed for the algorithm
described above. The KN solution in the well-known Boyer Lindquist form is given by

2mr — e?
2 _ 942 in” :
A = o cosrg (At Fasin 0d9)
dr?
2 2 £os2 2
—(r® 4+ a* cos 9){d0 +7«2—2mr+02+e2}
—(r® + a*) sin” fd¢?, &

and the solutions for the vector potentials are

earsin® 6 er

As=————— and 4g=—————.
3 r2 + a2 cos2 0 0 r2 + a2 cos2 6

(2.14)
The constants, a ande are the mass, angular momentum per unit mass and the electric
charge respectively of the axisymmetric distribution.

By a coordinate transformation of the form

2 2 2
r=ef +m+ %e*’? (2.15)

Misra et al [21] and later Singtet al [22] had rewritten the KN metric in the following
canonical form

L? —2mL + a? cos® f + €* 2mL — e?)asin’ §
d82:< mL + a® cos +e>[dt—L (2mL — e?)asin do

L2 + a2 cos26 2 —2mL + a?cos? 6 + e2

_ ( L? +a?cos? 8 >

L2 —2mL + a2 cos? 6 + e
{(L? = 2mL + a® cos® § + €?)(dR* + d§?)

+(L? = 2mL + a® + €?) sin® 8d¢?}, (2.16)
where
2 _ .2 .2
L=cf+m+ %&R. 2.17)

The vector potentials in the transformed coordinates are

eaL sin @ el

A3=———— —— and 4g= —————.
3 L2 4+ a?cos? 6 0 L? 4+ a2cos? 6

(2.18)

We shall now use this solution to generate the corresponding EMS solution. In terms of
the metric (2.16), eq. (2.8) can be written as
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R+M2
¢RR+¢99+eR_ﬁ
1

e R cos @

R -
e—R sin 6

¢p =0, (2.19)

where
M? =m? —a® — €% (2.20)

Equation (2.19) can be solved in a general way by simply imposing the separability condi-
tion. The scalar fiel@ is considered to be separable in functionR@indé both in product

and summed form. The solutions fo6iin both the ways have been exhibited explicitly in
the Appendix. Here we would consider some special cases of the general solutions.

2.2.1First set We first consider the simplest casedp = ¢(R)], i.e, ¢ is isotropic. The
solution forg in such case,

R M
¢=¢o+%1n(672> = g0t 21 LM M)

eft + &L 2M " L— (m— M)’ (2.21)

wheres and¢, are two constants. We takig = 0 without any loss of generality.
Once¢ is specified, we can fing® from equations (2.10) and (2.11) as

, 2

o o2 " (eR — MTe_R)

4M? (eR— MTZe*R)2 + M?2sin? 6
o? L? —2mL + a® + €>

= | . 2.22
402 H(L—m)Z—MZCOS29 (2.22)

Hence

27 = 21" T2’ = (L? — 2mL + a® cos® 6 + €?)

=2
L? —2mL + a® +€? | 2™
2.23
><{(L—m)Z—M2cos2t‘)} (2.23)
By using the inverse transformation given by (2.15), the line element in EMS field can be
written in the well-known Boyer Lindquist form, as

2mr — e2

ds? =d? - —— —
r2 + a2 cos? 0

(dt + asin® dg)?

0_2
r2 —2mr + a? +e? ) 2M?
(r —m)% — M2 cos?#0

—(r? + a*cos? §) {

dr?
r2 —2mr + a2 + e2

{d02 + } — (r? 4 a?) sin® fd¢?, (2.24)

with the vector potentials
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earsin? 6 er
Ag=——— " 7 A= —— 2.2
3 r2 4+ a2 cos? 6 and 4o r?2 +a2cos?f’ (2.25)
and the scalar field
p o r—(m+ M) (2.26)

T oM nr—(m—]V[)'

The scalar field vanishes for the limit— oo and the metric is asymptotically flat. In this
solution, foroc = 0, the scalar field becomes trivial and the metric goes over to the KN
solution. If we put off the electric charge, iee= 0, and set the angular momentum also
to zero, i.ea = 0, the metric reduces to one of the solutions given by Penny [23]. Without
the electric charge, the solution (2.24) reduces to the Brans—Dicke—Kerr solution given by
Mclntosh [24] in Dicke’s revised units [25].

From the metric (2.24) we see that; is singular at- = m + M surfaces. Simultane-
ously the scalar fiel@ in (2.26) diverges at these two surfaces i 0. The Ricci scalar
is given by

0.2

R = _¢a¢a =

2
[r2 — 2mr + a2 + e2]'5m

o2
y ((r —m)? — M? cos? §) 22

2.27
r2 4+ a2 cos? ( )

It is evident from this expression that Ricci scalar diverges at the surnfaces + M for

o # 0 and thus these surfaces fail to act as horizons. Howewver=if0, R also becomes

0 for all values ofr and there is no singularity at = m = M. Foro = 0, however,

the solution reduces to the KN solution, and the scalar field becomes trivial. So the only
black hole solution in this space-time is KN black hole and hence this solution supports
the theorem for the non-existence of a scalar hair.

2.2.2Second setNext we consider the case wherns both functionR andé in the form
¢ = a(R) + (). Here we have assumed the integration constaatglr to be 0 in (A5).
Then from eq. (A5) we get the solution fgrto be

2
<eR - %e_R> sin 9} , (2.28)

where¢, and A are two constants. Here also we considgr= 0 without any loss of
generality.

Using the similar technique as before we find the line element for the EMS field in the
Boyer—Lindquist coordinate as

¢ =¢o+ An

2mr — €2

5 r2 4+ a2cos? @

(dt + asin® 8d¢)?
—(r* + a®cos®0) { (r* — 2mr + a® + €°) sin® 0}%

d2
dé? + — ! A
r2 —2mr + a2 + €2

} — (r? 4 a®) sin® fd¢?, (2.29)
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with the same solution for vector potentiadls and A3. The scalar field, when expressed
in Boyer-Lindquist coordinatgs, 6), appears as

6= 3l — 2mr +a® + &) sin” 6], (2.30)

This solution has metric singularitiesiat= m + M surfaces, aggg goes to zero angh;
goes to zero or infinity correspondingfo> /2 or < v/2. And like the previous case
the scalar field diverges at these surfaces. To ensure the nature of singularity we find the
Ricci scalar
R =—¢ad* = A—2[(r2 — 2mr + a® + €?) sin? 0]%2
« (r2 + a?cos?0)
y {(r—m)2 —M200s20}

r2 —2mr + a2 + €2

(2.31)

For X = 0, R becomes O for alt and forA # 0 R diverges forr = m + M. So for\ # 0

these surfaces= m + M become singular and hence fail to act as event horizons. As for

A = 0, R is finite and consequently the surfaces can act as event horizons. However, the
scalar field becomes trivial in that case and the metric reduces to the KN one. So this class
of solutions also supports the conjecture.

2.2.3Third set We choose our third set of solution fgrfrom the general solution (A11)
whereg is separable in the product form of function®fandé. The solution, being the
product of two infinite series, we take the simplest choice=(1, i.e., A\ = 2), given by
(A16)

2
p=o0 (eR + MTeR> cos#, (2.32)

wheregs is a constant.
Adopting a similar technique we find the line element for EMS field in the Boyer—

Lindquist form as

2mr — e?

r2 4+ a?cos? 6

e .
_(7,2 + a? cos? 0) {eT(TZ—er+a2+ez) sin? 9}

ds? = dt? — (dt + asin® Adep)?

dr?
r2 —2mr 4+ a2 + €2

{d62 + } — (r? + a?) sin® 8d¢?, (2.33)

with the same solutions for the vector potentials. In the Boyer—Lindquist coordméje
the scalar field looks like
¢ =o(r —m)cosé. (2.34)

It is quite transparent from the metric (2.33) that there is singulariy inatr = m + M
surfaces though the scalar field remains finite at these surfaces. The expression for Ricci
scalar is
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2 2 2
(’f’ - ’ITL) — M* cos ee%z(r272mr+a2+e2) sin? 0

_ o 2
R =—0ad 7 (r?2 4+ a? cos? @)

(2.35)

Unlike the othertwo cases for# 0 (egs (2.27) and (2.31)R remains finite at = m+M
surfaces. This implies that even for a non trivial scalar field we have fdvdaer = m+ M
surfaces which, in turn, indicates that these surfaces are no longer singular surfaces. In fact
the Kretchman scaldr (I = R””aﬁRumg) also remains finite everywhere including the
surfacesr = m + M surfaces forr # 0. The expression fof is excluded from the text

for the economy of space. So these surfaces are not singular and act as event horizons to
shield the essential singularity. And as there is a non-trivial contribution of scalar field this
solution seems to contradict the ‘no scalar hair theorem’. But this solution has two major
defects. The solution is not asymptotically flat and the scalar field becomes infinite for

r — oo limit, while the energy due to scalar field has a finite contribution in that limit.

So although this solution has some nontrivial contributiongfan the horizon it could

not really be considered as a serious counter example due to its pathological behaviour at
r — OQ.

3. A conformal transformation and non-minimally coupled scalar fields
3.1 Conformal transformation

The action for a very general scalar tensor theory along with the Maxwell field is given by

Slgusr b Ful =[O W@ b0, — FurF* |V =gd'e, @)

with f(¢) > 0 andh(¢) > 0 whereg,,,, ¢ andF,,, are the metric tensor, the scalar field
and the Maxwell field respectively. The scalar field is non-minimally coupled to gravity
because of the terrfi(¢) in the action and the Newtonian constéhthus becomes a func-

tion of ¢ instead of being a constant. For different choices of the funcfiopsandh (),

one obtains various scalar tensor theories of gravitation. With a conformal transformation

g/,“/ = QZQW/: (32)
whereQ? = f(¢), and by defining a new scalar fiejdin terms of¢ as
; v 3(d G
= déy/ = [ —=1 — 3.3
o) =va [ f\/2 (gmr0) +35. 33)

the action (3.1) can be written in the form
_ - _ 1 - _
S[guw ¢; Fw/] = / |:R - Eguugb,ugb,u - F2:| V —gd41‘. (34)

Here¢. is an arbitrary positive constant and the variables with an overhead bar represent
those in the transformed version. The action (3.4) clearly resembles that of a minimally
coupled scalar field with a Maxwell field. So if the solution for this case is known, one
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can now easily find out the solutions for the corresponding non-minimally coupled scalar
field cases by using the egs (3.2) and (3.3) with proper choice§ fgrandh(¢). This

type of conformal transformation has been used for a long time in the literature [12,19,25].
Reference [26] represents a good set of references on this subject.

It deserves mention at this point [20] that in case of dilaton gravity, obtained from the
low energy limit of string theory, there is a coupling between Maxwell field and dilaton
field in the action. This coupling makes dilaton gravity different from other scalar tensor
theories described by action (3.1). Horne and Horowitz [31] found the black hole solution
with dilaton hair for slow rotation in this theory.

3.2 Some axisymmetric solutions in non-minimally coupled scalar tensor theories

Amongst the three classes of solutions exhibitegiirach class of solutions could be used

to generate the corresponding new solutions in non-minimally coupled scalar tensor theo-
ries and then the no scalar hair theorem will be verified against them. We cite the examples
in Brans—Dicke theory, although this method works for other more general theories also.

3.2.1First set The relevant action in BD theory [27] is
S = / |:¢R - %gwjé,ugb,l/ - F;H/FHV vV —gd433- (35)

Hence the conformal transformation for Brans—Dicke field from the minimally coupled
scalar field would be of the form

1
v = 7Guv, 3.6
9u ¢gu (3.6)
and
(¢) = /(2w + 3) In ¢£ (3.7)
The solution for the Brans—Dicke scalar field corresponding to (2.26) is
. r— (m + M) ZM\/tTZer:}
¢)—¢)c <T—(m—M)> ) (3'8)

and the BDM metric components become

o

1 <r—(m—M)>m

Juv = E m Juv- (3.9

Thus the line element for the BDM metric in the Boyer—Lindquist form is
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_(r—=(m—M) ES YoV re
deds” = (r— <m+M>>
2

[dt2 o gmroe (dt + asin® 8dp)? — (r? 4 a® cos® §)

r2 + a2 cos? 0

o2
{r2—2mr+a2+62 }m{d02+ dr? }

(r —m)% — M?2cos?6 r2 = 2mr + a? + €2
—(r? + a?)sin® 0d¢)2] (3.10)

with the solution for the vector potentials being the same as in EMS field. In the limit
r — 00, the metric is flat and the scalar field is constant. For this line element the Ricci
scalar takes the from

wo? 1

X
2w+3  r2+a2cos26

R = %g%m =

[(r —m)2 — M2 cos? §] 3=

X —.
[r2 — 2mr 4 a2 + €2]' T 22

(3.11)

We find that the surfaces = m + M act as physically singular surfaces for# 0 as

Ricci scalarR becomes infinitely large at these surfaces. And as there is no other horizon,
these singularities are naked. Butif= 0, the Ricci scalar remains finite and the scalar
field becomes trivial. So these surfaces are only coordinate singularities and act as event
horizon to shield the essential singularity. But the metric (3.10) reduces to the KN metric
for o = 0. So like the minimally coupled counterpart this set of solution for BDM space-
time also is in agreement with the no scalar hair theorem as the only black hole solution is
the KN solution which indeed has no scalar hair.

3.2.2Second setThe solution for Brans—Dicke scalar field in this case is

A
¢ = ¢c[(r* — 2mr + a® + €?) sin? f] 22 +3 | (3.12)

and the line element in Brans—Dicke—Maxwell theory corresponding to the metric (2.29) is
-
peds® = [(r? — 2mr + a® + €7) sin? §]2V2+3

2 _ A2
ldﬁ— T (dt + asin® 0dg)?

r2 + a2 cos?
2

A2
—(r* + a®cos®0) {(r* — 2mr + a® + €®) sin®f} *
dr?
de?
{ +r2—2mr+a2+62}

—(r* + a*) sin® 0d¢2] ) (3.13)
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The expression for the Ricci scalar is

w
R - ?gwjgb,ugb,u

52 A
Nw [(r2 — 2mr + a® + €2) sin® 6] = {(r —m)? — M?cos?

= . 3.14
2w+3 (r2 + a? cos? 9) r2 = 2mr + a? + €2 } (3.14)

Itis quite clear that the surfaces= m + M are physically singular surfaces for non-trivial
scalar field i.e, fol # 0. For\ = 0 these surfaces become event horizons with finite Ricci
scalar and trivial scalar field and the metric becomes KN. So for this class of solution, like
the previous case, we find that Brans—Dicke scalar hair is not compatible with the black
hole. This solution can be regarded as asymptotically zero curvature solution since the
curvature (Ricci scalar) becomes zere ab oo.

3.2.3Third set Now we generate the third class of solutions corresponding to the eqs
(2.33)—(2.35) which is fairly interesting in the sense that it goes against the theorem. For
Brans—Dicke theory the solution for the Brans—Dicke field in this case is

(r—m)cos @

¢ = peeVets . (3.15)
The corresponding line element of Brans—Dicke—Maxwell metric is

2

(dt + asin® 8d¢)?

—Z—(r—m) cosf 2mr —e
ds? = eV2s dt? — —————
Peds [ r2 4+ a2 cos? 0

—a2 . .
_(7_2 +(l2 cos? 9) {e 5 (rzzmr+a2+e2)sm20}

r2 —2mr + a2 + e2

2 dr? 2 2\ a2 2
dég” + — (r* 4+ a”) sin” 6d¢” | . (3.16)
The expression for the Ricci scalar is

w
R = ngdmdfj

_ o%w (r—m)?— M?cos’f % (r*-2mrta’+e?)sin® 0+
2w+3  (r?2 +a%cos?d)

(r—m) cos @

VeoTs . (3.17)

The expression for Ricci scalar reveals that the surfacesm + M are not physically
singular but rather act as event horizon with a non-trivial scalar field. But this solution,
like its minimally coupled counterpart, has the defects of not being asymptotically flat
and having a divergent scalar field at infiniteThus, although in this we have a horizon
with non-trivial scalar field, it cannot be taken seriously for its pathological asymptotic
behaviour.

In all these three sets, we have examined some other non-minimally coupled scalar ten-
sor theories [28-30], where the BD parametés a function of the scalar field. In all
these cases the results are the same, i.e., for the first two sets there are no black holes with
scalar hair and for the third the scalar hair can exist where the space-time is not asymptot-
ically flat. We do not include the examples in the text for the economy of space.
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4. Discussion

Although there are already a lot of results regarding the scalar hair for spherical black holes,
the axially symmetric black holes warrants more investigations. The present work studies
axisymmetric charged black holes for various scalar tensor theories. All these solutions are
essentially the analogue of Kerr—-Newman (KN) solutions in general relativity and reduces
to KN if the scalar field contribution is put equal to zero.

For the first two sets, it is found that there is no regular horizons if the scalar field exists.
If, however, the scalar field is trivide = 0), there are event horizons. But in the latter
case o = 0) the metric is that of Kerr—Newman, and the geometry is endowed with only
mass, electric charge and angular momentum.

For the third set of solutions, it appears that the surfacesm + M will act as event
horizon as the scalar curvatures are finite at those surfaces even with a non-trivial scalar
field. But these solutions are not asymptotically flat and hence will produce curvature in
the space-time even at infinitely large distances from the black hole.

Thus the presentinvestigations are in keeping with Bekenstein’s statement [32] that there
is no asymptotically flat, stationary and stable black hole solution in general relativity and
general scalar tensor theory which is endowed with a scalar field. This also, in a way, is in
agreement with the Hawking theorem [33] which states that exterior of a stationary black
hole is identical both in general relativity and Brans—Dicke theory and this theorem can be
extended to include a wide class of scalar tensor theories represented by action (3.1).

The case of Kerr black hole analogue with the scalar fields can easily be studied from
the present work simply by setting the electric charge0. Itis a trivial matter to see that
conclusions regarding the scalar hair will remain exactly the same as in the case when the
distribution has a non-zero charge.

It deserves mention that the conformal transformation used in the present work crucially
depends on the fact thg{¢) is positive. This may not be treated as a serious restriction
as in the weak field limitf (¢) gives the inverse of the Newtonian constahand thus a
negativef (¢) will indicate thatG is negative. Anyway, for the sake of completeness the
cases with negativé(¢) should also be investigated. It should be noted that the solutions
obtained by the generation techniques do actually solve the relevant field equations.

Appendix A

We obtain the solution for the minimally coupled scalar figfdom eq. (2.19) by assuming
the separability condition. We first exhibit the solution wifeis separable in summation
form

¢ = a(R) + 5(6), (A1)
wherea andgs are functions o andé respectively. Under such an assumption eq. (2.19)
attains the form
off 4 MR cosf
QRR+ ——f—= QR = — {500 + .—ﬂe} = A, (A2)
_ Mz sin

where\ is a separation constant.
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From (A2) it is quite easy to find the solution farandj as

M? o [ef -4
a=Aln <eR — —e_R> +—1In (72 + constant (A3)
4 M el + %
and
. 0
B = Alnsinf + 71ntan 3 + constant (A4)

whereo andr are integration constants. So

M? o el - M 0
_ rR_ M~ _RY o 2 v
¢=Aln Ke 1 >s1n0] + Mln (eR+ M> +T1ntan2. (A5)

Next we consided to be separable as a product of function&aindd as
¢ =g A(R)B(0), (A6)

whereo is constant.
With the form like (A6), eq. (2.19) can be split into two equations,

ARrgr + FEE 7RAR—)\A:0 (A7)
1
and
cos 6
Bpg+ —Bp + AB =0, (A8)
sin 6

where) is the separation constant.
Now eq. (A8) can be recast as

&°B dB
— 2 —_— —_— =
(1= X*) 75 —2X T2 +AB =0, (A9)

whereX = cos#. If X is taken asi(n + 1) wheren is an integer, eq. (A9) becomes the
Legendre differential equation of second order. Hence the solution of (A9) is given by the
Legendre polynomial functions, i.e,

B(cos ) = P,(cos ), (A10)

where
_ 1 d " 2 n
PalX) = 3o (d_X) (X = 1)

Almost in a similar fashion eq. (A7) is recast as

d2A dA
2 _ 2y il —
(M? = Y?) 2y = 2Y 0+ n(n+ 1A =0, (A11)
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whereY = e 4 M2e~F and\ = n(n + 1). We find the series solution of this second
order differential equation by substituting

A=Y*>"aY"  (Frobenius method) (A12)
1=0

The series solution for (A11) is

A=ag ll — w <%> n n(n + 1)(n4!— 2)(n+3)(%)4 N
n — n 3
+a; [Y—%%.&} (A13)

Now after normalizatiofS,,(}) = 1] we find the generating function for the series

1 d

Sp(Y) = @ <W> (Y2 — M>)", (A14)

This function generates similar polynomial as the Legendre ones except an extra factor of
M in the denominator.

S =1 PAMX)=X,
(V) = i (V2 M), By(X) = (3K - 1),
Ss(Y) —% (5 %] - 3%) . Py(X) = %(5){3 — 3X).

So the solution for the scalar field is
M2
¢ =0cA(R)B() =cA <eR + TeR> B(cos#) = 0 A(Y)B(X)
=05, (V)P (X) = 0Sp(r —m)P,(cosb). (Al15)

The simplest choice fap from (A15) would be form = 1 (since forn = 0, ¢ would be
trivial), i.e,

2
¢ =0S1(Y)Pi(cosf) = o (eR + MTeR> cos = o(r —m) cos¥.
(A16)
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