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Self Organised Criticality (SOC)

SOC- dynamics drive a system towards stationary state characterized

by power law correlations in space and time.

SOC- was proposed by [BTW 87,88] as a mechanism which could

explain occurrence of fractal structures in diverse natural phenomena.

ASM is a simple model where SOC can be studied.

Other SOC: Forest Fire models.
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ASM- Model

At each there are particles.

is Stable if .

is Unstable if .

is said to be critical height.

A configuration is stable if all sites are stable
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ASM- Dynamics

Add a particle at a randomly chosen site .

(Toppling) If is unstable then particles leave and are

distributed one each to neighbours.

At the boundary particles leave the system.

It may happen that new unstable sites are created by the toppling

of . We topple them as well, until eventually all sites become

stable again.

( A sequence of Topplings is called an Avalanche)

Repeat Step 1.
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Abelian Sandpile Model

Model

At each there are particles.

is Stable if .

is Unstable if .

A configuration is stable if all sites are stable

Dynamics

(a) Add a particle at a randomly chosen site .

(b) (Toppling) If is unstable then particles leave and are distributed

one each to neighbours.

i. It may happen that new unstable sites are created by the toppling of .

We topple them as well, until eventually all sites become stable again.

( A sequence of Topplings is called an Avalanche)
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ASM- Properties

Any possible sequence of topplings leads to the same stable

configuration [Dhar].

The result of particle addition at and subsequent relaxation is given

by an operator , where .

(Abelian)

- makes the model tractable and easy to analyze

Due to the random choice of , we have a Markov-chain with state

space .

- There is a unique stationary distribution , which is uniform

on the set of recurrent states of the Markov chain [Dhar 90].
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ASM- Properties of Avalanches

A basic problem is to determine the properties of avalanches under the

stationary distribution �� . Some quantities of interest are:

the number of topplings in an avalanche (size),

the number of sites affected by an avalanche (range),

the distance of the furthest affected site from the initial toppling

(radius).

It is often assumed that these quantities have distributions with a

power law tail in the limit .
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ASM- Range of Avalanche

Source: http://thy.phy.bnl.gov/www/xtoys.html



ASM- Recurrent and Identity State

Source: http://thy.phy.bnl.gov/www/xtoys.html
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ASM- Analysis of Avalanches

Numerical results in indicate a rich fractal and multi-fractal

structure of the distributions of size and range [TMS].

Exact computations are possible on the Bethe lattice [DM90]. The

probability of an avalanche of size is asymptotic to a multiple of

.

To the best of our knowledge, there is no rigorous proof of power law

behavior, either in or higher.

As a step in analyzing the above distributions, we consider the

limit , and define avalanche characteristics in the infinite

volume.
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ASM- Main Results

Let be the quantity of interest, say size of an avalanche. There is a

measure on such that

Open: or

Recent work: [Jarai, Redig]

It is possible to show that

From computations in [MD 91]: Under , at least the random field

has power law correlations.
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ASM- Main Result

, and write .

By a cylinder event we mean an event depending on the heights of

finitely many sites only.

If is a cylinder event depending on a set of sites , then

depends on the set of sites .

Theorem 1. Let . The measures weakly converge to a

translation invariant measure on . For any cylinder event and

any we have
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ASM- Remarks

Our proof is based on the deep observation of Majumdar and Dhar

Recurrent

States
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Spanning

Trees

We give expressions for in terms of the USF on .
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Thank you for your attention


