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Preliminaries Lower bound theorem

Definitions

An n-simplex is a convex hull of n + 1 affinely independent points
(called vertices) in some Euclidean space R” .
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Preliminaries Lower bound theorem

Definitions

An n-simplex is a convex hull of n + 1 affinely independent points
(called vertices) in some Euclidean space R” .

@ A d-dimensional affine subspace of R”™ is a set of the form
uw+V ={u+v:veV} where uis a point in R" and V is a
d-dimensional vector subspace of RY.

@ k points vy,..., v in RY are called affinely independent if they do not
lie on a (k — 2)-dimensional affine subspace of RY.

@ For a set A of ]RN, the convex hull of A is the smallest convex set
containing A. It is denoted by (A).
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Preliminaries Lower bound theorem On going work

Definitions

An n-simplex is a convex hull of n + 1 affinely independent points
(called vertices) in some Euclidean space R” .

@ A d-dimensional affine subspace of R”™ is a set of the form
uw+V ={u+v:veV} where uis a point in R" and V is a
d-dimensional vector subspace of RY.

@ k points vy,..., v in RY are called affinely independent if they do not
lie on a (k — 2)-dimensional affine subspace of RY.

@ For a set A of ]RN, the convex hull of A is the smallest convex set
containing A. It is denoted by (A).
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Preliminaries Lower bound theorem

Definitions

A simplex « is called a face of a simplex [ if each vertex of « is a
vertex of 3. (An i-dimensional face is also called an i-face.)
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Preliminaries Lower bound theorem

Definitions

A simplex « is called a face of a simplex [ if each vertex of « is a
vertex of 3. (An i-dimensional face is also called an i-face.)
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Preliminaries Lower bound theorem

Definitions

A collection X of simplices in some Euclidean space RY is called a
triangulated d-manifold if it satisfies the following :

(i) aisin X implies all the faces of o are in X.

(ii) If o and (8 are in X then either a N 3 is an empty set or a N G is a
common face of o and (.
(iii) The space | X| := U £ (union of all the simplices in X) is

peX
homeomorphic to a d-dimensional topological manifold M.
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Preliminaries Lower bound theorem

Definitions

A collection X of simplices in some Euclidean space RY is called a
triangulated d-manifold if it satisfies the following :

(i) aisin X implies all the faces of o are in X.

(ii) If o and (8 are in X then either a N 3 is an empty set or a N G is a
common face of o and (.
(iii) The space | X| := U £ (union of all the simplices in X) is

peX
homeomorphic to a d-dimensional topological manifold M.

We also say that X is a triangulation of the manifold M.
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Preliminaries Lower bound theorem

Definitions

A collection X of simplices in some Euclidean space RY is called a
triangulated d-manifold if it satisfies the following :

(i) aisin X implies all the faces of o are in X.

(ii) If o and (8 are in X then either a N 3 is an empty set or a N G is a
common face of o and (.
(iii) The space | X| := U £ (union of all the simplices in X) is

peX
homeomorphic to a d-dimensional topological manifold M.

We also say that X is a triangulation of the manifold M.

If a collection X of simplices satisfies (i) and (ii) above then X is called
a simplicial complex.

@ A set X CR™ is called homeomorphic to a set Y C R"™ if the exists an
one-to-one correspondence f: X — Y s.t. both f & f~! are continuous.
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Preliminaries LOW ound theorem

Examples

Examples of three triangulated 2-manifolds :

S1 = {vi, (vvy), (vivjog) 1 1 <i < j <k <4},

Sy = {v;, (v1vy), (vj0s), (vivgvr), (Vkyvs) : 1 <@ <5,
2<j<4,2<k<l<d4),

Sz = {a;, bj,ck, (aibj), (aick), (bjck), (abjex) : 1 <1, j,k < 2},

where v; = (1,1,1), vo = (1,-1,-1), v3 = (—1,1,—-1), vg = (-1, -1, 1),
U5 = (_5/37 _5/37 _5/3)1 a1 = (1 0 O) a2 = ( 17 ) bl (07 170)
by = (0,—1,0), ¢; = (0,0,1) and ¢z = (0,0, —1) are points in R3.
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Preliminaries Lower bound theorem

Examples

VU1 U1 C1
a
V2 02/ - 1
a2
U3 V4 U3 V4 b
S1
S2 Vs S3 C2

Clearly, S; is a triangulation the 2-sphere S? and hence is a
triangulated 2-manifold for 1 <7 < 3.

Observe that S is the boundary complex of the tetrahedron and Ss is
the boundary complex of the octahedron.
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Preliminaries bound theorem

Examples

Examples of two more triangulations of the 2-sphere S 2.

Sy ll
The vertex set of Sy is {(1,0, £2), (cos(%%),sin(%%),()) 11 <k <4}

The vertex set of S5 is {£(0, 7,+1), £(£1,0,7),+(7,£1,0)}, where
b

T = . Note that S5 is the boundary complex of the icosahedron.
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Preliminaries r bound theorem

Examples

Example of a triangulation of the torus. Let
A = [([1,9] % [0,8))\ ((3,7) x (2,6))] x {0,8}
U[([1,9] x {0,8}) U ({1,9} x [0,8])] x [0, 8]
U[([3,7] x {2,6}) U ({3,7} x [2,6])] x [0,8] € R”.

b b by b b
1N\ s a3 8 by barc a3 3
1 c3 C3
Cq
dy dy  ds
b3
al a
C3
bl b2 bl d1
C C ¢ a2
1 2 1
A aq ag b
b1
by| @2
c1 co €2
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Preliminaries LOW ound theorem

Examples

Then A is homeomorphic to the torus. Here a; = (3,2, 8),

ag = (7,2,8), a3 = (7,6,8), ay = (3,6,8), by = (1,0,8), ba = (9,0,8),
bs = (9,8,8), by = (1,8,8), c1 = (1,0,0), c2 = (9,0,0), c3 = (9,8,0),

ey = (1,9,0), d1 = (3,2,0), dy = (7,2,0), d3 (7,6,0), dg = (3,6,0)
Now, consider the simplicial complex T whose vertices are a, ..., a4,
bi,...,by, C1,...,C4, dq,...,ds and consists of 32 triangles given in the

picture below. Check that T" has 48 edges. Clearly, |T| = A. Therefore,
T is a triangulation of the torus and hence is a triangulated 2-manifold.
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Preliminaries Lower bound theorem

Examples

al a as a4 al

b1 bay b3 by b1

C1 & 3 Cy C1
Triangles in T

dy do ds dy di

al as as aq al
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Preliminaries r bound theorem

Examples

Example of a triangulation of the real projective plane RP2. Consider
the six points v; = (1,0,0,0,0), v = (0,1,0,0,0), v3 = (0,0,1,0,0),
vg = (0,0,0,1,0), vs = (0,0,0,0,1), vg = (0,0,0,0,0) in R®. Let

R = {vi,...,v6, (v1v2), ..., (UsUg), (V1V2V3), (V1V2V4), (V1V3V5),

(v1v4v6), (V1V5V6) , (V2U3VE), (V2U4Vs), (V2U5VE), (V3V4Us), (U3V4V6) }-

T
\VAVZ
N

U1
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Preliminaries Lower bound theorem

Examples

Then R is a triangulation of the real projective plane and hence is a
triangulated 2-manifold. We have drown above a model of R on the
Euclidean plane (same simplex appeared in two places means one has
to identify them to get the actual simplicial complex).

12
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Preliminaries Lower bound theorem

Examples

Then R is a triangulation of the real projective plane and hence is a
triangulated 2-manifold. We have drown above a model of R on the
Euclidean plane (same simplex appeared in two places means one has
to identify them to get the actual simplicial complex).

We have given here examples of few triangulated 2-manifolds. For
several interesting higher dimensional triangulated manifolds see the
articles given in the references.

12
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Preliminaries Lower bound theorem

Examples

We now construct a class of simplicial complexes (stacked balls)
which triangulate the solid balls. A c-dimensional such ball is obtained
from a c-simplex by adding more c-simplices successively.

g1
Xo Xo X1
13 /
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Preliminaries Lower bound theorem On going work

Definitions

NAN

A simplicial complex X is said to be a stacked c-ball if there exists a
sequence of simplicial complexes X, ..., X,, such that Xj is a
c-simplex, X,, = X and for 1 <i < m, X; is obtained from X; ; by
adding a c-simplex o; to X;_; such that o; intersect X;_; on its
boundary and X;_; No; is a (¢ — 1)-face of o;.

14
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Preliminaries Lower bound theorem On going work

Definitions

If X is a stacked (d + 1)-ball then |X|:= (e 3 is homeomorphic to
the (d + 1)-dimensional ball
Bt .= {(21,...,2441) € R4 ;22 4 et a? ) <1}

15
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Preliminaries _ower bound theorem

Definitions

If X is a stacked (d + 1)-ball then |X|:= (e 3 is homeomorphic to
the (d + 1)-dimensional ball

Bt .= {(21,...,2441) € R4 ;22 4 et a? ) <1}

Also, |0X| = Bedx 0 is homeomorphic to the d-dimensional sphere
S4:i={(z1,...,2ar1) ER 12?4+ 422 =1}

15
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Preliminaries

Definitions

If X is a stacked (d + 1)-ball then |X|:= (e 3 is homeomorphic to
the (d + 1)-dimensional ball
Bt .= {(21,...,2441) € R4 ;22 4 - xhy <1}

Also, |0X| = seox B is homeomorphic to the d-dimensional sphere
Sd:={(z1,...,2441) € R : 22 +--- 423, =1}
The boundary X of a triangulated (d + 1)-ball X is the

d-dimensional simplicial complex whose d-simplices are those o where
a is a d-face of exactly one (d + 1)-simplex in X.

A triangulated d-manifold Y is said to be a stacked d-sphere if there
exists a stacked (d + 1)-ball X such that Y is isomorphic to 0.X.

15
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Preliminaries Lower bound theorem

Definitions

Two simplicial complexes X and Y are called isomorphic (denoted by
X =Y if there exists an one-to-one correspondence f: vertex-set of
X — vertex-set of Y such that (vjvy...vx) is a simplex in X if and
only if (f(v1)f(v2)... f(vg)) is a simplex in Y.

16
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Preliminaries Lower bound theorem

Definitions & Examples

XO X1 X2

17
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Preliminaries Lower bound theorem

Definitions & Examples

XO X1 X2
Let f;(X) denote the number of i-faces in a complex X. Then

dXo X, 9X> | OXo,

fo | 4 4+1 4+2 4+m
Ail()=6]|6+3 6+3+3 6+ 3m

fo|l () =4]4+(B-1)|4+2B3-1) 4+m(3-1)

17
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Preliminaries Lower bound theorem

Definitions

In the general case, we have the following :

Let B be a stacked (d + 1)-ball with n vertices. Let X = 0B. Then B
is obtained from a (d + 1)-simplex by adding successively n — d — 2 new
(d + 1)-simplices. Therefore, if f;(X) denotes the number of i-simplices
in X (i.e., on the boundary of B) then

fo(X) =N

A(X) = (d;”) +(n—d—2)(d+1),

fi(X) = <(;1§>+(77,(]2)<d—;1> for 1 <j<d,
faX) = (d+2)+(n—d—2)d.

18
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Preliminaries Lower bound theorem

Theorem

Theorem (Lower Bound Theorem)

Let X be any triangulated d-manifold with n vertices. Then

£X) > (HD +(m—d=2) ("), if 1<j<d,
Tl @42+ (n—d—2)d, if j=d.

Further, for d > 3, equality holds here for some j if and only if X is a
stacked sphere.

Walkup (1970), Barnette (1973), Klee (1975) proved various special
cases of the LBT. In 1987, Kalai proved LBT for triangulated
manifolds. Using Kalai’s result, Tay (1995) proved LBT for a bigger
class of simplicial complexes (namely, normal pseudomanifolds).

In 2008, we (Bagchi & Datta) have presented a self-contained
combinatorial proof of LBT for normal pseudomanifolds.

19
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Preliminaries Lower bound theorem

Definitions

Stacked spheres appeared initially as the boundary of stacked
polytopes. They play important role in the theory of minimal
triangulations of manifolds. For most of known triangulated manifolds
with minimal number of vertices, the vertex-links are stacked spheres.
Some of them are obtained from stacked spheres by elementary handle
additions.

KNS
\/

Sy

20
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Preliminaries Lower bound theorem

Minimal Triangulations

It is known (from the works of Walkup and Kiihnel) that if X is a
triangulated 4-manifold with FEuler characteristic x then

fo(X)(fo(X) —11) > —15x, with equality only for manifolds which can
be obtained from stacked 4-spheres by elementary handle additions.
There are such manifolds with 6 and 11 vertices. Next comes 15-vertex
case. Is there a triangulated 4-manifold with 15 vertices and xy = —47
We answered this questions affirmatively.

Theorem (Bagchi & Datta, 2011)

There exists a non-orientable 15-vertex triangulated 4-manifold whose
FEuler characteristic is —4.

Recently, my student Nitin Singh has constructed (with the help of
computer) one such orientable 15-vertex triangulated 4-manifold.

/

21
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Preliminaries Lower bound theorem

Minimal Triangulations

It is known (from the works of Brehm and Kiihnel) that if X is a
non-simply connected triangulated d-manifold and d > 3 then it must
contain at least 2d 4 3 vertices. Kiihnel also constructed a non-simply
connected (2d + 3)-vertex triangulated d-manifold for each d > 2. All
these are obtained from stacked d-spheres by a single elementary
handle addition.

Theorem (Bagchi & Datta, 2008)

There exists a unique non-simply connected d-manifold with 2d + 3
vertices.

We proved that to obtain such a d-manifold, there is a unique stacked
d-sphere with 3d + 4 vertices and it allows a unique such elementary
handle addition for d > 3.

22
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Preliminaries Lower bound theorem On going work

Definitions

If B=ogUoy U---Uoy, is a stacked (d 4 1)-ball then we have:
Q@ All the (d — 1)-simplex in B are in the boundary 0B.
@ Foreachi>1, (cpU---Uogi_1)No;is d-face of o;.

(In fact, these two conditions are equivalent.) Thus, we can define:

23 /
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Preliminaries Lower bound theorem On going work

Definitions

If B=ogUoy U---Uoy, is a stacked (d 4 1)-ball then we have:
Q@ All the (d — 1)-simplex in B are in the boundary 0B.
@ Foreachi>1, (cpU---Uogi_1)No;is d-face of o;.

(In fact, these two conditions are equivalent.) Thus, we can define:

For 0 < k < d+ 1, a triangulated (d + 1)-ball B is said to be
k-stacked if all the (d — k)-simplices of B lie in its boundary 0B.

For 0 < k < d+1, a triangulated (d + 1)-ball is said to be k-shelled if it
is obtained from a (d 4 1)-simplex o( by successively adding

(d + 1)-simplices o1, ..., 0 such that (cpU---Uo;_1) Noy is

d-faces of g; for 1 < i < m.

23
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Preliminaries Lower bound theorem

Definitions

Definition

For 0 < k < d+ 1, a triangulated d-manifold X is said to be a
k-stacked d-sphere if X is isomorphic to the boundary 0B of a
k-stacked (d + 1)-ball.

Definition

For 0 < k < d+1, a triangulated d-manifold X is said to be a
k-stellated d-sphere if X is isomorphic to the boundary 9B of a
k-shelled (d 4 1)-ball.

24
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Preliminaries Lower bound theorem On going work

Recent Results

Recently, we have proved the following.

Theorem (Bagchi & Datta, 2011)

For each k > 2, there are k-stacked spheres which are not k-stellated.

25
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Preliminaries bound theorem

Recent Results

Recently, we have proved the following.

Theorem (Bagchi & Datta, 2011)
For each k > 2, there are k-stacked spheres which are not k-stellated.

Theorem (Bagchi & Datta, 2011)

All k-stellated spheres are k-stacked.

We are now working on the class of triangulated manifolds whose
vertex-links are k-stacked/k-stellated.

25
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