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Reduction theory for a rational function field

AMRITANSHU PRASAD

Max-Planck-Institut f¨ur Mathematik, Postfach 7280, D-53072 Bonn, Germany

MS received 9 September 2002; revised 16 October 2002

Abstract. Let G be a split reductive group over a finite fieldFq . Let F = Fq(t) and
let A denote the ad`eles ofF . We show that every double coset inG(F)\G(A)/K has a
representative in a maximal split torus ofG. HereK is the set of integral ad`elic points
of G. WhenG ranges over general linear groups this is equivalent to the assertion that
any algebraic vector bundle over the projective line is isomorphic to a direct sum of line
bundles.
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1. Introduction

Let F be a global field,A its ring of adèles andG a reductive group defined overF . The
theory of automorphic forms involves the study of spaces of functions onG(F)\G(A) as
representations ofG(A). The functions involved are often required to be right invariant
under certain large compact subgroupsK of G(A) because (among other reasons) the
double coset spaceG(F)\G(A)/K admits nice interpretations. For example, the classical
study of the upper half plane modulo the action of arithmetic subgroups of the real special
linear group is a special case of the above whenF is the field of rational numbers (see e.g.,
([13], §1). Another special case, which corresponds to takingF to be a field of rational
functions in one variable andG to beGL(2) is discussed by Weil in [15]. WhenF is a
function field, Harder describes a fundamental domain for the action ofG(F) onG(A) in
([10], §1) using results from [8] and [9]. This is an analogue of the Seigel domain described
by Godement in [6] forF = Q. Proposition 14 in this article is analogous to these results
and the proof proceeds along the lines of [6]. Harder’s description of the fundamental
domain is a very basic result in the theory of automorphic forms over function fields (see
e.g., [12], §9 and Appendix E).

From now on letG be a split reductive group defined over a finite fieldFq with q

elements. Fix a Borel subgroupB defined overFq with unipotent radicalN , and a maximal
Fq -split torusT contained inB. SetF = Fq(t). For a valuationv of F , we denote the
corresponding local field byFv and its ring of integers byOv. For eachv, fix a uniformizing
elementπv ∈ F ∩ Ov. In particular, fixπ∞ = t−1 as a uniformizing element at the place
∞ whose local field isFq((t−1)). LetK be the maximal compact subgroup

∏
v G(Ov) of

G(A). This article concerns the double coset space

G(F)\G(A)/K

which may be interpreted as the set of isomorphism classes of principalG-bundles on the
projective line. In [7], Grothendieck proves that whenG is a complex reductive group any
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holomorphicG-bundle over the complex projective line admits a reduction of structure
group to a maximal torus. (In fact this result has been attributed to Dedekind and Weber
for G = GL(n) by Geyer ([5], §6) who deduces it from a statement in ([3], §22).) In
our adèlic setting, this should correspond to the assertion that every double coset has a
representative inT (A).

Let X∗(T ) denote the lattice Hom(Gm, T ) of algebraic co-characters ofT . Givenη ∈
X∗(T ), and a valuationv denote byπη

v the elementη(πv) ∈ T (Fv) ⊂ T (A). Recall that
η ∈ X∗(T ) is calledantidominantif |αi ◦ η(πv)|v ≥ 1 for each simple rootαi (see §3).
Precisely stated, the main result of this article is the following:

Theorem 1. Every double coset in

G(F)\G(A)/K

has a unique representative of the form(t−1)η, whereη ∈ X∗(T ) is antidominant.

In §6, we will deduce Theorem 1 from the following local result which is proved in §5.
Let F• be the local fieldFq((π)) of Laurent series inπ with coefficients inFq . It contains,
as its ring of integers, the discrete valuation ringO = Fq [[π ]], and as a discrete subring,
the polynomial ringR = Fq [π−1]. Let 0 = G(R).

Theorem 2. Every double coset in

0\G(F•)/G(O)

has a unique representative of the formπη, whereη ∈ X∗(T ) is antidominant.

The main results proved in this article should be known to the experts, but we have not
found them in the literature beyond the case ofGL(2), for which Theorem 2 is proved in
([15], §3). The results proved in this paper have played an important role in the author’s
work [14], as well as in the work of other authors onFq(t) [4,1,11].

2. Normed local vector spaces

Let V be a vector space defined overFq . Let e1, . . . , en be a basis of the freeO-module
V (O) (so thatV (O) is isomorphic to the freeO-module generated by theeis). Given
a vectorx ∈ V (F•), we may writex = x1e1 + · · · + xnen, uniquely, withxi ∈ F•.
Define

‖x‖ = sup{|x1|, . . . , |xn|}. (1)

Lemma4. If g ∈ GL(V (O)), then‖xg‖ = ‖x‖.

Proof. Let (gij ) be the matrix ofG with respect to the basis chosen above. Lety = xg. If
y = y1e1 + · · · + ynen, then

yj =
n∑

i=1

xigij
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and
‖y‖ = sup

1≤j≤n

|
n∑

i=1
xigij |

≤ sup
1≤j≤n

sup
1≤i≤n

|xigij | (ultrametric inequality)

≤ sup
1≤j≤n

sup
1≤i≤n

|xi | (sincegij ∈ O)

= ‖x‖.
Hence

‖y‖ ≤ ‖x‖.
We may apply the same reasoning tog−1 to show that

‖x‖ ≤ ‖y‖.
Therefore,

‖y‖ = ‖x‖.
�

COROLLARY 5

The norm‖ · ‖ is independent of our choice of basis ofV (O).

Proof. The coordinates of a vector with respect to two different bases differ by a matrix
with entries inO. The argument in the proof of Lemma 4 shows that the norms with respect
to two different bases are equal. �
Lemma6. The norm‖ · ‖ satisfies theultrametric triangle inequality,i.e., for vectorsx, y
in V (F•),

‖x + y‖ ≤ sup{‖x‖, ‖y‖}.
Proof. Write x = x1e1 + · · · + xnen andy = y1e1 + · · · + ynen. Then

‖x + y‖ = sup{|x1 + y1|, . . . , |xn + yn|}
≤ sup{sup{|x1|, |y1|}, . . . , sup{|xn|, |yn|}}
= sup{|x1|, |y1|, . . . , |xn|, |yn|}
= sup{‖x‖, ‖y‖}.

�
Lemma7. For a scalarλ ∈ F• and a vectorx ∈ V (F•),

‖λx‖ = |λ|‖x‖.
Lemma8. If g ∈ GL(V (F•)), then there is a constantCg > 0, such that for any vector
x ∈ V (F•),

‖xg‖ ≤ Cg‖x‖.
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Proof. Suppose thatg has matrix(gij ), andx has coordinates(x1, . . . , xn) with respect
to the basise1, . . . , en. Then

‖xg‖ = sup

{∣∣∣∣∣
n∑

i=1

xigi1

∣∣∣∣∣ , . . . ,

∣∣∣∣∣
n∑

i=1

xigin

∣∣∣∣∣
}

≤ sup
1≤j≤n

sup
1≤i≤n

|gij |‖x‖.

Therefore, let

Cg = sup
1≤j≤n

sup
1≤i≤n

|gij |.

�
Lemma9. If x ∈ V (R) is a non-zero vector then‖x‖ ≥ 1.

Proof. By Corollary 5, we may assume that the elementsei of a basis used to define‖ · ‖
lie in V (Fq). Then at least one coordinate ofx is non-zero inR. But any non-zero element
in R has norm at least one. Therefore,‖x‖ ≥ 1. �
PROPOSITION 10

For any non-zero vectorx ∈ V (Fq) and anyg ∈ GL(V (F•)), there is a positive constant
E such that for allγ ∈ GL(V (R)),

‖xγg‖ ≥ E.

Consequently, for any subsetS of GL(V (R)), the set{‖xsg‖ : s ∈ S} has a positive
minimal element.

Proof. Applying Lemma 8 tog−1, and Lemma 9 toxγ (which lies inV (R)), we have

‖xγg‖ ≥ Cg−1‖xγ ‖ ≥ Cg−1 > 0.

The second part of the assertion follows by noting that the values taken by the norm‖ · ‖
are of the formqj , wherej is an integer. �

3. Fundamental representations

Let α1, . . . , αr be the simple roots with respect toB in the root system8(G, T ) of G

with respect toT . LetW = NG(T )/T be the Weyl group ofG with respect toT . To each
simple rootαi , we associate an elementsi of order two inW in the usual way.

Given a subsetD of {1, . . . , r}, letWD denote the subgroup ofW generated by{sj |j ∈
D}, and letPD denote the parabolic subgroupBWDB of G containingB. This group has
a Levi decomposition

PD = LDUD,

whereLD is a reductive group of rank|D| andUD is the unipotent radical ofPD. LD ∩ B

is a Borel subgroup forLD containing the split torusT . The set of simple roots ofLD with
respect toLD∩B is {αj |j ∈ D}. Denote byPi (resp.,Li ,Ui) the parabolic subgroup (resp.,
Levi subgroup, unipotent subgroup) corresponding to the set{1, . . . , i − 1, i + 1, . . . , r}.
These are the maximal proper parabolic subgroups ofG containingB.
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Theorem 11 [2] . Thereexist ir reduciblefinitedimensional representations(ρi, Vi) of G,

vectorsvi ∈ Vi(Fq) that are unique up to scaling, and characters1i : Pi → Gm, for
i = 1, . . . , r all defined overFq, such that

1. Pi is the stabilizer of the line generated byvi andviρi(p) = 1i(p)vi for eachp ∈ Pi

for i = 1, . . . , r.
2. The restrictionsµi toT of1is are antidominant weights ofT with respect toB, which

generateX∗(T ) ⊗ Q as a vector space over the rational numbers.

4. Ordering by roots

Lemma12. LetLbe a Levi subgroup ofGassociated to a parabolic subgroupP containing
B. Then there is a canonical surjection

G(F•)/G(O)
8G

L−→ L(F•)/L(O).

If Q = MN is a parabolic subgroup ofG containingB and contained inP, thenM

is a Levi subgroup forL corresponding to the parabolic subgroupL ∩ Q of L, and
8L

M ◦ 8G
L = 8G

M .

Proof. Given g ∈ G(F•), we may use the Iwasawa decomposition to writeg = luk,
wherel ∈ L(F•), u ∈ U(F•) andk ∈ G(O). Moreover, ifg = l′u′k′ is another such
decomposition, then, settingl0 = l′−1l andk0 = k′k−1,

u′−1l0u = k0 ∈ G(O).

On the other hand,

k0 = u′−1l0u = l0l
−1
0 u′−1l0u.

SinceL normalizesU , l−1
0 u′−1l0 ∈ U(F•), and hence, settingu0 = l−1

0 u′−1l0u ∈
U(F•),

l0 = k0u0 ∈ G(O)U(F•) ∩ L(F•).

Thereforel0u
−1
0 = k0 ∈ G(O) ∩ P(F•) = P(O), so thatl0 ∈ L(O). This shows that

luk 7→ l induces a well defined map8G
L : G(F•)/G(O) → L(F•)/L(O). It is clear that

this map is surjective. To see that8L
M ◦8G

L = 8G
M , note that we may writeg = muk with

m ∈ M(F•), u ∈ N(F•) andk ∈ G(O). But N(F•) = (N(F•) ∩ L(F•))U(F•), so we
may writeu = u1u2, whereu1 ∈ N(F•) ∩ L(F•) andu2 ∈ U(F•). Therefore, we see that
mM(O) = 8L

M(mu1) = 8G
M(g). �

In the sequel we denote8G
T simply by8. Define

�G := {g ∈ G(F•) : |αi ◦ 8(g)| ≥ 1 for i = 1, . . . , r}. (2)

PROPOSITION 14

G(F•) = 0�G.
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Proof.

The rank one case(following [15]): HereG has one simple rootα1, and one fundamental
representation(ρ1, V1) and a vectorv1 ∈ V1(Fq) such that for any elementp in the
parabolic subgroupB = T N , whereN is the unipotent radical ofB,

v1ρ1(b) = 11(b)v1, (3)

where the character11 : B 7→ Gm (defined overFq ) restricts to an anti-dominant weight
µ1 on the maximal split torusT . Let g ∈ G(F•). We wish to show thatg ∈ 0�G. To this
end, by Proposition 10, and by replacingg, if necessary by an appropriate element of0g,
we may assume thatg has the property that

‖v1ρ1(γg)‖ ≥ ‖v1ρ1(g)‖ for all γ ∈ 0. (4)

Writeg = tnk, wheret ∈ T (F•),n ∈ N(F•) andk ∈ G(O). ByTheorem 11 and Lemma 4,

‖v1ρ(g)‖ = |11(t)|‖v1‖ = |µ1(t)|. (5)

Fix an isomorphismuα1 : Ga → N defined overFq , and letx ∈ F• be such that
n = uα1(x). Chooseσ in the nontrivialT (Fq)-coset ofNGT (Fq). Note that ifS ∈ R, then
σuα1(S) ∈ 0, therefore, using Proposition 10,

|µ1(t)| = ‖v1ρ1(g)‖
≤ ‖v1ρ1(σuα1(S)tuα1(x))‖
= ‖v1ρ1(

σ tσuα1(α1(t)
−1(S + α1(t)x)))‖

= |µ1(t)|−1‖v1ρ1(u−α1(α(t)−1S + x))‖.

Here u−α1 = σuα1σ
−1, and its image is the root subgroup for−α1. The element

u−α1(α(t)−1S + x) lies in the derived group ofG which is isomorphic to eitherSL2 or
PGL2 in the rank one case. When the derived group ofG is isomorphic toSL2, we may
takeV1 to be the right action ofSL2 on the space of 1×2-matrices by right multiplication.
One may take the torusT to consist of diagonal matrices inSL2, B the upper triangular
matrices inSL2 andv1 to be the vector(0, 1). Calculating with matrices, one may verify
that

‖v1ρ1(u−α1(α(t)−1S + x))‖ ≤ sup{1, |α(t)−1S + x|}.
Therefore,

sup{1, |α1(t)
−1S + x|} ≥ |µ1(t)|2. (6)

ChooseS in R such that|S + α(t)x| < 1. Then|α1(t)
−1S + x| < |α1(t)|−1. Suppose

that |α1(t)
−1S + x| ≥ |µ1(t)|2. Then |α1(t)|−1 > |µ1(t)|2. This is impossible, since

α1(t)
−1 = µ1(t)

2. It follows that|α1(t)
−1S + x| < |µ1(t)|2. Therefore, (6) can hold only

if 1 ≥ |µ1(t)|2, which is the same as|α1(t)| ≥ 1. This completes the proof of Proposition
14 when the derived group ofG is isomorphic toSL2.

When the derived group ofG is isomorphic toPGL2, thenG is the product of its centre
with PGL2. Therefore, the assertion of Proposition 14 forG follows from that forPGL2.
However, the assertion forPGL2 follows easily from that forGL2. The derived group
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of GL2 is SL2, hence the proposition holds forGL2 by the argument in the previous
paragraph, completing the proof of Proposition 14 in the rank one case.

The general case: Let G be a group of rankr, andg ∈ G(F•). By modifying g on the
left by an element of0, we may, for the purposes of this proof, assume, using the second
assertion of Proposition 10, that

‖v1ρ1(g)‖ ≤ ‖v1ρ1(γg)‖ for all γ ∈ 0. (7)

Note that ifγ ∈ P1(F•)∩0, thenv1ρ1(γg) = 11(γ )v1ρ1(g). Since11(γ ) ∈ Fq [π−1]×,
|11(γ )| = 1. Therefore,‖v1ρ1(γg)‖ = ‖11(γ )v1ρ1(g)‖. We may use the second asser-
tion of Proposition 10 again, to assume, for the purposes of this proof, that

‖v2ρ2(g)‖ ≤ ‖v2ρ2(γg)‖ for all γ ∈ 0 ∩ P1(F•) (8)

while preserving (7). Continuing in this manner, we may assume that

‖vj ρj (g)‖ ≤ ‖vj ρj (γg)‖ for all γ ∈ 0 ∩ P1(F ) ∩ . . . ∩ Pj−1(F ), (9)

for j = 1, . . . , r. Therefore, it suffices to prove the following:

Lemma22. If an elementg ∈ G(F•) satisfies the inequalities(9) for each integer1 ≤
j ≤ r, theng ∈ �G.

The proof of Proposition 14 in the rank one case shows that Lemma 22 is true whenG

is of semisimple rank one. We prove it in general assuming the validity of Theorem 2 in
the rank one case.

Suppose thatg satisfies the inequalities (9) for each 1≤ j ≤ r. Write g = bk, with
b ∈ B(F•) andk ∈ G(O). Thenb can be written aslu, wherel ∈ L{i}(F•) ∩ B(F•) and
u ∈ U{i}(F•). SinceU{i} fixesvi , the inequalities (9) imply that

‖viρi(l)‖ ≤ ‖viρi(γ l)‖ for all γ ∈ L{i}(R). (10)

From the rank one case,l = γπηk for someγ ∈ L{i}(R), k ∈ L{i}(O) andη ∈ X∗(T )

such that|αi(π
η)| ≥ 1. ρi(γ ) mapsvi into V (R). From Lemma 24 it follows that

‖viρi(l)‖ ≥ ‖viρi(π
η)‖.

Equation (10) implies that the above must be an equality. This forcesγ ∈ L{i}(R)∩Pi(R),
and hence alsok ∈ L{i}(O) ∩ Pi(O). Write b = tn with t ∈ T (F•) andn ∈ N(F•). Then
viewingαi as a rational character ofB(F•) that is trivial onN(F•), we have

|αi(t)| = |αi(l)| = |αi(π
η)| ≥ 1.

Repeating this argument for eachi completes the proof of Lemma 22. �

5. Local reduction theory

In order to prove the existence part of Theorem 2, it suffices to show that every element
g in �G may be written asg = γπηk, whereγ ∈ 0, η ∈ X∗(T ) is antidominant and
k ∈ G(O). To this end, we may assume (using the Iwasawa decomposition) that we are
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giveng ∈ �G, with g = tn, with t ∈ T (F•) andn ∈ N(F•). Sinceg, and hencet , is in
�G, |αi(t)| ≥ 1, so thatαi(t)

−1 ∈ O, for i = 1, . . . , r. For each rootα ∈ 8(G, T ), let
Uα denote the corresponding root subgroup. Fix an isomorphismuα : Ga → Uα defined
overFq . Then forx ∈ F•, we have

tuα(x) = (tuα(x)t−1)t = uα(α(t)x)t.

Therefore, if we writeα(t)x = P + h, whereP ∈ R andh ∈ O, then

tuα(x) = tuα(α(t)−1P)uα(α(t)−1h) = uα(P )tuα(α(t)−1h).

Given two positive rootsα andβ, the commutator [Uα, Uβ ] is contained in the product
of root subgroupsUα′ where theα′ are roots which can be written as positive linear
combinations ofα andβ and are distinct from eitherα orβ. Moreover, we may enumerate
the positive roots asβ1, β2, . . . so that ifj > i, thenβi cannot be written as a sum ofβj

and any other positive roots.
Write n as

∏
i uβi

(xi). Then

tn = tuβ1(x1)
∏
i>1

uβi
(xi).

If we write β1(t)x1 = P1 + h1, whereP1 ∈ Fq [π−1] andh ∈ O, then

tn = uβ1(P1)tuβ1(β1(t)
−1h1)

∏
i>1

uβi
(xi).

Sinceuβ1(P1) ∈ 0, β1(t)
−1 ∈ O, and the image ofuβ1 normalizes all the subsequent

root subgroups whose elements appear in the above expression, we may assume for the
purpose of proving Theorem 2, that

tn = t
∏
i>1

uβi
(x′

i ),

for x′
i ∈ F•. We may continue in this manner to reducetn to t . It is then easy to see (using

the decompositionF×• = πZO×) that t may be replaced byπη for η ∈ X∗(T ). Since
|αi(π

η)| ≥ 1, it follows thatη is antidominant, proving the existence part of Theorem 2.
We now prove the uniqueness part of Theorem 2. In order to do this, it suffices to show

that if η and ν are two dominant co-weights, andπν = γπηk for someγ ∈ 0 and
k ∈ G(O), thenν = η. Since the weightsµ1, . . . , µr corresponding to the fundamental
representations in Theorem 11 generate the vector spaceX∗(T ) ⊗ Q, it suffices to show
that〈µi, ν〉 = 〈µi, η〉 for eachi. In order to do this, we need the following:

Lemma24. For any non-zero vectorv ∈ Vi(F•) and any antidominant co-weightµ ∈
X∗(T ),

‖vρi(π
µ)‖

‖v‖ ≥ ‖viρi(π
µ)‖

‖vi‖ .

Proof. SinceT is anFq -split torus andρi is defined overFq , V has a decomposition (over
Fq ) into root subspaces

V =
⊕

λ

Vλ,
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whereT acts onVλ by the characterλ : T → Gm. It is easy to see thatµi is the lowest
weight ofT occurring in(ρi, Vi), so that〈µi, µ〉 ≥ 〈λ, µ〉 for any weightλ of T occurring
in (ρi, Vi) and any antidominant co-weightµ. Given any vectorv ∈ V (F•), we may write

v =
∑

xj uj ,

wherexj ∈ F• anduj ∈ Vλj
(Fq) for eachj and theλj s are not necessarily distinct. Thus

‖vρi(π
µ)‖ =

∥∥∥∑
λj (π

µ)xj uj

∥∥∥
= sup

j

{|λj (π
µ)xj |}

= sup
j

{q−〈λj ,µ〉|xj |}

≥ q−〈µi,µ〉 sup
j

{|xj |}

= ‖viρi(π
µ)‖ ‖v‖.

Since‖vi‖ = 1, this completes the proof of Lemma 24. �
Lemma 24 allows us to compare〈µi, ν〉 and〈µi, η〉:

q−〈µi,η〉 = ‖viρi(π
η)‖

‖vi‖

≤ ‖viρi(γ πη)‖
‖viρi(γ )‖

≤ ‖viρi(γ πη)‖
‖vi‖

= ‖viρ1(π
ν)‖

‖vi‖
= q−〈µi,ν〉.

The first inequality is Lemma 24 applied tov = viρi(γ ). The second inequality follows
from Lemma 9 withx = viρi(γ ). Interchanging the roles ofη andν in the above arguments
shows that〈µi, η〉 = 〈µi, ν〉 for eachi. This completes the proof of the uniqueness part
of the assertion of Theorem 2.

6. Global reduction theory

If g = (gv)v is an element ofG(A) then, sincegv ∈ G(Ov) for all but finitely many places
v of F , we may assume, for the purpose of proving Theorem 1 thatg is a finite product
g = g∞gv1gv2 . . . gvk

, with g∞ ∈ G(F∞) andgvj
∈ G(Fvj

), vj 6= ∞, for 1 ≤ j ≤ k. By
Theorem 2, there is a decomposition

gvk
= γkπ

ηk
vk

κk,



162 Amritanshu Prasad

whereγk ∈ G(Fq [π−1
vk

]), ηk ∈ X∗(T ), andκk ∈ G(Ovk
). Now γk andπ

ηk
vk

are both
contained inG(F) and inG(Ov) for all v 6= ∞. Therefore, by multiplyingg on the left
by π

−ηk
vk

γ −1 we get an element of the subset

G(F∞) ×
k−1∏
j=1

G(Fvj
) ×

∏
all otherv

G(Ov)

of G(A).
We have now reducedg to an element with non-trivial entries only at mostk − 1 places

and∞. We may continue in this manner until the entries at all places except∞ are trivial.
Finally, the use of Theorem 2 tov = ∞ gives us a representative each double coset of type
asserted by Theorem 1.

The uniqueness part of the theorem follows from the corresponding assertion in the local
situation, because two elementsg andh of G(F∞) lie in the same double coset if and only
if g = γ hk, with γ ∈ G(Fq [t ]) andk ∈ G(O∞).
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