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Reduction theory for a rational function field
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Abstract. Let G be a split reductive group over a finite fidlg. Let F = F,(r) and

let A denote the agles of F. We show that every double cosetG{F)\G(A)/K has a
representative in a maximal split torus@f HereK is the set of integral alic points

of G. WhenG ranges over general linear groups this is equivalent to the assertion that
any algebraic vector bundle over the projective line is isomorphic to a direct sum of line
bundles.
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1. Introduction

Let F be a global fieldA its ring of actles and5 a reductive group defined ovét. The
theory of automorphic forms involves the study of spaces of functiors@\G(A) as
representations af (A). The functions involved are often required to be right invariant
under certain large compact subgroupsof G(A) because (among other reasons) the
double coset spad@(F)\G(A)/K admits nice interpretations. For example, the classical
study of the upper half plane modulo the action of arithmetic subgroups of the real special
linear group is a special case of the above wRasathe field of rational numbers (see e.g.,
([13], 81). Another special case, which corresponds to takirtg be a field of rational
functions in one variable an@ to be GL(2) is discussed by Weil in [15]. WheR is a
function field, Harder describes a fundamental domain for the actiGh( 8% on G(A) in

([10], 81) using results from [8] and [9]. This is an analogue of the Seigel domain described
by Godement in [6] forF = Q. Proposition 14 in this article is analogous to these results
and the proof proceeds along the lines of [6]. Harder’s description of the fundamental
domain is a very basic result in the theory of automorphic forms over function fields (see
e.g., [12], 89 and Appendix E).

From now on letG be a split reductive group defined over a finite fiélg with ¢
elements. Fix a Borel subgroupdefined oveF, with unipotent radicaN, and a maximal
F,-split torusT contained inB. SetF = F, (). For a valuationv of F, we denote the
corresponding local field bi, and its ring of integers b®,. For eachy, fix a uniformizing
elementr, € F N O,. In particular, fixts, = ¢~1 as a uniformizing element at the place
oo whose local field iqu((t*l)). Let K be the maximal compact subgro[ip, G(O,) of
G(A). This article concerns the double coset space

G(F\G(A)/K

which may be interpreted as the set of isomorphism classes of prigipahdles on the
projective line. In [7], Grothendieck proves that wh@ris a complex reductive group any
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holomorphicG-bundle over the complex projective line admits a reduction of structure
group to a maximal torus. (In fact this result has been attributed to Dedekind and Weber
for G = GL(n) by Geyer ([5], 86) who deduces it from a statement in ([3], §22).) In
our acelic setting, this should correspond to the assertion that every double coset has a
representative i (A).

Let X, (T) denote the lattice Ho®,,, T') of algebraic co-characters @f. Givenn €
X.(T), and a valuation denote by, the elemeny)(rr,) € T(F,) C T(A). Recall that
n € X, (T) is calledantidominantif |«; o ()|, > 1 for each simple roat; (see 8§3).
Precisely stated, the main result of this article is the following:

Theorem 1. Every double coset in
G(FO\G(A)/K
has a unique representative of the fo¢m?)”, wheren € X,(T) is antidominant.

In 86, we will deduce Theorem 1 from the following local result which is proved in §5.
Let F, be the local field, ((r)) of Laurent series im with coefficients inF,. It contains,
as its ring of integers, the discrete valuation ridg= F,[[7]], and as a discrete subring,
the polynomial ringR = F,[7~1]. LetT = G(R).

Theorem 2. Every double coset in
I'\G(F,)/G(O)
has a unique representative of the fotrh, wheren € X, (T) is antidominant.

The main results proved in this article should be known to the experts, but we have not
found them in the literature beyond the cas&df(2), for which Theorem 2 is proved in
([15], 83). The results proved in this paper have played an important role in the author’s
work [14], as well as in the work of other authors By(r) [4,1,11].

2. Normed local vector spaces

Let V be a vector space defined o¥y. Letey, ... , &, be a basis of the fre@-module
V(O) (so thatV (O) is isomorphic to the fre®©-module generated by thes). Given
a vectorx € V(F,), we may writex = x1€e1 + --- + x,€,, uniquely, withx; € F,.
Define

Xl = suglxal, ..., [xal}. 1)
Lemmad. If g € GL(V(O)), then||xgll = [IX|I.

Proof. Let (g;;) be the matrix olG with respect to the basis chosen above.y et xg. If
y =yi€1+ -+ y.€, then

n
Yji = Z Xi8ij
i=1



Reduction theory for a rational function field 155

and n
Iyl = sup | xigijl
1<j<n i=1
< sup sup |x;g;jl (ultrametric inequality)
1<j<n 1<izn
< sup sup |x; (sinceg;; € O)
1<j<n 1<izn
= [IxI.
Hence

Iyl < 11|
We may apply the same reasoningto* to show that

IXIF =< llyll-

Therefore,

Iyl = [IXII.

COROLLARY 5

The norm| - || is independent of our choice of basisiofO).

Proof. The coordinates of a vector with respect to two different bases differ by a matrix
with entries inO. The argument in the proof of Lemma 4 shows that the norms with respect
to two different bases are equal.

Lemma6. The norm|| - || satisfies thelltrametric triangle inequality,e., for vectorsx, y
in V(F,),

X+ yll < suglixl, Iyll}
Proof. Write X = x1€1 + - - - + x,€, andy = y1e1 + - - - + y,€,. Then

X+ Yl = sui|x1 + yil, - - . , [xn + yul}
=< supsupfxal, [y1l}, ... . sup|xal, |yal}}
= suplxal, [y1l, ... s [xXal, lynl}
= sug|IX[l, Ilyll}-

Lemmar. For ascalari € F, and a vectox € V(F,),
lAx]l = [A[lIX]].

Lemma8. If g € GL(V (F,)), then there is a constartl, > 0, such that for any vector
X € V(F,),

IXgll = CelIXIl-
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Proof. Suppose thag has matrix(g;;), andx has coordinateér;, . .. , x,) with respect
to the basi®y, ... ,e,. Then

n
ingil

i=1
< sup sup |gi;llIX].

1<j<nl<i<n

gy e ey

Ixgll = SUP{

n
ingin
i=1

Therefore, let

Cg = sup sup |gijl.

1<j<nl<izn
]
Lemma9. If x € V(R) is a non-zero vector thefx|| > 1.

Proof. By Corollary 5, we may assume that the elementsf a basis used to defirje ||
liein V(F,). Then at least one coordinateois non-zero ink. But any non-zero element
in R has norm at least one. Therefoje] > 1. OJ

PROPOSITION 10

For any non-zero vector € V(F,) and anyg € GL(V (F,)), there is a positive constant
E such that forally € GL(V(R)),

IXygll = E.

Consequentlyfor any subsetS of GL(V (R)), the set{|xsg| : s € S} has a positive
minimal element.

Proof. Applying Lemma 8 tag~1, and Lemma 9 tay (which lies inV (R)), we have
Ixygll = Cotlixyll = Cg1 > 0.

The second part of the assertion follows by noting that the values taken by the|A¢grm
are of the formy/, wherej is an integer.

3. Fundamental representations

Letas, ..., a, be the simple roots with respect ®in the root systend (G, T) of G
with respect td’". Let W = Ng(T)/ T be the Weyl group o&; with respect tdl'. To each
simple rootw;, we associate an elementof order two inW in the usual way.

Given asubseD of {1, ..., r}, let Wp denote the subgroup &¥ generated bys;|j €
D}, and letPp denote the parabolic subgro®d¥p B of G containingB. This group has
a Levi decomposition

Pp=LpUp,

whereL p is a reductive group of rankD| andU  is the unipotent radical aPp. Lp N B

is a Borel subgroup fok. p containing the split torug. The set of simple roots df , with
respecttd.pNBis{«;|j € D}. Denote byP; (resp.L;, U;) the parabolic subgroup (resp.,
Levi subgroup, unipotent subgroup) corresponding to thélset. ,i —1,i+1,...,r}.
These are the maximal proper parabolic subgrougs obntainingB.
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Theorem 11 [2] . Theeexist irreducibkfinite dimensionbrepresentation (o;, V;) of G,
vectorsy; € V;(F,) that are unique up to scalingind charactersp; : P; — G, for
i =1,...,r all defined oveF,, such that

1. P; isthe stabilizer of the line generated pyandv; p; (p) = A;(p)v; foreachp € P;
fori=1,...,r.

2. Therestrictiongy; to T of A;s are antidominant weights @fwith respect taB, which
generateX*(T) ® Q as a vector space over the rational numbers.

4. Ordering by roots

Lemmal2. LetL be aLevisubgroup @ associated to a parabolic subgroupcontaining
B. Then there is a canonical surjection

G

G(F,)/G(0) —> L(F.)/L(O).

If Q = MN is a parabolic subgroup o&; containing B and contained inP, then M
is a Levi subgroup for. corresponding to the parabolic subgroupn Q of L, and
oL o 0¥ = 0§,

Proof. Giveng € G(F,), we may use the Iwasawa decomposition to wgite= [uk,
wherel € L(F,),u € U(F,) andk € G(O). Moreover, ifg = I'u’k’ is another such
decomposition, then, settig= '~/ andkg = K’k 1,

u' " You = ko € G(O).
On the other hand,
ko = u'"You = lolg tu'lou.

Since L normalizesU, Iy *u'~Yo € U(F,), and hence, settingo = Igtu'"tou €
U(F.)!

lo = koug € G(O)U(F,) N L(F,).
Thereforeloug1 = ko € G(O)N P(F,) = P(0O), so thatly € L(O). This shows that
luk — [ induces a well defined mapf :G(F,)/G(O) — L(F,)/L(O). Itis clear that
this map is surjective. To see thaf;, o <I>f = d)f,,, note that we may writg = muk with
m € M(F,),u € N(F,) andk € G(O). But N(F,) = (N(F,) N L(F,))U(F,), SO we

may writeu = uiup, whereu; € N(F,) N L(F,) anduy € U(F,). Therefore, we see that
mM(0) = &L (mu1) = o5 (). H

In the sequel we denote$ simply by ®. Define
Qe ={geG(F,) : |logjo®(g)| >1fori=1,...,r}. (2)

PROPOSITION 14
G(F,) = I'Qg.
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Proof.

The rank one casgollowing [15]): HereG has one simple roai;, and one fundamental
representatior{p;, V1) and a vectowv; € Vi(F,) such that for any elemeni in the
parabolic subgroup = T N, whereN is the unipotent radical aB,

v1p1(b) = A1(b)vy, 3)

where the charactex; : B — G,, (defined oveF,) restricts to an anti-dominant weight
wu1 on the maximal split torug. Let g € G(F,). We wish to show thag € I'2g. To this
end, by Proposition 10, and by replaciggf necessary by an appropriate elemenFgf
we may assume thgthas the property that

IVip1(y®)Il = lIvip1(g)ll forally €T 4

Write g = tnk,wheret € T(F,),n € N(F,) andk € G(O).ByTheorem1landLemma4,

Vi (@Il = A1 lIVall = [na(D)]. ®)

Fix an isomorphismu,, : G, — N defined overF,, and letx e F, be such that
n = g, (x). Chooser in the nontrivialT (F,)-coset ofNg T (F,). Note that ifS € R, then
ouy, (S) € T, therefore, using Proposition 10,

lna(®)] = [vipa(g)l
< IV1p1(0 ey (S)tttay (X))
= IV1p1(C totte, (1(t) (S + a1(1)x))) |
= |2 HIVepr(U—ay (e (®)71S + ).

Hereu_o, = auala_l, and its image is the root subgroup fetx;. The element
u_al(a(t)*lS + x) lies in the derived group off which is isomorphic to eithe§ L, or
PG L5 in the rank one case. When the derived grouga$ isomorphic taSL,, we may
takeV; to be the right action af L, on the space of & 2-matrices by right multiplication.
One may take the torub to consist of diagonal matrices 812, B the upper triangular
matrices inSL andvs to be the vectot0, 1). Calculating with matrices, one may verify
that

V11 (1t — gy (()™ES 4+ )| < supld, Jae(r) 1S + x|}
Therefore,
sup(L, la1() LS + x|} > ()% (6)

Chooses in R such thatlS + a(r)x| < 1. Then|a1(1)~1S + x| < |a1(t)|~L. Suppose
that ja1(r) 1S + x| > |u1(®)| Then|a1(r)|™t > |u1(r)|2. This is impossible, since
a1(t)~1 = p1(0)?. It follows that|a1(r) 1S + x| < |u1(2)|2. Therefore, (6) can hold only
if 1 > |u1(t)|2, which is the same d&1(r)| > 1. This completes the proof of Proposition
14 when the derived group ¢f is isomorphic taSLo.

When the derived group @ is isomorphic taP G L3, thenG is the product of its centre
with PG Lo. Therefore, the assertion of Proposition 14@bfollows from that forPG L.
However, the assertion faP G L, follows easily from that forG L,. The derived group
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of GL» is SL2, hence the proposition holds féfL, by the argument in the previous
paragraph, completing the proof of Proposition 14 in the rank one case.

The general casd_et G be a group of rank, andg € G(F,). By modifying g on the
left by an element of", we may, for the purposes of this proof, assume, using the second
assertion of Proposition 10, that

Ivipa(@)ll < llvipr(yg)ll forally eT. ()

Note thatify € Pi(F,)NT, thenvipi(yg) = A1(y)vipi(g). SinceAs(y) € Fy[r 1,
|A1(y)| = 1. Therefore|vip1(y2)|l = llA1(¥)V1p1(g)]. We may use the second asser-
tion of Proposition 10 again, to assume, for the purposes of this proof, that

IVap2()Il < lIvap2(yg)ll forally € I' N Pi(F,) (8)
while preserving (7). Continuing in this manner, we may assume that

IViej @Il < IIvipj(ye)ll forally e TN PL(F)N...N Pj_1(F), ©)
for j =1,...,r. Therefore, it suffices to prove the following:

Lemma22. If an elementg € G(F,) satisfies the inequalitie®) for each integerl <
Jj <r, theng € Q¢.

The proof of Proposition 14 in the rank one case shows that Lemma 22 is trueGvhen
is of semisimple rank one. We prove it in general assuming the validity of Theorem 2 in
the rank one case.

Suppose thag satisfies the inequalities (9) for each<lj < r. Write g = bk, with
b € B(F,) andk € G(O). Thenb can be written a&«, wherel € Ly;(F,) N B(F,) and
u € Uy (F,). SinceUy;, fixesv;, the inequalities (9) imply that

IVipi DIl < IIVipi (yDIl  forally € Lij(R). (10)

From the rank one cask~= yn"k for somey € Ly(R), k € L;(O) andn € X..(T)
such thafw; (7 ™)| > 1. p; (y) mapsv; into V(R). From Lemma 24 it follows that

IVioi D1 = [IVipi (T

Equation (10) implies that the above must be an equality. This foreed ;;; (R) N P; (R),
and hence alsb € L;;(O) N P;(O). Write b = tn with t € T'(F,) andn € N(F,). Then
viewing «; as a rational character &f(F,) that is trivial onN (F,), we have

loti ()] = leti (D] = i (x")] = 1.

Repeating this argument for eachompletes the proof of Lemma 22. ]

5. Local reduction theory

In order to prove the existence part of Theorem 2, it suffices to show that every element
g in Qg may be written ag = yn"k, wherey € I', n € X,(T) is antidominant and
k € G(O). To this end, we may assume (using the Iwasawa decomposition) that we are
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giveng € Qg, with g = tn, witht € T(F,) andn € N(F,). Sinceg, and hence, is in
Qg, lai()] > 1, sothaw; () 1 € O, fori =1, ..., r. For each rootr € ®(G, T), let
U, denote the corresponding root subgroup. Fix an isomorphisnG, — U, defined
overF,. Then forx € F,, we have

tug (x) = (tug ()t Dt = ug (a(t)x)t.
Therefore, if we writex(t)x = P + h, whereP € R andh € O, then
tug(x) = tug (@(t) " Pug ((t) 1) = ug (P)tug (e (t) 1h).

Given two positive rootsr and 8, the commutatord,, Ug] is contained in the product
of root subgroupd/,, where thea’ are roots which can be written as positive linear
combinations ofr andg and are distinct from either or 8. Moreover, we may enumerate
the positive roots ag1, fz, ... sothatifj > i, theng; cannot be written as a sum gf
and any other positive roots.

Write n as[ [, ug, (x;). Then

th = tug, (x1) H”ﬂi (x7).

i>1
If we write 81(t)x1 = P1 + h1, whereP; € Fq[n‘l] andh € O, then

tn = up, (Ptug, (Br() " h1) [ Jup (o).

i>1

Sinceug, (P1) € T, B1(1)~1 € O, and the image ofig, normalizes all the subsequent
root subgroups whose elements appear in the above expression, we may assume for the
purpose of proving Theorem 2, that

tn=t Hu,gl. (x)),
i>1
for xlf € F,. We may continue in this manner to redugdo ¢. It is then easy to see (using
the decompositiorFX = 720*) thatr may be replaced by" for n € X.(T). Since
la; ()| > 1, it follows thaty is antidominant, proving the existence part of Theorem 2.
We now prove the uniqueness part of Theorem 2. In order to do this, it suffices to show
that if » andv are two dominant co-weights, and’ = yn"k for somey € I' and
k € G(0), thenv = 7. Since the weightg1, ... , u, corresponding to the fundamental
representations in Theorem 11 generate the vector sp&@®) ® Q, it suffices to show
that(u;, v) = (u;, n) for eachi. In order to do this, we need the following:

Lemma24. For any non-zero vectov € V;(F,) and any antidominant co-weight €
X*(T)v

IVoi eI IIvipi (Tl
v =il

Proof. SinceT is anF,-splittorus ang; is defined oveF,, V has a decomposition (over
F4) into root subspaces

V=@Vx,
A
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whereT acts onV, by the charactex : T — G,,. Itis easy to see that; is the lowest
weight of T occurring in(p;, V;), sothat{u;, 1) > (1, u) for any weighta of T occurring
in (p;, V;) and any antidominant co-weight Given any vectov € V (F,), we may write

V = ij'l,lj,

wherex; € F, andu; € V,,(F,) for each; and thex ;s are not necessarily distinct. Thus

Vi (T || = HZAj(nM)xjuj H

= sup(l; (r")x;1)
J

= suplg~ % |x;1)
J

> g~ 1) sup|x ;)
J

= [IVipi ) VI
Since||v;|| = 1, this completes the proof of Lemma 24. O
Lemma 24 allows us to compatge;, v) and(u;, n):
ey _ ViG]
fIvill
_ Vipi ™|
Ivioi (Pl
Vi pi (ym ||
fIvill

 Vipa )
Vil

— q—(Mf,V).

The first inequality is Lemma 24 applied ¥o= v; p; (). The second inequality follows
from Lemma 9 withx = v; p; (y). Interchanging the roles gfandv in the above arguments
shows thatu;, n) = (u;, v) for eachi. This completes the proof of the uniqueness part
of the assertion of Theorem 2.

6. Global reduction theory

If g = (gv)y isanelement of; (A) then, since, € G(O,) for all but finitely many places
v of F, we may assume, for the purpose of proving Theorem 1ghsta finite product
g = 808u18u; - - - &up» With goo € G(Fo) andgy; € G(Fy;), vj # oo, for1 < j < k. By
Theorem 2, there is a decomposition

Qo = VAT Kk,



162 Amritanshu Prasad

wherey, € G(Fy[m, '], m € X«(T), andkx € G(Oy,). Now y; and ;) are both
contained inG(F) and inG(O,) for all v # oco. Therefore, by multiplying on the left
by 7, "y ~1 we get an element of the subset

k—1
G(Fo) x [[GF) x ] G©w
j=1 all otherv

of G(A).

We have now reduceglto an element with non-trivial entries only at mast 1 places
andoo. We may continue in this manner until the entries at all places excegute trivial.
Finally, the use of Theorem 2 0= oo gives us a representative each double coset of type
asserted by Theorem 1.

The uniqueness part of the theorem follows from the corresponding assertion in the local
situation, because two elemegtandh of G(F) lie in the same double coset if and only
if g = yhk, with y € G(F,[1]) andk € G(Oc).
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