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Abstract. We consider a matrix operatdf = (—A)' + V in R", wheren > 2,

I >1,4 >n+1, andV is the operator of multiplication by a periodic inmatrix

V (x). We study spectral properties &fin the high energy region. Asymptotic formulae

for Bloch eigenvalues and the corresponding spectral projections are constructed. The
Bethe—Sommerfeld conjecture, stating that the spectruii cfin have only a finite
number of gaps, is proved.
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1. Introduction
We consider the operator
H=(-A +V (1)

in La(R™)™, wherem > 1,n > 2,1 > 1,4 > n+ 1, (—A) is a diagonaln x m matrix,
its diagonal elements being the scalar polyharmonic operatorsy aadhe operator of
multiplication by a periodic inx matrix V(x). For the sake of simplicity, we assume
that V(x) has orthogonal periods;, ..., a,, however all the results are also valid for
nonorthogonal periods. Without loss of generality we consider that

V) =Vo+aV (),
whereVjp is a diagonal matrix with entries not dependingxon

(VO)qs = UOqaqs, q,S = 1, L, m,

Vo1 = V02 = ... < VOms

a parametew belongs to [01], andV (x) satisfies the condition:
/ V(x)dx =0,
0

0 being the elementary cell of the period3:= [0, a1] x - -- x [0, a,]. We assume that
V (x) is infinitely differentiable.

The scalar case ¢-A)' +V, 4l > n+1, was studied in [Sk1,Sk2,K1,K2]. The Bethe—
Sommerfeld conjecture, stating that the spectruni’afan have only a finite number of
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gaps, was proved in [Sk1,Sk2] for the case of a rational lattice and a bounded potential. It
was proved in [K1,K2] for the case of a general lattice and a general class of potentials.
The case of the Scdinger operatol = 1,n > 3 is not considered here. The reader can
find the proof of the conjecture for the scalar case 3,/ = 1 in [Sk3,V,K3,K2,HM],

and for the more general situatioan< 4 in [HM]. Recently, the results for the scalar cases

6/ > n + 2 [PS1,PS2] andi8> d + 3 [PS3] have appeared.

The aim of this paper is to construct perturbation formulae for eigenvalues and spectral
projections in the high energy region and to prove the Bethe—Sommerfeld conjecture for
the matrix operator (1). In the case, when the entridgaire different from each other, the
whole construction is analogous to the scalar case, see [K1,K2]. The scheme in [K1,K2]
is based on the fact that the Bloch eigenvalues of the opegatay’ in Lo(R") are not
degenerated for almost all values of quasimomentum. In the matrix casepwheng,
for at least one pair of, s, g # s, the scalar scheme does not work, for the reason that
the Bloch eigenvalues of the ‘unperturbed’ operaiar= (—A)! + Vo are degenerated
for all values of quasimomentum. Here we will show how this case can be treated.

It is well-known (see f.e. [G, ReSi]) that the spectral analysig/atan be reduced to
the study of a family of operatod (), ¢t € K, wherek is the elementary cell of the dual
lattice

K =0, Znail) x [0, Znagl) x -+ x [0, Znan_l).

Vector ¢ is called aquasimomentumAn operatorH (¢), t € K, acts inLy(Q)™. It is
described by the formula (1) and the quasiperiodic conditions:

I/_i(xlv vy Xp—1, Ary Xp41, «-ey xn) = exqitrar)ﬁ(xl, vy Xp—1, 07 X415 ooy xn):
r=12, .., n. 2)

The derivatives with respect 19 must also satisfy the analogous conditions. The operator
H(t),t € K, has a discrete semibounded from below spectiuim:

A(t) = U?ij_)kv(t)7 As(t) =500 O0.

The spectrumA of the operatorH is the union of the spectra of the operat@fsr):
A = Uex A(t) = Usen 1ex As(t). The functionsi, (r) are continuous, sa. has a band
structure:

A= U?i]_[qsa Osl, g5 = minig (1), Qg = Maxi,(t).
tek tekK

Absolute continuity of the spectrum was proven in [Th] for the case of the scalar
Schibdinger operator, however the proof can be generalized for the present case (see f.e.
[Ku]).

The eigenfunctions off (r) and H are simply related. Extending all the eigenfunctions
of the operatordd (t) quasiperiodically (see (2)) t&8", we obtain a complete system of
generalized eigenfunctions &f.

We use the following representation of the potential:

Vs (x) = Z Vgs,j €XPi(pj(0),x), g, s=1,...,m, ?3)
Jj€Z",j#0
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where Vqs (x) are matrix elements of (x), ves,j, J € Z", are Fourier coefficients of
Vqs(x), (-, -) is the inner product irR", p;(0) are vectors of the dual lattice:

50 = 2n(jrag, joayts ., juayh), j e 2" (4)

In the case/ = 0, the eigenvalues and eigenfunctions of the operzH@(s) t e K,are
naturally indexed by pairs of indic€sg, ¢), j € Z", g = 1,.

29,0 = pF ) +vog. ¥, x) = |Q|l/2e,, expi(p; (1), x),
hereEqO are vectors of the canonical basishft: (qu)s =845, =1,...,m,andp;(t) =
70 +1, p;(0) being given by (4)p7 (1) = |p;(®)|?, and the symbolQ| stands for
the volume ofQ.

The operatoiH () admits the matrix representation in the ba{sjéj’q] —
1Y jezn q=1,....m

Hj.g)i.5) = P5 (1)8i8gs + v0q8jidqs + Vg, j—i-

In physical literature, the important concept of an isoenergetic surface of a periodic operator
is used (see f.e. [Ki,Ma]). Itis said that a poiriielongs to the isoenergetic surfatig) of

the operatof,, if the operatotH () has an eigenvalue equalitd, i.e., if there is ar such

thati, (1) = k2. Letus consider the isoenergetic surface of the opeféger (—A)! + Vo.

The isoenergetic surfac®) (k) of Hp is the set inK, such that every € Sp(k) satisfies

the equatiorpjzf () +voy = k? at least for one paif;, ¢). The surface can be obtained as

follows: the spheres of the radius@§’ — qu)l/Zl ,q =1, ...,m centered at the origin of

R", are divided into pieces by the dual lattige; (0)} jcz», and, then, all these pieces are
shifted into the elementary cell of the dual lattice. Thus, we obtaim spheres ‘packed
into the bag'K. If vg; = vo, for ¢ # s, then the corresponding spheres coincide. Thus,
the real number of spheres is equal to the numbaetiftérententries inVy. Each point
of a degenerated sphere corresponds to a multiple eigenvalue. The self-intersections of
So(k) are described by the equations? (1) + vo, = pZ (1) + voy, j.i € Z",j # i,
qg,s=1...m

Let S1(k) C So(k). We say thatS1(k) has an asymptotically full measure 6p(k) if
the relation

s(S1(k) —
k— o0 1

5
s(So(k)) ©)
holds, where (-) is the area of a set, counting the multiplicity of the spheres.
2. The main results
For anyr € So(k) there is a paifj, ¢) such that
P2 () + vog = K2, (6)

i.e., Ho(r) has an eigenvalue equal #8. The multiplicity of this eigenvalue is at least
equal to the multiplicityn, of v, as an entry irVp. Let us consider the situation when it
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is greater. In fact, all other eigenvaluesf can be represented by eithef’ () + vos,

vos # Vog, Of piZZ(t) + vos, i # J, s being any number of 1.., m including ¢. The
eigenvalues of the first type are separated from (6) by a distance not less than

do= min |vgs — vo|. (7)
.7 1005 A Vor
An eigenvalue of the second type may coincide with (6). In other words, (6) has the
multiplicity greater thamn, if and only if there aré # j ands = 1, ... , m, such that

P2 () + vog = pZ () + voy. 8

This condition describes a self-intersection of the isoenergetic susfake Obviously,
the set of the pointssatisfying (8) has the measure zeroSitk).

We introduce a sego(k, §), § being a positive parameter, 8s(k)\Ao(k, 8), where
Ao(k, 8) is the (k—"*t1-%)-neighborhood of all the self-intersections (8) (k). The
properties ofyo(k, §) are described by the following lemma.

Lemmal. If ¢t belongs toxo(k, &), then there are a unique indgxand a unique value
vog, Such that(6) holds. Moreoverfor all i # j ands =1, ..., m:

P2 (1) + vog — p? (1) — vos| > 2kZ 70, ©)

The setyo(k, §) has an asymptotically full measure §g(k).

Lemma 1 is stable in thé—"+1-2%)-neighborhood of(k, §) in the sense that, those
points, which are close tgy(k, ), satisfy equation (6) approximately and also satisfy (9).
The following generalization of Lemma 1 holds:

Lemma2. If r belongs to thek—"*1~%)-neighborhood ofxo(k, 8), then there are a
unique index and a unique valueg,, such that

1P (1) + vog — K| < kP2 (10)

and the inequality9) holds for alli # j ands = 1,...,m. The setxo(k, §) has an
asymptotically full measure ofy(k).

Thus, ift € xo(k, 8), there is only one inde¥ = j(¢) and there is only one value
vg, satisfying (6). When all the entries df are different from each other, the index
q = q(t) is defined uniquely by, . If there are multiple entries iy, we defineg (r) as
the smallest of all indices satisfying (6). By this ruj&s) is defined uniquely. Whenis in
the (k~"*+1-2%)-neighborhood oo (k, 8), the indices;j (r) andg(r) are uniquely defined
by inequality (10). We denote by, the multiplicity of vg,, i.e.,m, : vo4-1 < vo 4 =
crr = V0,g+my—1 < V0,qg+my-

COROLLARY 1

If 2/ < n, andt is in the (k~"*+1-2%)-neighborhood of(o(k, §), then the operatoiHy(r)
has a unique eigenvalue satisfyi@0). It has the multiplicitym,. The distance from
pjz.’ (t) + vo, to the nearest other eigenvalue®§(¢) is not less tharzk? —" =3, for k large
enough.
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In fact, according to the lemma, the eigenvalues of the second type are separated from
pjz-l (t)+vo, atleast by the distancé&? "%, The eigenvalues of the first type are separated
at least by the distana#) (see (7)), which does not depend bmand obviously greater
than Z%-"-2 for k large enough.

COROLLARY 2

If 21 > n,0< 68 < 2l —n,and is in the (k~"*+1~%)-neighborhood ofyg(k, §), then

the operatorHp(¢) has a unique eigenvalue satisfyi(id). It has the multiplicityn, . The

distance fronp]z’ () +voy = k% to the nearest other eigenvalue B§(r) is not less than
do, for k large enough.

This corollary is based on the fact that < 2k2 "% for2/ > n,0< 8 < 2/ —n, and
k large enough.

Let us consider the circl€y in the complex plane, which is centeredat k% and has
the radiusc?—"—9:

Co={z:|z— k| =K%}

If 2/ < n andr belongs to thagk—"+1-2)-neighborhood ofyo(k, §), then according to
Corollary 1, the circle includes only one eigenvalueHf(¢). It has the multiplicitym,,.

If 21 > n,0 < § < 2l — n, then the circle includes all the eigenvalues given by the
formula

PE@O o s=12....m,

since Jvgy — voy| < kZ-n=3_All other eigenvalues are outside the circle. Counting
multiplicity, we have exactlyn eigenvalues ofiy(z) inside the circle.

In the scalar situatiom = m, = 1, i.e., the circle has one simple eigenvaluegfr)
inside. In the matrix situation we can have multiple eigenvalues, which makes it more
difficult to describe their shift under the perturbatio¥ .

If we can prove the convergence of a perturbation series for the resolvéhttpon
Co, then the number of eigenvalues insilge does not change with perturbation. The
circle Cg is chosen in such a way, that its distance from the eigenvaluBg©@f is equal
to k2% if t € x(k,8). When2 > n, 0 < § < 2 — n, andz is in the (k" 1t1-2).
neighborhood ofyo(k, §), the perturbation series converges G since the distance
from C to the unperturbed eigenvalues is greater thet for k large enough. When
2l < n then, generally speaking, the perturbation series divergesdoyo(k, §), since
the distance fronCg to the eigenvalues is small (it goes to zerdas oo). We construct
a ‘nonsingular’ sety1 C xo(k, 8), such that it provides the convergence of the series in
the case 2< n and also improves the convergence in the cédse 2.

Lemma3. Let0 < 8 < 1,and0 < 2§ < (n —1)(1— B). Then for any sufficiently large
k,k > ko(B, 6, a1, ...a,), there exists a set1(k, B, 8) C xo(k,8) C So(k), such that for
any pointz in the (k—"*t1-2)-neighborhood of this set the following inequality holds

min min 7 (1) + vos — 2lIpf (1) + voy — 2 | > K,
z€Co . . .
i,i'eZn 0<|i—i'|<kP,

s,s'=1,....m

2y =4l —n—1—Bn—1) — 2. (11)
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The sety1(k, B, §) has an asymptotically full measure 8g(k). Moreover

s (So(k)\ x1(k, B, 6))
s(So(k))

Further we assume: 9 8 < Bo, fo = min{1, (4 —n —1)(n —1)~1}, and 0< § < 8o,
8o = %1 min{(n —1)(1— B), 4l —n — 1— B(n — 1)}. Obviously, under these conditiops
is positive.

The sety1(k, B, 8) provides the convergence of the series for the resolvent:

=00 O(K79/8). (12)

Theorem 1. If ¢ belongs to thek—"+1-2%)-neighborhood of1 (k, B, §) in K, then the
perturbation series for the resolvent

(H®D =27 = (Ho)) — )+ Y (—aV(Ho) —)72) (13)
r=0

converges in the class of bounded operators for aryCo.

This theorem enables us to obtain asymptotic formulae for Bloch eigenvalues and the
corresponding spectral projections. The next two theorems provide information about the
location of eigenvalues.

Theorem 2. If 21 < n andt belongs to thgk"*+1-2)-neighborhood ofy1 (k, 8, 8),
then there are exactbytq, q = ¢(t), eigenvalues of the operatéf (¢) in the intervalAg =
[p]l(t) + gy — k270, 2 (1) 4 vog + kZ7"73]. In fact, they are located in the smaller

interval Ay = [pfl(z) + gy — kT2 p2e) vy + kXTI £ = B(n — 1) + 26,
The corresponding spectral projection |s given by the series

E(t)=Eo+ ) o Gk, 1), (14)
r=1

whereEj is the unperturbed spectral projection:

q+mg—1

Z Eos, (Eos)(ip)i'p)) = 8ii8i8pp'Sps, (15)
s=q

the operatorsG, are given by the formula

G, (k, t)— )r+17§ ((Ho(t) — 2) V) (Ho(t) —2)"Ydz, r=1,2, ...,
(16)
and satisfy the estimates
| Gk, t) || < cpk™"", r=1,2,.., (17)

cy hot depending oR, || - | being the norm in the class of bounded operators.

Theorem 3. If 2/ > n andr belongs to thegk—"*1-2%)-neighborhood ofy1(k, B, 8),
then there are exactlym eigenvalues of the operatoH(r) in the interval
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Ao = [pjz-l(t) + vgg — k29, pjz.’(t) + vog + k27" 7%]. In fact they are located in the
smaller intervalsA; = [pjz.l +vgg — k2L pjz-l +vos +hkEHIH] £ = B(n—1)+ 25,

s =1,...,m. The corresponding spectral projection is given by the series
o0
Et)=Eo+ ) o G (k. 1), (18)
r=1

whereEj is the unperturbed spectral projection

m
Eo=_ Eos. (Eo)pi'p) = 8iirdjidppdps, (19)
s=1

the operatorsG, are given by formuld16) and satisfy the estimaté$7).

Remark.It is possible to construct the perturbation series for each intéryakparately,
however it gives slower convergence.

The proof of the Bethe—Sommerfeld conjecture for the scalar polyharmonic operator
in [K1,K2] is essentially based on the fact that there is a unique simple eigenvalue in the
interval Ag. Under such circumstances it is possible to differentiate the eigenvalue with
respect ta, to obtain a suitable estimate from below for the derivative and to prove, using
the estimate, that any sufficiently larg& belongs to the spectrum @f. In the present
case we do not have, generally speaking, the uniqueness of eigenvalue. However, it is still
possible to get the estimates for the derivatives of eigenvalues with respacit¢o prove
the following theorem.

Theorem 4. (The proof of the Bethe—Sommerfeld conjegturbere is only a finite num-
ber of gaps in the spectrum of the operafér

3. The proofs

The proof of Lemma 2, up to minor technical details, coincides with the proof of Lemma
2.5in [K2]. For the scalar case the sgik, 8, 8) is explicitly constructed in [K2] (Lemma
3.3) and it is proved (Lemma 3.6) thai(k, 8, §) has an asymptotically full measure in
the sense (12). The proof of Lemma 2 is analogous to the proof in [K2].

The proof of Theorem 1.Let us rewrite the series (13) in the form:

o
(H(t) =)t = (Ho(t) —2) ™ + ) _(Ho(t) — )" 2(—aA) (Ho(t) — 2) /2,
r=1
A = (Ho(t) —2) Y2V (Ho(t) — 2) 2. (20)
We prove that the perturbation series converges for gsatisfying (9) and (11). Inequality
(9) and the definition o€ yields the estimate:
-1/2

min [pf(1) + vo, - zl) = k@2,
s=1,2,...,m

(21)

I(Ho — 2)~Y?| = (

ieZ",
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To prove the convergence of the series for a largeis enough to check that
Al < cvk™, z € Cop (22)

Cy not depending ok. The matrix elements of the operatérare given by the formula:

Uss’,i—i’

Adsirs) = 2 _ 2 N
(pi (t) + vos Z) (P,v () + voy Z)

(23)

if i # i’ and are equal to zeroif=i’. We representl in the formA = A’ + A”, where

A N Aanas) ifO < i —i'| <k
(E)('s") 0, otherwise

and, correspondingly,

Aoy =12 it 1i —i'l < kP,
(i)(’s') Agsyisy, otherwise.

Considering the estimate (11), we see that the denominator on the right hand side of (23)
can be bounded from below &y , when O< |i —i’| < k#. Therefore,

< |Uss’,i—i’ |k7y-

/!
‘A(z‘sxi’s’)

Taking into account that,y ;_;» are the Fourier coefficients of infinitely differentiable
functions, we obtain

sup Z Vs, i—ir] < Cv

$8"=L e zn Ji—it| <kb
and, therefore,

A" < evk™, z € Co. (24)
Using (21), we obtain

" —(2l—n—3§)
|4y k@b,

< |vss’,i—i’|
Considering thav is infinitely differentiable, we obtain

2A-n—s—
sup Do il < vk ey = ey (8, B, y)

$8'=Lem e zn |i it kP
and, therefore,
A" (@) < evk™, z € Co. (25)

Adding (24) and (25), we obtain (22Jhe theorem is proved
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The proof of Theorem 2. The operatotHp hasm, eigenvalues insid€y. The fact that

(H (1) — z)~Lis bounded orCy for all « means that the number of eigenvalues ingige
does not change with the perturbatio¥i, « < [0, 1]. Since all eigenvalues are real, they
are inside the intervahg, which is cut out by the circle on the real axis. Integrating the
resolvent over the contour, we get the corresponding spectral projection:

E() = —— f (H(t) — 2) " dz. (26)
2mi Co

Substituting the series for the resolvent (13) in the last formula, we obtain (14)—(16).
Considering the estimates (21) and (22), we get (17).

We prove that, in fact, the perturbation series for the resolvent converges on a smaller
circle C1, which has the radius~2+1+¢ and the same center= k% asCy. Letz € C1
andzg € Cop. For alli # j:

|pZ (1) + vos — z| > |p? (1) + vos — z0l, (27)

since the circl€; is smaller tharCg and, therefore, further away from outside eigenvalues.
Since (11) holds forg, we easily obtain

|pZ(6) + vos — zlp7 (1) +voy — 2| > k7 when i, i’ # j, 0 < |i —i'| <kP.

Supposé = j,i’ # j. Then, using (27) foi’, we get
|p5(0) + vos — 2l P () + voy — 2l

|p? (1) + vos — ]
] —
|p5 (1) + vos — zol

1p% (1) + vos — 2ollp7 (1) + voy — zol.

Using the definitions o€ andCy, we obtain

P2 (6) +vos —zl gL

P2 (t) +vos — 20| KETD

— k—2y+§

Taking into account (11) fofo, we arrive at the inequality:
1p7(#) + vos — zllpZ () + voy — 2| > K.
Thus, for any; € C1,

; 2l 21 )
min |p;i (1) +vos—z| |py () + vy — z| > K°. (28)
i,i'eZn,0<|i—i'|<kP,

s,8'=1,....m

Considering the above, we prove that the perturbation series for the resolvent converges
on the circleC; for all ¢ € [0, 1]. This means that all eigenvalues are, in fact, inside the
interval A1, which is cut out byC; on the real axis. Note that the series for the resolvent
and, therefore, for the spectral projection converges slower;oan onCo, since the
estimate (22) valid oy is replaced by a weaker estimaté(z)|| < cyk—® on Cy1. The
theorem is proved.
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The proof of Theorem 3.This is analogous to that of Theorem 2. The only difference is
that we replace the circl€ by smaller circle<" which cut out the intervala; from the
real axis.

Letro € x1(k, B,8) andr = 1o + v, where|r| < k~"172 andV is a unit vector in
R™. The eigenvalues;, lying insideCo, analytically depends on. Let us estimate their
derivatives.

Lemmad. If 19 € x1(k, B, 8) andt = tg + 1V, |t| < k112§ being a unit vec-
tor in R", then the derivative of any,(t) with respect tor satisfies the asymptotic
estimate

dAg _ - - _1-
% =2p7 72 (5;(1), D) + OKP 177, (29)
whenk — oo.

Proof. Let us assume for definiteness that2n. There are exactly:, eigenvalues inside
Ap, counting the multiplicity. Letp;(r) be a normalized eigenvector corresponding to a
As(7).X Then,
dAg 8Ho
aT

¢v(77) b5 (f)> (30)

where< -, - > is the inner product ith(Z2")™ andd Hp/dt is a diagonal matrix:

dH - -
<—0> = 2P,-21_2(t)(pi(t), V)88, i€ Z", rr' =1, m.
9T Jiryirr
(31)
We denote by?} Or =gq,.q+ mg — 1 the eigenvectors offp(¢), corresponding to

pj +voq (e/r)(,,/) =68ij8yr, i € Z",r' =1,... ,m.Theyformabasisi®ol>(Z")". Let

us consider the vectogs,,r =gq, ..., q +mq 1, defined by the formulafj, = E(t)e
They form a complete almost orthogonal systenkin)/>(Z")™, since

E(t)=Eo+OKk™) (32)

¢, and, therefore,

(in the sense of bounded operators) Wﬁ
ir =20+ 0K (33)
Hence, an eigenvectgr (r) can be represented as a linear combinatio# af

q+mg—1

= Y
r=q

Considering that the functiop (r) is normalized, we obtain

q+mg—1

Z C(Y) () (€jroéjr) =1

r,r'=q

1An eigenvector, (v) is defined up tat sign if A, (7) is simple. It is allowed to be any normalized eigenvector
if the multiplicity of A;(7) is greater than 1 for al. We exclude from the consideration the pointsvhere two
or more nonidentical eigenvalues coincide, since there is only a finite number of such points.
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and, by (33),

q+mg—1
S PP =1+ 00, (34)
r=q

Using again (33), we obtain

s (1) = ¢2(1) + 8¢5 (7). (35)
wheregO(r) = Y020 (95 9, andsg, () satisfies the estimate:
8¢5 (D < cvk™, (36)

I - || being the norm ird2(Z™)™ . Substituting (35) in (30), we obtain

g 0 H, H
: @ _ <—°¢3 (1), ¢ (r)> <—°¢?(r), 8¢>s(t)>
T aT

0 H,
+ <a_08¢s(f)s ¢?(I)> + <—05¢s(f), 8¢s(t)> . (37)
T aT

Obviously,

q+mg—1
(Geor o) = 3 e (G020

- T
r,r'=q

Substituting (31), we get

q+mg—1
<—¢ (1), s ('C)>—2p21 2(t)(p (1), D) Z 102,
r=q
Taking into account (34), we obtain
3 H, o )
<3—TO¢?(f% ¢§’(f)> =2p2 20 (p;(®). ) (14 0G™)). (38)

Let us estimatd| (0 Ho/d1) d¢5(1)]l. Using (31), it is easy to show that

2
=4 Y P0G, D26 il

ieZ",r=1,....m

We estimate the terms of the series as follows:
O Bi (0, DB )ir I < Xir Vi,
Xir = pl 201G s)ir 27D,
Yir = 1(¢y)ir Y.
Using Holder's inequality withp = 21/(2 — 1), g = 21, we obtain

< 1Hods ()| @Y/ 15¢5 (x) 11 . (39)

H @5%(1)
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It is easy to obtain an estimate f(iHod¢,(t)|. In fact, ¢;(r) satisfies the equation
H(1)¢s(t) = ks (r) andg?(r) satisfies the equatiatlo (1)¢2(r) = (p? (1) +v0,)92(7).
Therefore, the functiofi¢, satisfies the equation

Ho()8¢s(t) + Vs (1) = (p? (1) + 10805 (T) + (s — P (1) — v0g)bs (7).

Hence,
Ho(1)36s(v) = (7 (1) + v0g)8¢s () + £, IIf1l < Cv,

and || Hodos (1) || < k% 1845 (7)|l + Cy. Noting that 2 — y > 0 and using (36), we get
| Hodos (T)|| < Cyk?~7. Substituting the last estimate in (39) and using again (36), we
obtain

d0Hp

2 00s(0)] < vk (40)

Using (36) and (40), we arrive at the inequality:

d H d H
<—8 960(1). 5¢s<r)> + <—°a¢s<r>, ¢>§’<r>>
T ot

+ <%8¢5(1’), 8¢S(r)> < cykZ-1v, (41)

Combining (30), (37), (38) and (41), we get (29). The analogous considerations give the
proof of the lemma for the casé 2 n. The lemma is proved.

COROLLARY 3
Suppose that is chosen in such a way thtp; (1), V)| > p;(r)/2. Then

g oL _
¥=2pf’ 2B (1), D) (1+ 0k™)). (42)

In fact, it is easy to see that the first term in the asymptotic formula (29) is the main one,
since it satisfies the inequali#gzpjz."z(t)(ﬁj (1), V)| > k1. Therefore, (42) holds.

Remark.The right part of (42) does not essentially dependsorThis means that,
when t changes, the eigenvalugg(t) lying in Ag move essentially as a group — all
together.

The proof of Theorem 4.Itis enough to prove that at? , which are large enough, belong
to the spectrum ofi. Letry € x1(k, B, 8). There is a pai(j, ¢g) such tha;njz.’ (to) +vog =
k2. Let v be a unit vector in the direction of; (t0). According to Theorems 2 and 3, for
anyt = 1o+ tv, |t| < k"t12 andk large enough, there are exactly, eigenvalues of
H (t), which satisfy the estimate

A5 (x) = (7 (@) + vog)| < cyk ™2+ (43)
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The functionsi, (t) analytically depend on. Using Corollary 3 and the special choice of
vectorv, we obtain

OAs(T)
ot

=2p2 1) A1+ 0(D), (44)

for any eigenvalue.; satisfying (43). We consideér, () as a function of in the domain
[—70, 0], To = k~"t12 |t follows from (44) that\,(z) is a monotonic function. Since
it is continuous, its range is the interval,[ — o), A, (10)]. Taking into account (43), we
obtain

As(—T0) = pjzl(to — ‘L'olj) —+ vog + 0(k—21+1+§>
= (ko — ©0)? + vog + O (k"2 T1HE),

1/21
ko= pji0) = (K = vg,) .
Similarly,

ks (10) = p? (10 + 10D + v, + Ok~ 2+1H)
= (ko + 10)? + vog + O (k~2T1T4),

Itis easy to observe thag +vo, = k% andkd 1o = k#~"=2 > |~2+1+¢ Therefore
the interval Js(—10), As(10)] contains k2 — kZ~1¢, k% + k?~11] whenk is large
enough, and, obviously, contaikg. Thus, there is a valug such that(z,) = k%, i.e.,
the pointx = k% belongs to the spectruriihe theorem is proved.
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