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Abstract. We consider a matrix operatorH = (−1)l + V in Rn, wheren ≥ 2,
l ≥ 1, 4l > n + 1, andV is the operator of multiplication by a periodic inx matrix
V (x). We study spectral properties ofH in the high energy region. Asymptotic formulae
for Bloch eigenvalues and the corresponding spectral projections are constructed. The
Bethe–Sommerfeld conjecture, stating that the spectrum ofH can have only a finite
number of gaps, is proved.
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1. Introduction

We consider the operator

H = (−1)l + V (1)

in L2(R
n)m, wherem ≥ 1, n ≥ 2, l ≥ 1, 4l > n+ 1, (−1)l is a diagonalm×m matrix,

its diagonal elements being the scalar polyharmonic operators, andV is the operator of
multiplication by a periodic inx matrix V (x). For the sake of simplicity, we assume
that V (x) has orthogonal periodsa1, ..., an, however all the results are also valid for
nonorthogonal periods. Without loss of generality we consider that

V (x) = V0 + αṼ (x),

whereV0 is a diagonal matrix with entries not depending onx:

(V0)qs = v0qδqs, q, s = 1, ..., m,

v01 ≤ v02 ≤ ... ≤ v0m;

a parameterα belongs to [0, 1], andṼ (x) satisfies the condition:∫
Q

Ṽ (x)dx = 0,

Q being the elementary cell of the periods:Q = [0, a1] × · · · × [0, an]. We assume that
V (x) is infinitely differentiable.

The scalar case of(−1)l+V , 4l > n+1, was studied in [Sk1,Sk2,K1,K2]. The Bethe–
Sommerfeld conjecture, stating that the spectrum ofH can have only a finite number of
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gaps, was proved in [Sk1,Sk2] for the case of a rational lattice and a bounded potential. It
was proved in [K1,K2] for the case of a general lattice and a general class of potentials.
The case of the Schrödinger operatorl = 1, n ≥ 3 is not considered here. The reader can
find the proof of the conjecture for the scalar casen = 3, l = 1 in [Sk3,V,K3,K2,HM],
and for the more general situationn ≤ 4 in [HM]. Recently, the results for the scalar cases
6l > n+ 2 [PS1,PS2] and 8l > d + 3 [PS3] have appeared.

The aim of this paper is to construct perturbation formulae for eigenvalues and spectral
projections in the high energy region and to prove the Bethe–Sommerfeld conjecture for
the matrix operator (1). In the case, when the entries ofV0 are different from each other, the
whole construction is analogous to the scalar case, see [K1,K2]. The scheme in [K1,K2]
is based on the fact that the Bloch eigenvalues of the operator(−1)l in L2(R

n) are not
degenerated for almost all values of quasimomentum. In the matrix case, whenv0s = v0q
for at least one pair ofq, s, q 6= s, the scalar scheme does not work, for the reason that
the Bloch eigenvalues of the ‘unperturbed’ operatorH0 = (−1)l + V0 are degenerated
for all values of quasimomentum. Here we will show how this case can be treated.

It is well-known (see f.e. [G, ReSi]) that the spectral analysis ofH can be reduced to
the study of a family of operatorsH(t), t ∈ K, whereK is the elementary cell of the dual
lattice

K = [0, 2πa−1
1 )× [0, 2πa−1

2 )× · · · × [0, 2πa−1
n ).

Vector t is called aquasimomentum. An operatorH(t), t ∈ K, acts inL2(Q)
m. It is

described by the formula (1) and the quasiperiodic conditions:

Eu(x1, ..., xr−1, ar , xr+1, ..., xn) = exp(itrar )Eu(x1, ..., xr−1, 0, xr+1, ..., xn),

r = 1, 2, ..., n. (2)

The derivatives with respect toxr must also satisfy the analogous conditions. The operator
H(t), t ∈ K, has a discrete semibounded from below spectrum3(t):

3(t) = ∪∞
s=1λs(t), λs(t) →s→∞ ∞.

The spectrum3 of the operatorH is the union of the spectra of the operatorsH(t):
3 = ∪t∈K3(t) = ∪s∈N,t∈Kλs(t). The functionsλs(t) are continuous, so3 has a band
structure:

3 = ∪∞
s=1[qs,Qs ], qs = min

t∈K
λs(t), Qs = max

t∈K
λs(t).

Absolute continuity of the spectrum was proven in [Th] for the case of the scalar
Schr̈odinger operator, however the proof can be generalized for the present case (see f.e.
[Ku]).

The eigenfunctions ofH(t) andH are simply related. Extending all the eigenfunctions
of the operatorsH(t) quasiperiodically (see (2)) toRn, we obtain a complete system of
generalized eigenfunctions ofH .

We use the following representation of the potential:

Ṽqs(x) =
∑

j∈Zn,j 6=0

vqs,j expi( Epj (0), x), q, s = 1, . . . , m, (3)



Periodic polyharmonic matrix operators 119

whereṼqs(x) are matrix elements of̃V (x), vqs,j , j ∈ Zn, are Fourier coefficients of
Ṽqs(x), (·, ·) is the inner product inRn, Epj (0) are vectors of the dual lattice:

Epj (0) = 2π(j1a
−1
1 , j2a

−1
2 , ..., jna

−1
n ), j ∈ Zn. (4)

In the caseṼ = 0, the eigenvalues and eigenfunctions of the operatorsH0(t), t ∈ K, are
naturally indexed by pairs of indices(j, q), j ∈ Zn, q = 1, . . . , m:

λ0
j,q(t) = p2l

j (t)+ v0q, ψ
0
j,q(t, x) = 1

|Q|1/2 Ee 0
q expi( Epj (t), x),

hereEe 0
q are vectors of the canonical basis inRm: (Ee 0

q )s = δqs, s = 1, . . . , m, and Epj (t) =
Epj (0) + t, Epj (0) being given by (4);p2l

j (t) = | Epj (t)|2l , and the symbol|Q| stands for
the volume ofQ.

The operatorH(t) admits the matrix representation in the basis
{
ψ0
j,q

}
j∈Zn,q=1,... ,m

:

H(j,q)(i,s) = p2l
j (t)δjiδqs + v0qδjiδqs + vqs,j−i .

In physical literature, the important concept of an isoenergetic surface of a periodic operator
is used (see f.e. [Ki,Ma]). It is said that a pointt belongs to the isoenergetic surfaceS(k) of
the operatorH , if the operatorH(t) has an eigenvalue equal tok2l , i.e., if there is ans such
thatλs(t) = k2l . Let us consider the isoenergetic surface of the operatorH0 = (−1)l+V0.
The isoenergetic surfaceS0(k) of H0 is the set inK, such that everyt ∈ S0(k) satisfies
the equationp2l

j (t)+ v0q = k2l at least for one pair(j, q). The surface can be obtained as

follows: the spheres of the radiuses
(
k2l − v0q

)1/2l
, q = 1, ..., m centered at the origin of

Rn, are divided into pieces by the dual lattice{ Epj (0)}j∈Zn , and, then, all these pieces are
shifted into the elementary cellK of the dual lattice. Thus, we obtainm spheres ‘packed
into the bag’K. If v0q = v0s for q 6= s, then the corresponding spheres coincide. Thus,
the real number of spheres is equal to the number ofdifferententries inV0. Each point
of a degenerated sphere corresponds to a multiple eigenvalue. The self-intersections of
S0(k) are described by the equations:p2l

j (t) + v0q = p2l
i (t) + v0s , j, i ∈ Zn, j 6= i,

q, s = 1, ..., m.
Let S1(k) ⊆ S0(k). We say thatS1(k) has an asymptotically full measure onS0(k) if

the relation

s(S1(k))

s(S0(k))

−−−→
k→∞ 1 (5)

holds, wheres(·) is the area of a set, counting the multiplicity of the spheres.

2. The main results

For anyt ∈ S0(k) there is a pair(j, q) such that

p2l
j (t)+ v0q = k2l , (6)

i.e.,H0(t) has an eigenvalue equal tok2l . The multiplicity of this eigenvalue is at least
equal to the multiplicitymq of v0q as an entry inV0. Let us consider the situation when it
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is greater. In fact, all other eigenvalues ofH0 can be represented by eitherp2l
j (t) + v0s ,

v0s 6= v0q , or p2l
i (t) + v0s , i 6= j , s being any number of 1, ..., m including q. The

eigenvalues of the first type are separated from (6) by a distance not less than

d0 = min
s,r:v0s 6=v0r

|v0s − v0r |. (7)

An eigenvalue of the second type may coincide with (6). In other words, (6) has the
multiplicity greater thanms if and only if there arei 6= j ands = 1, . . . , m, such that

p2l
j (t)+ v0q = p2l

i (t)+ v0s . (8)

This condition describes a self-intersection of the isoenergetic surfaceS0(k). Obviously,
the set of the pointst satisfying (8) has the measure zero onS0(k).

We introduce a setχ0(k, δ), δ being a positive parameter, asS0(k)\A0(k, δ), where
A0(k, δ) is the (k−n+1−δ)-neighborhood of all the self-intersections (8) ofS0(k). The
properties ofχ0(k, δ) are described by the following lemma.

Lemma1. If t belongs toχ0(k, δ), then there are a unique indexj and a unique value
v0q , such that(6) holds. Moreover, for all i 6= j ands = 1, ..., m:∣∣∣p2l

j (t)+ v0q − p2l
i (t)− v0s

∣∣∣ > 2k2l−n−δ. (9)

The setχ0(k, δ) has an asymptotically full measure onS0(k).

Lemma 1 is stable in the(k−n+1−2δ)-neighborhood ofχ0(k, δ) in the sense that, those
points, which are close toχ0(k, δ), satisfy equation (6) approximately and also satisfy (9).
The following generalization of Lemma 1 holds:

Lemma2. If t belongs to the(k−n+1−2δ)-neighborhood ofχ0(k, δ), then there are a
unique indexj and a unique valuev0q , such that

|p2l
j (t)+ v0q − k2l | < 3lk2l−n−2δ (10)

and the inequality(9) holds for all i 6= j and s = 1, . . . , m. The setχ0(k, δ) has an
asymptotically full measure onS0(k).

Thus, if t ∈ χ0(k, δ), there is only one indexj = j (t) and there is only one value
v0q satisfying (6). When all the entries ofV0 are different from each other, the index
q = q(t) is defined uniquely byv0q . If there are multiple entries inV0, we defineq(t) as
the smallest of all indices satisfying (6). By this rule,q(t) is defined uniquely. Whent is in
the(k−n+1−2δ)-neighborhood ofχ0(k, δ), the indicesj (t) andq(t) are uniquely defined
by inequality (10). We denote bymq the multiplicity of v0q , i.e.,mq : v0,q−1 < v0,q =
· · · = v0,q+mq−1 < v0,q+mq .

COROLLARY 1

If 2l ≤ n, and t is in the(k−n+1−2δ)-neighborhood ofχ0(k, δ), then the operatorH0(t)

has a unique eigenvalue satisfying(10). It has the multiplicitymq . The distance from
p2l
j (t)+ v0q to the nearest other eigenvalue ofH0(t) is not less than2k2l−n−δ, for k large

enough.
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In fact, according to the lemma, the eigenvalues of the second type are separated from
p2l
j (t)+v0q at least by the distance 2k2l−n−δ. The eigenvalues of the first type are separated

at least by the distanced0 (see (7)), which does not depend onk and obviously greater
than 2k2l−n−δ for k large enough.

COROLLARY 2

If 2l > n, 0 < δ < 2l − n, and t is in the(k−n+1−2δ)-neighborhood ofχ0(k, δ), then
the operatorH0(t) has a unique eigenvalue satisfying(10). It has the multiplicitymq . The
distance fromp2l

j (t)+ v0q = k2l to the nearest other eigenvalue ofH0(t) is not less than
d0, for k large enough.

This corollary is based on the fact thatd0 < 2k2l−n−δ for 2l > n, 0< δ < 2l − n, and
k large enough.

Let us consider the circleC0 in the complex plane, which is centered atz = k2l and has
the radiusk2l−n−δ:

C0 = {z : |z− k2l | = k2l−n−δ}.

If 2l ≤ n and t belongs to the(k−n+1−2δ)-neighborhood ofχ0(k, δ), then according to
Corollary 1, the circle includes only one eigenvalue ofH0(t). It has the multiplicitymq .
If 2l > n, 0 < δ < 2l − n, then the circle includes all the eigenvalues given by the
formula

p2l
j (t)+ v0s , s = 1, 2, . . . , m,

since |v0s − v0q | < k2l−n−δ. All other eigenvalues are outside the circle. Counting
multiplicity, we have exactlym eigenvalues ofH0(t) inside the circle.

In the scalar situationm = mq = 1, i.e., the circle has one simple eigenvalue ofH0(t)

inside. In the matrix situation we can have multiple eigenvalues, which makes it more
difficult to describe their shift under the perturbationαṼ .

If we can prove the convergence of a perturbation series for the resolvent ofH(t) on
C0, then the number of eigenvalues insideC0 does not change with perturbation. The
circleC0 is chosen in such a way, that its distance from the eigenvalues ofH0(t) is equal
to k2l−n−δ, if t ∈ χ(k, δ). When 2l > n, 0 < δ < 2l − n, andt is in the(k−n+1−2δ)-
neighborhood ofχ0(k, δ), the perturbation series converges onC0, since the distance
from C0 to the unperturbed eigenvalues is greater than‖Ṽ ‖ for k large enough. When
2l ≤ n then, generally speaking, the perturbation series diverges fort ∈ χ0(k, δ), since
the distance fromC0 to the eigenvalues is small (it goes to zero ask → ∞). We construct
a ‘nonsingular’ setχ1 ⊂ χ0(k, δ), such that it provides the convergence of the series in
the case 2l ≤ n and also improves the convergence in the case 2l > n.

Lemma3. Let0< β < 1,and0< 2δ < (n− 1)(1−β). Then, for any sufficiently large
k, k > k0(β, δ, a1, . . . an), there exists a setχ1(k, β, δ) ⊂ χ0(k, δ) ⊂ S0(k), such that for
any pointt in the(k−n+1−2δ)-neighborhood of this set the following inequality holds:

min
z∈C0

min
i,i′∈Zn,0<|i−i′|<kβ,
s,s′=1,... ,m

|p2l
i (t)+ v0s − z||p2l

i′ (t)+ v0s′ − z | > k2γ ,

2γ = 4l − n− 1 − β(n− 1)− 2δ. (11)
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The setχ1(k, β, δ) has an asymptotically full measure onS0(k). Moreover,

s(S0(k)\ χ1(k, β, δ))

s(S0(k))
=k→∞ O(k−δ/8). (12)

Further we assume: 0< β < β0, β0 = min{1, (4l−n− 1)(n− 1)−1}, and 0< δ < δ0,
δ0 = 1

4 min{(n− 1)(1− β), 4l− n− 1− β(n− 1)}. Obviously, under these conditionsγ
is positive.

The setχ1(k, β, δ) provides the convergence of the series for the resolvent:

Theorem 1. If t belongs to the(k−n+1−2δ)-neighborhood ofχ1(k, β, δ) in K, then the
perturbation series for the resolvent

(H(t)− z)−1 = (H0(t)− z)−1
∞∑
r=0

(
−αṼ (H0(t)− z)−1

)r
(13)

converges in the class of bounded operators for anyz ∈ C0.

This theorem enables us to obtain asymptotic formulae for Bloch eigenvalues and the
corresponding spectral projections. The next two theorems provide information about the
location of eigenvalues.

Theorem 2. If 2l ≤ n and t belongs to the(k−n+1−2δ)-neighborhood ofχ1(k, β, δ),
then there are exactlymq , q = q(t), eigenvalues of the operatorH(t) in the interval10 =
[p2l
j (t)+ v0q − k2l−n−δ, p2l

j (t)+ v0q + k2l−n−δ]. In fact, they are located in the smaller

interval11 = [p2l
j (t)+ v0q − k−2l+1+ζ , p2l

j (t)+ v0q + k−2l+1+ζ ], ζ = β(n− 1)+ 2δ.
The corresponding spectral projection is given by the series:

E(t) = E0 +
∞∑
r=1

αrGr(k, t), (14)

whereE0 is the unperturbed spectral projection:

E0 =
q+mq−1∑
s=q

E0s , (E0s)(ip)(i′p′) = δii′δjiδpp′δps, (15)

the operatorsGr are given by the formula

Gr(k, t) = (−1)r+1

2πi

∮
C0

((H0(t)− z)−1Ṽ )r (H0(t)− z)−1dz, r = 1, 2, ...,

(16)

and satisfy the estimates:

‖ Gr(k, t) ‖ < crV k
−γ r , r = 1, 2, ..., (17)

cV not depending onk, ‖ · ‖ being the norm in the class of bounded operators.

Theorem 3. If 2l > n and t belongs to the(k−n+1−2δ)-neighborhood ofχ1(k, β, δ),
then there are exactlym eigenvalues of the operatorH(t) in the interval



Periodic polyharmonic matrix operators 123

10 = [p2l
j (t) + v0q − k2l−n−δ, p2l

j (t) + v0q + k2l−n−δ]. In fact, they are located in the

smaller intervals1s = [p2l
j +v0s −k−2l+1+ζ , p2l

j +v0s +k−2l+1+ζ ], ζ = β(n−1)+2δ,
s = 1, . . . , m. The corresponding spectral projection is given by the series

E(t) = E0 +
∞∑
r=1

αrGr(k, t), (18)

whereE0 is the unperturbed spectral projection:

E0 =
m∑
s=1

E0s , (E0s)(ip)(i′p′) = δii′δjiδpp′δps, (19)

the operatorsGr are given by formula(16)and satisfy the estimates(17).

Remark.It is possible to construct the perturbation series for each interval1s separately,
however it gives slower convergence.

The proof of the Bethe–Sommerfeld conjecture for the scalar polyharmonic operator
in [K1,K2] is essentially based on the fact that there is a unique simple eigenvalue in the
interval10. Under such circumstances it is possible to differentiate the eigenvalue with
respect tot , to obtain a suitable estimate from below for the derivative and to prove, using
the estimate, that any sufficiently largek2l belongs to the spectrum ofH . In the present
case we do not have, generally speaking, the uniqueness of eigenvalue. However, it is still
possible to get the estimates for the derivatives of eigenvalues with respect tot and to prove
the following theorem.

Theorem 4. (The proof of the Bethe–Sommerfeld conjecture). There is only a finite num-
ber of gaps in the spectrum of the operatorH .

3. The proofs

The proof of Lemma 2, up to minor technical details, coincides with the proof of Lemma
2.5 in [K2]. For the scalar case the setχ1(k, β, δ) is explicitly constructed in [K2] (Lemma
3.3) and it is proved (Lemma 3.6) thatχ1(k, β, δ) has an asymptotically full measure in
the sense (12). The proof of Lemma 2 is analogous to the proof in [K2].

The proof of Theorem 1.Let us rewrite the series (13) in the form:

(H(t)− z)−1 = (H0(t)− z)−1 +
∞∑
r=1

(H0(t)− z)−1/2(−αA)r(H0(t)− z)−1/2,

A = (H0(t)− z)−1/2Ṽ (H0(t)− z)−1/2. (20)

We prove that the perturbation series converges for anyt , satisfying (9) and (11). Inequality
(9) and the definition ofC0 yields the estimate:

‖(H0 − z)−1/2‖ =
(

min
i∈Zn, s=1,2,... ,m

|p2l
i (t)+ v0s − z|

)−1/2

= k−(2l−n−δ)/2.

(21)
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To prove the convergence of the series for a largek, it is enough to check that

‖A‖ < cV k
−γ , z ∈ C0 (22)

CV not depending onk. The matrix elements of the operatorA are given by the formula:

A(is)(i′s′) = vss′,i−i′√(
p2l
i (t)+ v0s − z

) (
p2l
i′ (t)+ v0s′ − z

) , (23)

if i 6= i′ and are equal to zero ifi = i′. We representA in the formA = A′ + A′′, where

A′
(is)(i′s′) =

{
A(is)(i′s′), if 0 < |i − i′| < kβ

0, otherwise

and, correspondingly,

A′′
(is)(i′s′) =

{
0, if |i − i′| < kβ,

A(is)(i′s′), otherwise.

Considering the estimate (11), we see that the denominator on the right hand side of (23)
can be bounded from below bykγ , when 0< |i − i′| < kβ . Therefore,∣∣∣A′

(is)(i′s′)

∣∣∣ < |vss′,i−i′ |k−γ .

Taking into account thatvss′,i−i′ are the Fourier coefficients of infinitely differentiable
functions, we obtain

sup
s,s′=1,...,m

∑
i∈Zn,|i−i′|<kβ

|vss′,i−i′ | < c̃V

and, therefore,

‖A′(z)‖ < cV k
−γ , z ∈ C0. (24)

Using (21), we obtain∣∣∣A′′
(is)(i′s′)

∣∣∣ < |vss′,i−i′ |k−(2l−n−δ).

Considering thatV is infinitely differentiable, we obtain

sup
s,s′=1,...,m

∑
i∈Zn,|i−i′|>kβ

|vss′,i−i′ | < cV k
2l−n−δ−γ , cV = cV (δ, β, γ )

and, therefore,

‖A′′(z)‖ < cV k
−γ , z ∈ C0. (25)

Adding (24) and (25), we obtain (22).The theorem is proved.
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The proof of Theorem 2.The operatorH0 hasmq eigenvalues insideC0. The fact that
(H(t)− z)−1 is bounded onC0 for all α means that the number of eigenvalues insideC0
does not change with the perturbationαṼ , α ∈ [0, 1]. Since all eigenvalues are real, they
are inside the interval10, which is cut out by the circle on the real axis. Integrating the
resolvent over the contour, we get the corresponding spectral projection:

E(t) = − 1

2πi

∮
C0

(H(t)− z)−1dz. (26)

Substituting the series for the resolvent (13) in the last formula, we obtain (14)–(16).
Considering the estimates (21) and (22), we get (17).

We prove that, in fact, the perturbation series for the resolvent converges on a smaller
circleC1, which has the radiusk−2l+1+ζ and the same centerz = k2l asC0. Let z ∈ C1
andz0 ∈ C0. For all i 6= j :

|p2l
i (t)+ v0s − z| > |p2l

i (t)+ v0s − z0|, (27)

since the circleC1 is smaller thanC0 and, therefore, further away from outside eigenvalues.
Since (11) holds forz0, we easily obtain

|p2l
i (t)+ v0s − z||p2l

i′ (t)+ v0s′ − z| > k2γ when i, i′ 6= j, 0< |i − i′| < kβ.

Supposei = j, i′ 6= j . Then, using (27) fori′, we get

|p2l
j (t)+ v0s − z||p2l

i′ (t)+ v0s′ − z|

>
|p2l
j (t)+ v0s − z|

|p2l
j (t)+ v0s − z0|

|p2l
j (t)+ v0s − z0||p2l

i′ (t)+ v0s′ − z0|.

Using the definitions ofC0 andC1, we obtain

|p2l
j (t)+ v0s − z|

|p2l
j (t)+ v0s − z0|

= k−2l+1+ζ

k2l−n−δ = k−2γ+δ.

Taking into account (11) forz0, we arrive at the inequality:

|p2l
j (t)+ v0s − z||p2l

i′ (t)+ v0s′ − z| > kδ.

Thus, for anyz ∈ C1,

min
i,i′∈Zn,0<|i−i′|<kβ,
s,s′=1,... ,m

|p2l
i (t)+v0s−z| |p2l

i′ (t)+ v0s′ − z| > kδ. (28)

Considering the above, we prove that the perturbation series for the resolvent converges
on the circleC1 for all α ∈ [0, 1]. This means that all eigenvalues are, in fact, inside the
interval11, which is cut out byC1 on the real axis. Note that the series for the resolvent
and, therefore, for the spectral projection converges slower onC1 than onC0, since the
estimate (22) valid onC0 is replaced by a weaker estimate‖A(z)‖ < cV k

−δ onC1. The
theorem is proved.
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The proof of Theorem 3.This is analogous to that of Theorem 2. The only difference is
that we replace the circleC0 by smaller circlesCs which cut out the intervals1s from the
real axis.

Let t0 ∈ χ1(k, β, δ) andt = t0 + τ Eν, where|τ | < k−n+1−2δ, andEν is a unit vector in
Rn. The eigenvaluesλs , lying insideC0, analytically depends onτ . Let us estimate their
derivatives.

Lemma4. If t0 ∈ χ1(k, β, δ) and t = t0 + τ Eν, |τ | < k−n+1−2δ, Eν being a unit vec-
tor in Rn, then the derivative of anyλs(τ ) with respect toτ satisfies the asymptotic
estimate

∂λs(τ )

∂τ
= 2p2l−2

j (t)( Epj (t), Eν)+O(k2l−1−γ ), (29)

whenk → ∞.

Proof. Let us assume for definiteness that 2l ≤ n. There are exactlymq eigenvalues inside
10, counting the multiplicity. Letφs(τ ) be a normalized eigenvector corresponding to a
λs(τ ).1 Then,

∂λs

∂τ
=

〈
∂H0

∂τ
φs(τ ), φs(τ )

〉
, (30)

where< ·, · > is the inner product inl2(Zn)m and∂H0/∂τ is a diagonal matrix:(
∂H0

∂τ

)
(ir)(i′r ′)

= 2p2l−2
i (t)( Epi(t), Eν)δii′δrr ′ , i, i′ ∈ Zn, r, r ′ = 1, . . . , m.

(31)

We denote byEe 0
jr r = q, ..., q + mq − 1 the eigenvectors ofH0(t), corresponding to

p2l
j +v0q : (Ee0

jr )(ir ′) = δij δr ′r , i ∈ Zn, r ′ = 1, . . . , m. They form a basis inE0l2(Z
n)m. Let

us consider the vectorsEejr , r = q, ..., q+mq −1, defined by the formula:Eejr = E(t)Ee 0
jr .

They form a complete almost orthogonal system inE(t)l2(Z
n)m, since

E(t) = E0 +O(k−γ ) (32)

(in the sense of bounded operators) andE0Ee 0
jr = Ee 0

jr , and, therefore,

Eejr = Ee 0
jr +O(k−γ ). (33)

Hence, an eigenvectorφs(τ ) can be represented as a linear combination ofEejr :

φs(τ ) =
q+mq−1∑
r=q

c(s)r Eejr .

Considering that the functionφs(τ ) is normalized, we obtain

q+mq−1∑
r,r ′=q

c(s)r c̄
(s)

r ′ 〈Eejr , Eejr ′ 〉 = 1

1An eigenvectorφs(τ ) is defined up to± sign if λs(τ ) is simple. It is allowed to be any normalized eigenvector
if the multiplicity of λs(τ ) is greater than 1 for allτ . We exclude from the consideration the pointsτ , where two
or more nonidentical eigenvalues coincide, since there is only a finite number of such points.
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and, by (33),

q+mq−1∑
r=q

|c(s)r |2 = 1 +O(k−γ ). (34)

Using again (33), we obtain

φs(τ ) = φ0
s (τ )+ δφs(τ ), (35)

whereφ0
s (τ ) = ∑q+mq−1

r=q c
(s)
r Ee 0

jr , andδφs(τ ) satisfies the estimate:

‖δφs(τ )‖ < cV k
−γ , (36)

‖ · ‖ being the norm inl2(Zn)m. Substituting (35) in (30), we obtain

∂λs(τ )

∂τ
=

〈
∂H0

∂τ
φ0
s (τ ), φ

0
s (τ )

〉
+

〈
∂H0

∂τ
φ0
s (τ ), δφs(τ )

〉

+
〈
∂H0

∂τ
δφs(τ ), φ

0
s (τ )

〉
+

〈
∂H0

∂τ
δφs(τ ), δφs(τ )

〉
. (37)

Obviously,

〈
∂H0

∂τ
φs(τ )

0, φ0
s (τ )

〉
=
q+mq−1∑
r,r ′=q

c(s)r c̄
(s)

r ′

〈
∂H0

∂τ
Ee 0
jr , Ee 0

jr ′

〉
.

Substituting (31), we get

〈
∂H0

∂τ
φ0
s (τ ), φ

0
s (τ )

〉
= 2p2l−2

j (t)( Epj (t), Eν)
q+mq−1∑
r=q

|c(s)r |2.

Taking into account (34), we obtain〈
∂H0

∂τ
φ0
s (τ ), φ

0
s (τ )

〉
= 2p2l−2

j (t)( Epj (t), Eν)
(
1 +O(k−γ )

)
. (38)

Let us estimate‖(∂H0/∂τ) δφs(τ )‖. Using (31), it is easy to show that∥∥∥∥∂H0

∂τ
δφs

∥∥∥∥
2

= 4
∑

i∈Zn,r=1,... ,m

p4l−4
i (t)( Epi(t), Eν)2|(δφs(τ ))ir |2.

We estimate the terms of the series as follows:

p4l−4
i (t)( Epi(t), Eν)2|(δφs)ir |2 ≤ XirYir ,

Xir = p4l−2
i (t)|(δφs)ir |2−(1/l),

Yir = |(δφs)ir |1/l .
Using Hölder’s inequality withp = 2l/(2l − 1), q = 2l, we obtain∥∥∥∥∂H0

∂τ
δφs(τ )

∥∥∥∥
2

≤ ‖H0δφs(τ )‖(2l−1)/ l ‖δφs(τ )‖1/l . (39)
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It is easy to obtain an estimate for‖H0δφs(τ )‖. In fact, φs(τ ) satisfies the equation
H(t)φs(τ ) = λsφs(τ ) andφ0

s (τ ) satisfies the equationH0(t)φ
0
s (τ ) = (p2l

j (t)+v0q)φ
0
s (τ ).

Therefore, the functionδφs satisfies the equation

H0(t)δφs(τ )+ Ṽ φs(τ ) = (p2l
j (t)+ v0q)δφs(τ )+ (λs − p2l

j (t)− v0q)φs(τ ).

Hence,

H0(t)δφs(τ ) = (p2l
j (t)+ v0q)δφs(τ )+ f, ‖f ‖ < CV ,

and‖H0δφs(τ )‖ < k2l ‖δφs(τ )‖ + CV . Noting that 2l − γ > 0 and using (36), we get
‖H0δφs(τ )‖ < CV k

2l−γ . Substituting the last estimate in (39) and using again (36), we
obtain ∣∣∣∣∂H0

∂τ
δφs(τ )

∣∣∣∣ ≤ cV k
2l−1−γ . (40)

Using (36) and (40), we arrive at the inequality:∣∣∣∣
〈
∂H0

∂τ
φ0
s (τ ), δφs(τ )

〉
+

〈
∂H0

∂τ
δφs(τ ), φ

0
s (τ )

〉

+
〈
∂H0

∂τ
δφs(τ ), δφs(τ )

〉∣∣∣∣ < cV k
2l−1−γ . (41)

Combining (30), (37), (38) and (41), we get (29). The analogous considerations give the
proof of the lemma for the case 2l > n. The lemma is proved.

COROLLARY 3

Suppose thatEν is chosen in such a way that|( Epj (t), Eν)| > pj (t)/2. Then,

∂λs

∂τ
= 2p2l−2

j (t)( Epj (t), Eν)
(
1 +O(k−γ )

)
. (42)

In fact, it is easy to see that the first term in the asymptotic formula (29) is the main one,

since it satisfies the inequality
∣∣∣2p2l−2

j (t)( Epj (t), Eν)
∣∣∣ > k2l−1. Therefore, (42) holds.

Remark.The right part of (42) does not essentially depend ons. This means that,
when τ changes, the eigenvaluesλs(τ ) lying in 10 move essentially as a group – all
together.

The proof of Theorem 4.It is enough to prove that allk2l , which are large enough, belong
to the spectrum ofH . Let t0 ∈ χ1(k, β, δ). There is a pair(j, q) such thatp2l

j (t0)+ v0q =
k2l . Let Eν be a unit vector in the direction ofEpj (t0). According to Theorems 2 and 3, for
anyt = t0 + τν, |τ | < k−n+1−2δ andk large enough, there are exactlymq eigenvalues of
H(t), which satisfy the estimate

|λs(τ )− (p2l
j (t)+ v0q)| < cV k

−2l+1+ζ . (43)
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The functionsλs(τ ) analytically depend onτ . Using Corollary 3 and the special choice of
vectorEν, we obtain

∂λs(τ )

∂τ
= 2p2l−1

j (t) (1 + o(1)) , (44)

for any eigenvalueλs satisfying (43). We considerλs(τ ) as a function ofτ in the domain
[−τ0, τ0], τ0 = k−n+1−2δ. It follows from (44) thatλs(τ ) is a monotonic function. Since
it is continuous, its range is the interval [λs(−τ0), λs(τ0)]. Taking into account (43), we
obtain

λs(−τ0) = p2l
j (t0 − τ0Eν)+ v0q +O(k−2l+1+ζ )

= (k0 − τ0)
2l + v0q +O(k−2l+1+ζ ),

k0 = pj (t0) =
(
k2l − v0q

)1/2l
.

Similarly,

λs(τ0) = p2l
j (t0 + τ0Eν)+ v0q +O(k−2l+1+ζ )

= (k0 + τ0)
2l + v0q +O(k−2l+1+ζ ).

It is easy to observe thatk2l
0 +v0q = k2l andk2l−1

0 τ0 = k2l−n−2δ > k−2l+1+ζ . Therefore
the interval [λs(−τ0), λs(τ0)] contains [k2l − k2l−1τ0, k

2l + k2l−1τ0] when k is large
enough, and, obviously, containsk2l . Thus, there is a valueτs such thatλs(τs) = k2l , i.e.,
the pointλ = k2l belongs to the spectrum.The theorem is proved.
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