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The universal eigenvalue bounds of Payne–Ṕolya–Weinberger,
Hile–Protter, and H C Yang
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Abstract. In this paper we present a unified and simplified approach to the universal
eigenvalue inequalities of Payne–Pólya–Weinberger, Hile–Protter, and Yang. We then
generalize these results to inhomogeneous membranes and Schrödinger’s equation with
a nonnegative potential. We also show that Yang’s inequality is always better than Hile–
Protter’s (and hence also better than Payne–Pólya–Weinberger’s). In fact, Yang’s weaker
inequality (which deserves to be better known),

λk+1 <

(
1 + 4

n

)
1

k

k∑
i=1

λi,

is also strictly better than Hile–Protter’s. Finally, we treat Yang’s (and related) inequalities
for minimal submanifolds of a sphere and domains contained in a sphere by our methods.

Keywords. Eigenvalues of the Laplacian; universal inequalities for eigenvalues;
eigenvalue ratios; the Payne–Pólya–Weinberger inequality

1. Introduction

In this paper we consider the eigenvalue problem for the Laplacian (and certain general-
izations, as discussed in §§ 4 and 5) on a bounded domain (= connected open set)� ⊂ R

n

given by

−1u = λu in �, (1.1)

u = 0 on∂�. (1.2)

This is the so-calledfixed membrane problem(in two dimensions the eigenvaluesλ are
proportional to the squares of the characteristic vibrational frequencies of a uniformly
stretched homogeneous membrane in the shape of� with fixed edges). It is well-known
that the spectrum of this problem is precisely{λi}∞i=1 where

0 < λ1 < λ2 ≤ λ3 ≤ · · · ↗ ∞. (1.3)

Here eachλi is an eigenvalue of finite multiplicity which is repeated according to its
multiplicity. We let{ui}∞i=1 be an associated orthonormal basis of real eigenfunctions. We
can takeu1 > 0 on�, which we do henceforth. Since theui ’s are taken to be real-valued,
we can go forward under the assumption thatL2(�) represents the real Hilbert space of
real-valuedL2 functions on�. Thus we can dispense with all complex-conjugations in
our inner products.
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In 1956 Payne, Ṕolya, and Weinberger [27] (henceforth PPW; see also [26]) proved the
following universal inequalitiesfor theλi ’s in the case whenn = 2:

λk+1 − λk ≤ 2

k
(λ1 + λ2 + · · · + λk) for k = 1, 2, . . . . (1.4)

By a straightforward application of their procedure to the case of generaln one arrives at

λk+1 − λk ≤ 4

nk

k∑
i=1

λi for k = 1, 2, . . . , (1.5)

which we shall refer to in this paper as thePPW inequality. This generalized inequality
was first hinted at explicitly by Thompson [32], but certainly it is implicit in the work
of PPW. Inequality (1.5) is called a universal inequality because it applies to all domains
� ⊂ R

n ‘universally’.
A stronger inequality was derived in 1980 by Hile and Protter [18] (henceforth HP),

who used the same basic techniques as PPW to prove

k∑
i=1

λi

λk+1 − λi

≥ nk

4
for k = 1, 2, . . . . (1.6)

Here the left-hand side is to be interpreted as infinity ifλk+1 = λk. We shall refer to
inequality (1.6) as theHP inequality. Note that (1.6) implies (1.5), since we can replace
theλi in the denominator of (1.6) byλk to obtain (1.5).

More recently, Yang [33] derived the inequality

k∑
i=1

(λk+1 − λi)

(
λk+1 −

(
1 + 4

n

)
λi

)
≤ 0 for k = 1, 2, . . . (1.7)

in 1991. This inequality will be referred to henceforth asYang’s inequality, or sometimes
asYang’s first inequalityto distinguish it from a simpler inequality implied by it (to be
called Yang’s second inequality). Inequality (1.7) is an implicit bound forλk+1, but we
can derive an explicit bound from it by observing that its left-hand side is just a quadratic
in λk+1:

kλ2
k+1 −

(
2 + 4

n

)( k∑
i=1

λi

)
λk+1 +

(
1 + 4

n

) k∑
i=1

λ2
i . (1.8)

Thus we must haveλk+1 ≤ [larger root] or

λk+1 ≤ 1

2k

{(
2 + 4

n

)( k∑
i=1

λi

)

+

(2 + 4

n

)2
(

k∑
i=1

λi

)2

− 4k

(
1 + 4

n

) k∑
i=1

λ2
i




1
2


 (1.9)

for k=1, 2, . . . . If we now eliminatek
∑k

i=1 λ2
i in favor of

(∑k
i=1 λi

)2
usingk

∑k
i=1 λ2

i ≥(∑k
i=1 λi

)2
(an easy consequence of the Cauchy–Schwarz inequality) and observe that
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(
2 + 4

n

)2 − 4
(
1 + 4

n

)
=
((

1 + 4
n

)
+ 1

)2 − 4
(
1 + 4

n

)
=
((

1 + 4
n

)
− 1

)2 =
(

4
n

)2
,

we arrive atYang’s second inequality

λk+1 ≤ 1

k

(
1 + 4

n

) k∑
i=1

λi for k = 1, 2, . . . . (1.10)

This inequality is clearly stronger than the PPW inequality, since it results from replacing
the λk on the left-hand side of (1.5) by the average of the firstk eigenvalues andλk is
certainly larger than or equal to(λ1 + . . . + λk)/k (in fact, strictly larger fork > 1 since
we know by (1.3) that thenλ1 < λk). Thus, we conclude that both of Yang’s inequalities
are stronger than the PPW inequality (1.5).

That the smaller root of (1.8) is of little interest follows easily from the expression for
(1.8) found on the left-hand side of (1.7), which we now denote by

Hk(x) ≡
k∑

i=1

(x − λi)

(
x −

(
1 + 4

n

)
λi

)
for k ≥ 1, (1.11)

to emphasize its dependence onx as a variable, and on the indexk (we also defineH0(x) ≡
0). Now (1.7) readsHk(λk+1) ≤ 0 and sinceHk(x) is a quadratic inx it follows that
[smaller root]≤ λk+1 ≤ [larger root]. However, if we substitutex = λk in Hk, the last
term in the sum in (1.11) drops out and we find

Hk(λk) = Hk−1(λk) ≤ 0, (1.12)

showing that the smaller root ofHk is always less than or equal toλk. Sinceλk+1 ≥ λk

always, this makes the smaller root irrelevant for our considerations here. Observations
in this direction were made earlier by Yang [33] (see p. 7 of the 1995 version) and by
Harrell and Stubbe [17] (see Proposition 6, parts (i) and (iii), on p. 1802), both of whom
had somewhat different aims in view. We note thatλk ≥ [smaller root ofHk] is irrelevant
as well, since by the above this (implicit) inequality follows fromHk−1(λk) ≤ 0, which
is nothing but Yang’s first inequality withk shifted down by 1 (but this is not the point of
view of [33] and [17]).

In this paper we give simplified proofs of the Hile–Protter and Yang inequalities (from
either of which the PPW inequality may be recovered, as noted above). Moreover, given
our simplified proof of the HP inequality, we show that Yang’s inequality requires us to
incorporate only one new element: the ‘optimal’ use of the Cauchy–Schwarz inequality
(which we discuss in § 2).

While our two proofs will certainly suggest that Yang’s inequality is stronger than the HP
inequality, it is not entirely straightforward to prove this fact. In § 3 we give aproof based
on convexity. In fact, we show that Yang’s second inequality implies the HP inequality and
thus that

Yang 1⇒ Yang 2⇒ HP ⇒ PPW. (1.13)

These implications hold for eachk, k = 1, 2, 3, . . . .
In § 4 weconsider other eigenvalue problems which extend problem (1.1)–(1.2) to more

general operators than the Laplacian. In particular, we consider Schrödinger operators
−1 + V (Ex) with V ≥ 0 on � and eigenvalue problems with a weight (e.g., the fixed
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membrane of variable densityρ(Ex), with eigenvalue problem−1u = λρ(Ex)u in �,
u = 0 on∂�). Indeed, with no extra effort we handle the problem that includes both these
extensions simultaneously, i.e., a potentialV (Ex) ≥ 0 and a variable densityρ(Ex) > 0.

Finally in § 5 we use ourapproach to treat two further problems considered by Yang,
showing that our simplified approach to Yang’s inequalities works for them as well. These
are the problems of a minimal hypersurfaceM ⊂ S

n+1 (in fact, M can be any minimal
submanifold) and of a domain� ⊂ S

n. That is, we consider inequalities for the eigenvalues
of the Laplacian (= Laplace–Beltrami operator for the sphere) on these two sets (in the
latter case our eigenvalues are for the boundary conditionu = 0 on∂�). In § 6 weconclude
with some remarks concerning extensions and further work.

2. Proofs of the Hile–Protter and Yang inequalities

The basic strategy is to use the Rayleigh–Ritz inequality

λk+1 ≤
∫
�

ϕ(−1ϕ)∫
�

ϕ2
, (2.1)

which holds for a trial functionϕ which is nontrivial and orthogonal tou1, u2, . . . , uk.
For suitable choices ofϕ, built up fromu1, . . . , uk, we can find bounds forλk+1 in terms
of the eigenvalues,λ1, λ2, . . . , λk.

In particular, we take

ϕ = ϕi = xui −
k∑

j=1

aijuj for 1 ≤ i ≤ k (2.2)

wherex represents the first cartesian coordinatex1 (and later any cartesian coordinatex`)
and the coefficientsaij , 1 ≤ i, j ≤ k, are chosen to makeϕi⊥uj for all 1 ≤ i, j ≤ k.
Thus theaij are the components ofxui alonguj or

aij =
∫

�

xuiuj = aji . (2.3)

Furthermore, we find∫
�

ϕ2
i =

∫
�

xuiϕi =
∫

�

x2u2
i −

k∑
j=1

a2
ij , (2.4)

−1ϕi = −1(xui) −
k∑

j=1

aij (−1uj )

= λixui − 2uix −
k∑

j=1

aijλjuj , (2.5)

and hence (sinceϕi⊥uj for all 1 ≤ i, j ≤ k)∫
�

ϕi(−1ϕi) = λi

∫
�

xuiϕi − 2
∫

�

ϕiuix

= λi

∫
�

ϕ2
i − 2

∫
�

ϕiuix. (2.6)
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Here and in the following we use the notationuix to denote the partial derivative ofui with
respect to the variablex. Now from the Rayleigh–Ritz inequality (2.1) we can conclude

(λk+1 − λi)

∫
�

ϕ2
i ≤ −2

∫
�

ϕiuix, (2.7)

which holds whether or notϕi happens to vanish identically. In particular we can conclude
that

0 ≤ −2
∫

�

ϕiuix = −2
∫

�

[
xui −

k∑
j=1

aijuj

]
uix

= −
∫

�

x(u2
i )x + 2

k∑
j=1

aij

∫
�

uixuj

=
∫

�

u2
i + 2

k∑
j=1

aij bij (2.8)

after integrating by parts and introducing

bij ≡
∫

�

uixuj . (2.9)

We rewrite (2.7) as

λk+1 − λi ≤ −2
∫
�

ϕiuix∫
�

ϕ2
i

, (2.10)

where the right-hand side is to be interpreted as infinity ifϕi vanishes identically. We now
use the Cauchy–Schwarz inequality on−2

∫
�

ϕiuix to put (2.10) into a more manageable
form. We have

(
−2

∫
�

ϕiuix

)2

≤ 4

(∫
�

ϕ2
i

)(∫
�

u2
ix

)
(2.11)

or, since−2
∫
�

ϕiuix ≥ 0,

−2
∫
�

ϕiuix∫
�

ϕ2
i

≤ 4
∫
�

u2
ix

−2
∫
�

ϕiuix

, (2.12)

again with the understanding that ifϕi ≡ 0 both members are to be interpreted as infinity,
and, moreover, that whenever

∫
�

ϕiuix = 0 we interpret the right-hand side of (2.12) as
infinity. Thus, combining (2.10) with (2.12) and then using (2.8), we find

λk+1 − λi ≤ 4
∫
�

u2
ix

−2
∫
�

ϕiuix

= 4
∫
�

u2
ix

1 + 2
∑k

j=1 aij bij

. (2.13)
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It only remains to findbij in terms ofaij . We have

2bij = 2
∫

�

uixuj

=
∫

�

[1(xui) − x1ui ]uj

= −
∫

�

xui(−1uj ) +
∫

�

x(−1ui)uj

= (λi − λj )aij (2.14)

where we employed two integrations by parts on the first term of the integral in passing
from the second to the third line (both boundary terms vanish due to the fact that each
ui = 0 on ∂�). Note, in particular, thatbji = −bij , i.e., thatbij is antisymmetric. We
therefore have

0 ≤ −2
∫

�

ϕiuix = 1 +
k∑

j=1

(λi − λj )a
2
ij (2.15)

and hence from (2.13)

(λk+1 − λi)

[
1 +

k∑
j=1

(λi − λj )a
2
ij

]
≤ 4

∫
�

u2
ix . (2.16)

Next we observe that everything done above forx = x1 can be carried through forx = x`,
1 ≤ ` ≤ n. Promotingx in this way and with the introduction of̀ as an additional
index, we find, in obvious notation, that we need to make the following replacements:
x → x`, ϕi → ϕ

(`)
i , aij → a

(`)
ij , bij → b

(`)
ij . In particular, (2.16) becomes

(λk+1 − λi)

[
1 +

k∑
j=1

(λi − λj )(a
(`)
ij )2

]
≤ 4

∫
�

u2
ix`

. (2.17)

By summing (2.17) oǹ for ` = 1, . . . , n and using the fact thatλi = ∫
�

|∇ui |2 we find

(λk+1 − λi)

[
n +

k∑
j=1

(λi − λj )Aij

]
≤ 4

∫
�

|∇ui | = 4λi, (2.18)

where we have set

Aij =
n∑

`=1

(a
(`)
ij )2. (2.19)

We note that

Aij = Aji ≥ 0. (2.20)

To prove the Hile–Protter inequality, it simply remains to observe that we can eliminate
the uncontrolled terms inAij by dividing (2.18) through byλk+1 − λi and then summing
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on i from 1 tok. The terms in(λi − λj )Aij then disappear, due to antisymmetry, and we
are left with

k∑
i=1

λi

λk+1 − λi

≥ nk

4
, (2.21)

the HP inequality (1.6).
To prove Yang’s inequality we use the same basic strategy, but with one improve-

ment. This is what we refer to as the ‘optimal’ use of the Cauchy–Schwarz inequality.
Once this modification is effected, we have only to find a new way to exploit the anti-
symmetry of the combination of terms involvingaij bij (see (2.8)) andb2

ij (see (2.22)
below) to eliminate them. This is quite straightforward, and leads immediately to Yang’s
inequality.

To proceed, we back up to our use of the Cauchy–Schwarz inequality in (2.11) and
observe that the inner product

∫
�

ϕiuix is unaffected by subtracting fromuix any function
which is orthogonal toϕi . In particular, sinceϕi⊥uj for all 1 ≤ i, j ≤ k, it is natural (and
‘optimal’ in this setting) to subtract fromuix its components along theuj ’s for 1 ≤ j ≤ k.
Now these components are none other than ourbij ’s, defined bybij = ∫

�
uixuj . Thus in

place of (2.11) we write

(
−2

∫
�

ϕiuix

)2

=
(

−2
∫

�

ϕi

[
uix −

k∑
j=1

bijuj

])2

≤ 4

(∫
�

ϕ2
i

)∫
�

[
uix −

k∑
j=1

bijuj

]2



= 4

(∫
�

ϕ2
i

)[∫
�

u2
ix −

k∑
j=1

b2
ij

]

=
(∫

�

ϕ2
i

)[
4
∫

�

u2
ix −

k∑
j=1

(λi − λj )
2a2

ij

]
. (2.22)

The net effect of following through with this adjustment is that we arrive at an analog of
(2.16) with its right-hand side replaced by

4

(∫
�

u2
ix −

k∑
j=1

b2
ij

)
= 4

∫
�

u2
ix −

k∑
j=1

(λi − λj )
2a2

ij ,

and thus a stronger inequality. We have in place of (2.16)

(λk+1 − λi)

[
1 +

k∑
j=1

(λi − λj )a
2
ij

]
≤ 4

∫
�

u2
ix −

k∑
j=1

(λi − λj )
2a2

ij (2.23)

or

(λk+1 − λi) +
k∑

j=1

(λk+1 − λj )(λi − λj )a
2
ij ≤ 4

∫
�

u2
ix . (2.24)
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If we now promotex to x` and sum oǹ from 1 ton as before we arrive at

n(λk+1 − λi) +
k∑

j=1

(λk+1 − λj )(λi − λj )Aij ≤ 4
∫

�

|∇ui |2 = 4λi (2.25)

with Aij defined (and symmetric) as above. This time, to eliminate the uncontrolled terms
in Aij using antisymmetry we find ourselves needing to multiply in an extra factor of
λk+1 − λi (rather than dividing by it as above), before summing oni from 1 tok. Doing
this, we arrive at

n

k∑
i=1

(λk+1 − λi)
2 ≤ 4

k∑
i=1

λi(λk+1 − λi) (2.26)

or

k∑
i=1

(λk+1 − λi)

(
λk+1 −

(
1 + 4

n

)
λi

)
≤ 0, (2.27)

which is Yang’s first inequality (1.7).
It seems reasonable to expect, given that Yang’s inequality is based on the strengthened

inequality (2.23) (as opposed to (2.16)), that Yang’s inequality is stronger than Hile and
Protter’s. However, because of the difference in the way we applied the final step, using
antisymmetry to eliminate unwanted terms, this is not obvious. In the next section we use
a convexity argument to show that, in fact, Yang’s weaker second inequality is still enough
to imply the Hile–Protter inequality.

For the record, we also note an easy proof of Yang’s second inequality (‘Yang 2’) based
on our work above. If we simply average (2.18) and (2.25) we obtain

n(λk+1 − λi) +
k∑

j=1

(λk+1 − (λi + λj )/2)(λi − λj )Aij ≤ 4
∫

�

|∇ui |2 = 4λi.

(2.28)

Since the term in the summation here is antisymmetric ini andj , we can just sum oni
from 1 tok directly to obtain

λk+1 ≤
(

1 + 4

n

)
1

k

k∑
i=1

λi for k = 1, 2, . . . (2.29)

which is Yang’s second inequality (1.10). Note that this derivation suggests that Yang 2
is in a sense midway between Yang 1 and the HP inequality. For a related point of view
supporting this position, see Harrell–Stubbe [17] and Ashbaugh–Hermi [8].

Remarks.

(1) Hile and Protter’s original proof of their inequality [18] is much more involved than
that given here. Their proof also appears with little change in [29] (see also [28,30]).

(2) The HP inequality has been dressed in operator theory garb and derived in the context
of operators and their commutators (using eigenprojections and traces) by Hook [20],
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Harrell and Michel [15,16], and Harrell and Stubbe [17]. Indeed, Hook even proves
it with strict inequality. More will be said about the possibility of making all our
inequalities strict at the end of the next section. Hook’s work is also discussed in
Protter’s articles [28–30].

(3) The HP inequality has been generalized to higher order elliptic operators, typically
powers of or polynomials in the Laplacian, beginning with work of Hile and Yeh [19]
in 1984 and Chen [11] in 1985. Chen, alone and with Qian, has a whole series of papers
on this subject, many of which are listed in the references to [5] (and hence we forgo
repeating them here; but see also Qian and Chen [31]). The works of Hook [20] and
Harrell and Michel [16] also deal with higher order operators. In addition, there are
various papers that generalize the PPW, HP, and related inequalities to the eigenvalues
of the Laplacian (= Laplace–Beltrami operator) on a Riemannian manifold. These
include Cheng [12], Maeda [25], Harrell and Michel [15,16], Lee [21], and Yang [33],
as well as several additional papers (by Li [23], Yang and Yau [34], Leung [22],
Harrell [14], and Anghel [2]) listed in [5] (see the remarks near the end of § 2 of [5]
for a relatively complete survey of the literature of PPW-related bounds as of 1993).
Maeda’s early paper [25] seems to have been entirely overlooked in the literature until
now.

(4) The proof of the HP inequality given above first appeared in [5]. We presented it
again here for comparison with our new proof of Yang’s inequality. As noted here,
one only needs to incorporate our ‘optimal’ use of the Cauchy–Schwarz inequality
and see how to make use of antisymmetry to free us of unwanted terms to promote
this proof to a full proof of Yang’s inequality.

(5) Harrell and Stubbe [17] have also given a proof of Yang’s inequality. Their proof is
from the operator viewpoint and uses a clever identity for sorting terms by symmetry
or antisymmetry. They also give related inequalities based on these ideas. However,
their proof does not seem as simple and straightforward as the one given here.

(6) Similar ideas to those used in our proof of Yang’s inequality above (and specifically
our ‘optimal’ use of the Cauchy–Schwarz inequality) were used in [6]. However, there
the interest was solely in the first three eigenvalues,λ1, λ2, andλ3, and, in particular,
the last part of the general argument, elimination of theAij ’s via antisymmetry, was
unknown. While Yang’s original argument [33] used the Cauchy–Schwarz inequality
in what turns out to be an ‘optimal’ way, his proof was much more involved and
less transparent than ours. In particular, it is not clear from Yang’s proof that the
Cauchy–Schwarz inequality is being used in an optimal way in the sense in which
we introduced this notion above.

3. Yang’s inequalities imply the Hile–Protter inequality

In this section we prove that Yang’s second inequality (and therefore his first as well)
implies the Hile–Protter inequality. After that, we examine the extent to which the various
inequalities discussed here can be improved to strict inequalities.

To make the connection between Yang’s second inequality and the Hile–Protter inequal-
ity, we begin by casting the Hile–Protter inequality in a new form (which goes back to
Hile and Protter [18]). Another way to view the HP inequality is in terms of the function

F(s) ≡
k∑

i=1

λi

s − λi

. (3.1)
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This function has poles at theλi, 1 ≤ i ≤ k, and is strictly decreasing between (and
beyond) its poles. In particular, it is strictly decreasing fors > λk, varying from∞ at
s = λk to 0 ats = ∞, and hence there is exactly one valueσ > λk at whichF(σ) = nk/4.
The Hile–Protter inequality may now be interpreted as the inequality

λk+1 ≤ σ. (3.2)

To continue with our convexity argument we set

f (x) = x

s − x
(3.3)

and consider this function forx < s with s positive. Sincef (x) = s/(s − x) − 1, we find
f ′(x) = s/(s − x)2 andf ′′(x) = 2s/(s − x)3, showing thatf (x) is strictly convex for
x ∈ (−∞, s). Observing that

F(s) =
k∑

i=1

f (λi), (3.4)

assumings ≥ λk, and using the convexity off we find

F(s) =
k∑

i=1

f (λi) ≥ kf

(
1

k

k∑
i=1

λi

)

= k

1
k

∑k
i=1 λi

s − 1
k

∑k
i=1 λi

, (3.5)

where we interpret the left-hand side as infinity ifs = λk. Hence

F

((
1 + 4

n

)
1

k

k∑
i=1

λi

)
≥ nk

4
(3.6)

and it follows, by what we said above and the fact that by Yang’s second inequalityλk

(indeedλk+1) is less than or equal to our choice ofs =
(
1 + 4

n

)
1/k

∑k
i=1 λi , that

(
1 + 4

n

)
1

k

k∑
i=1

λi ≤ σ. (3.7)

This shows that the upper bound forλk+1 given by Yang’s second inequality is better than
Hile and Protter’s upper boundσ , and hence that both of Yang’s inequalities are better
than the HP inequality.

We now turn to the question of the strictness of the various inequalities. It turns out
that each of the inequalities discussed here can be made strict, except perhaps Yang’s first
inequality, which we leave undecided. To begin at the beginning, we first go back to our
proof of Yang’s second inequality from our introduction and show how to make it strict. For
this one only has to observe that in our use of the Cauchy–Schwarz inequality following
(1.9) above we will have strict inequality so long as the vector(λ1, λ2, . . . , λk) is not
proportional to(1, 1, . . . , 1), which is true as soon ask ≥ 2 by virtue ofλ2 > λ1. Or one



The universal eigenvalue bounds 13

can draw the same conclusion from either version of the error term (i.e., the right-hand
side) in

k

k∑
i=1

λ2
i −

(
k∑

i=1

λi

)2

= 1

2

k∑
i=1

k∑
j=1

(λi − λj )
2

= k

k∑
i=1

(λi − 〈λ〉k)2, (3.8)

where〈λ〉k = (λ1 + λ2 + · · · + λk)/k denotes the average of the firstk eigenvalues
(which is definitely larger thanλ1 for k ≥ 2). In any event we conclude that Yang’s second
inequality is strict for allk ≥ 2.

The fact that Yang’s second inequality is also strict fork = 1, that is,λ2/λ1 < 1 + 4
n

follows from other known results. In particular, by a result of Brands [9] and its general-
ization to dimensionn (see [4]), we have

λ2 + λ3 + · · · + λn+1

λ1
≤ n + 3 + λ1

λ2
, (3.9)

and from this it follows that

λ2

λ1
≤ n + 3 + √

n2 + 10n + 9

2n
(3.10)

(see [18,4,6], and for the 2-dimensional case [9]; it turns out that (3.10) can itself be made
strict, by results of Chiti [13] and Lorch [24], see also [3,4]). We shall show that the right-
hand side of (3.10) is strictly smaller than 1+ 4

n
for all n > 0. To this end we employ the

theorem of the arithmetic and geometric means as follows:√
n2 + 10n + 9 =

√
(n + 1)(n + 9)

< n + 5,

implying

n + 3 +
√

n2 + 10n + 9 < 2n + 8,

and in turn

n + 3 + √
n2 + 10n + 9

2n
< 1 + 4

n
,

which is the desired result.
Thus Yang’s second inequality is strict for allk. Had we proved this result earlier (which

was certainly possible) we could have avoided dealing with the borderline cases that came
up between equation (3.4) and inequality (3.7) above. In particular, we can arrive at the
HP inequalityλk+1 ≤ σ with strict inequality, by using (3.7) and the strictness of Yang’s
second inequality. Reduced to its essence the argument above runs as follows:

HP ⇔ F(λk+1) ≥ nk/4, but Yang 2 in its strict form andF strictly decreasing⇒
F(λk+1) > F

((
1 + 4

n

)
1
k

∑k
i=1 λi

)
≥ nk/4 = F(σ), which is the HP inequality in its

strict form. Alternatively, we can conclude thatλk+1 < (1 + 4/n) (1/k)
∑k

i=1 λi ≤ σ .
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From the fact that the HP inequality implies the PPW inequality it is immediate that we
can also write the PPW inequality as a strict inequality.

As a further remark we note that it is also possible, at least fork ≥ 2, to introduce a
strict inequality in (3.5) (and hence also in (3.6) and (3.7)) due to the strict convexity of
F and the fact thatλ1 < λ2. This also allows us to conclude that the HP inequality can be
made strict fork ≥ 2 (and thek = 1 case,(λ2/λ1) < 1 + 4

n
, can be handled as before).

Moreover, we find

λk+1 <

(
1 + 4

n

)
1

k

k∑
i=1

λi < σ (3.11)

for all k ≥ 2 (and whenk = 1,λ2 <
(
1 + 4

n

)
λ1 = σ ). This shows, in fact, that fork ≥ 2

Yang’s second inequality (and hence his first as well) is always strictly better than the HP
inequality. In addition, it is easy to see that fork ≥ 2 Yang’s first inequality is strictly better
than his second and that the HP inequality is strictly better than the PPW inequality. The
sense in which ‘strictly better’ is to be understood in the foregoing is as strict comparisons
between the various upper bounds forλk+1 for all realizable choices ofλ1, . . . , λk. Thus,
if we denote our upper bounds forλk+1 by G

(Yang1)
k (λ1, . . . , λk), etc., we have

λk+1 ≤ G
(Yang 1)
k (λ1, . . . , λk) < G

(Yang 2)
k (λ1, . . . , λk)

< G
(HP)
k (λ1, . . . , λk) < G

(PPW)
k (λ1, . . . , λk) (3.12)

for k ≥ 2. Note that

G
(Yang 2)
k (λ1, . . . , λk) =

(
1 + 4

n

)
1

k

k∑
i=1

λi (3.13)

and

G
(PPW)
k (λ1, . . . , λk) = λk + 4

nk

k∑
i=1

λi, (3.14)

but that there do not exist simple expressions for the other two upper bounds in general
(G(Yang 1)

k appears, of course, as the right-hand side of (1.9)). Note, too, that fork = 1 all
four bounds reduce to the identical bound(1 + (4/n)) λ1.

As a final remark, we note that a useful way of comparing the various upper bounds for
λk+1 is to assume the asymptotic behavior

λk ∼ ckα ask → ∞ (3.15)

for some positive constantsc andα and see what the bound tells us about the possible
values ofα (that nothing can be learned aboutc in this way follows from the homogeneity
of our bounds in(λ1, . . . , λk)). Thus we seek to find which powersα are consistent with
the given inequality. It turns out that we get upper bounds forα. From the PPW inequality
we learn nothing: anyα > 0 is consistent and thus we find an upper bound forα of ∞.
The Hile–Protter bound does not lend itself to this analysis so we pass over it here; in any
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event, both Yang inequalities are better. Yang’s second inequality leads easily to the bound
α ≤ 4

n
. To see this one need only know that (3.15) implies

1

k

k∑
i=1

λi ∼ ckα

1 + α
ask → ∞. (3.16)

Finally, to analyse Yang’s first inequality we also need

1

k

k∑
i=1

λ2
i ∼ (ckα)2

1 + 2α
ask → ∞. (3.17)

It is then readily found that for the discriminant in (1.9) to be nonnegative asymptotically
ask → ∞ we must haveα ≤ 2/n, and that, furthermore, when this condition holds the
main inequality holds asymptotically as well. Thus Yang’s first inequality gives the better
boundα ≤ 2/n. Since 2/n is actually the correct power for the Weyl asymptotics ofλk we
see that Yang’s first inequality correctly captures this behavior, whereas none of the weaker
inequalities discussed here does. The reader might also consult Yang’s discussion [33] of
the Weyl asymptotics vis-à-vis the various bounds.

4. Extensions

In this section we extend the results of the previous sections to cover the eigenvalue problem

−1u + V (Ex)u = λρ(Ex)u in � ⊂ R
n, (4.1)

u = 0 on∂�. (4.2)

Here� remains a bounded domain inRn, V (Ex) represents a nonnegative potential, and
ρ(Ex) is a positive function (or density) continuous on�̄. This problem has eigenvalues and
eigenfunctions as above, which we shall continue to denote by{λi}∞i=1 and{ui}∞i=1 where
0 < λ1 < λ2 ≤ λ3 ≤ · · · ↗ ∞ with corresponding real orthonormal basis eigenfunctions
ui , i = 1, 2, 3, . . . . Orthogonality now is with respect to the weighted inner product
introduced below; in particular, we have

∫
�

ρuiuj = δij .
We shall prove the Yang inequalities (ρmax andρmin denote the obvious quantities)

k∑
i=1

(λk+1 − λi)

(
λk+1 −

(
1 + 4

n

ρmax

ρmin

)
λi

)
≤ 0 (4.3)

and

λk+1 <

(
1 + 4

n

ρmax

ρmin

)
1

k

k∑
i=1

λi (4.4)

and then comment on some of their implications and interrelationships as done in previous
sections for their predecessors. The upshot is that all our previous bounds hold if we replace
all occurrences of 4/n by (4/n)(ρmax/ρmin).

While we shall give our proof for the general problem (4.1)–(4.2), it should be noted
that two separate special cases are of greatest interest. These are the Schrödinger operator
problem, whereρ ≡ 1, and the ‘vibrating membrane’ of variable densityρ(Ex), where
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V ≡ 0. After giving the proof we shall return to these two special cases and make some
further comments about them.

To proceed with our proof we setH = −1 + V (Ex) and note that the appropriate inner
product is given by〈f, g〉 = ∫

�
ρfg, i.e., we work in the real Hilbert spaceL2(�, ρ)

whereρ appears as a weight function. (If we were to work primarily in inner product
notation we might well want to view our primary operator asH̃ = (1/ρ(Ex))H , but we
choose not to do this here as we will mainly work using integral notation.) In particular,
the Rayleigh–Ritz inequality now reads

λk+1 ≤
∫
�

ϕ(Hϕ)∫
�

ρϕ2
(4.5)

where the real-valued trial functionϕ must be nontrivial and orthogonal tou1, u2, . . . , uk

(with respect to our weighted inner product).
Proceeding as before we take (withx representing a single cartesian variable)

ϕi = xui −
k∑

j=1

aijuj (4.6)

with aij = ∫
�

ρxuiuj = aij for 1 ≤ i, j ≤ k. This yieldsϕi⊥uj for all 1 ≤ i, j ≤ k and
hence

∫
�

ρϕ2
i =

∫
�

ρxuiϕi =
∫

�

ρx2u2
i −

k∑
j=1

a2
ij . (4.7)

Furthermore

Hϕi = xHui − 2uix −
k∑

j=1

aijHuj

= λiρxui − 2uix −
k∑

j=1

aijλjρuj (4.8)

and if we now multiply byϕi and integrate over� we find∫
�

ϕi(Hϕi) = λi

∫
�

ρxuiϕi − 2
∫

�

ϕiuix

= λi

∫
�

ρϕ2
i − 2

∫
�

ϕiuix (4.9)

by virtue of the orthogonalityϕi⊥uj and (4.7). Using the Rayleigh–Ritz inequality we
obtain

λk+1 − λi ≤ −2
∫
�

ϕiuix∫
�

ρϕ2
i

. (4.10)

We must now try to simplify−2
∫
�

ϕiuix and also apply the Cauchy–Schwarz inequality
much as before. However we have the additional complication that, at least at some point,
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we must introduce a factor ofρ into one of the integrals that results (so as to be able to
cancel with the denominator

∫
�

ρϕ2
i ). We begin by computing

0 ≤ −2
∫

�

ϕiuix = −2
∫

�

[
xui −

k∑
j=1

aijuj

]
uix

= −
∫

�

x(u2
i )x + 2

k∑
j=1

aij

∫
�

uixuj

=
∫

�

u2
i + 2

k∑
j=1

aij bij (4.11)

after integrating by parts and introducing

bij ≡
∫

�

uixuj = −bji . (4.12)

Next we evaluatebij much as we did in § 2:

2bij = 2
∫

�

uixuj

=
∫

�

[1(xui) − x1ui ]uj

= −
∫

�

xui(−1uj ) +
∫

�

x(−1ui)uj

= −
∫

�

xui(Huj ) +
∫

�

x(Hui)uj

= (λi − λj )

∫
�

ρxuiuj

= (λi − λj )aij . (4.13)

Thus

−2
∫

�

ϕiuix =
∫

�

u2
i +

k∑
j=1

(λi − λj )a
2
ij . (4.14)

We remark that here
∫
�

u2
i does not reduce to 1, since our normalization is now

∫
�

ρu2
i = 1.

We now turn to the use of the Cauchy–Schwarz inequality. Unlike in § 2, this time we
shall go straight for the best result, i.e., the analog (4.3) of Yang’s first inequality, and
only afterwards survey the weaker derivative inequalities (the analogs of the PPW, HP, and
Yang 2 inequalities in this setting) in their strong forms (that is, as strict inequalities). Thus
we attempt to ‘make optimal use of the Cauchy–Schwarz inequality’ from the beginning.
To this end we recall thatϕi is orthogonal touj (for 1 ≤ i, j ≤ k) with respect to theL2

inner product weighted byρ, and hence to be able to subtract away the components ofuix

along theuj ’s for 1 ≤ j ≤ k we need to introduce the weightρ appropriately as follows:

−2
∫

�

ϕiuix = −2
∫

�

ρ
1
2 ϕi

[
ρ− 1

2 uix −
k∑

j=1

bijρ
1
2 uj

]
. (4.15)



18 Mark S Ashbaugh

We apply the Cauchy–Schwarz inequality to the integral based on the factored form of the
integrand as shown on the right above. We have

(
−2

∫
�

ϕiuix

)2

≤ 4

(∫
�

ρϕ2
i

)∫
�

[
ρ− 1

2 uix −
k∑

j=1

bijρ
1
2 uj

]2



= 4

(∫
�

ρϕ2
i

)[∫
�

ρ−1u2
ix − 2

k∑
j=1

bij

∫
�

uixuj +
k∑

j=1

b2
ij

]

= 4

(∫
�

ρϕ2
i

)[∫
�

ρ−1u2
ix −

k∑
j=1

b2
ij

]
, (4.16)

where in passing to the second line we used the fact that
∫
�

ρuiuj = δij for i, j = 1, 2, . . . .
Note that while our coefficientsbij in (4.15) could be replaced by arbitrary coefficients,
(4.16) shows that choosing thebij ’s is the best we could do. That is, if we putdij in place
of bij in (4.15), proceed as above to the second line of (4.16), and then choose thedij ’s to
minimize the right-hand side, we finddij = bij . Thus our coefficientsbij are optimal in
this sense. But we should also remark that thebij ’s are the components ofuix along the
uj ’s with respect to anunweightedL2 inner product. This may appear surprising, but is
natural in this context (just as it is natural that noρ appear in the integral definingbij , in
the numerator of the Rayleigh quotient (4.5), or in the computation in (4.11)).

Now since−2
∫
�

ϕiuix ≥ 0 (and with our usual conventions from § 2 on how to interpret
our inequalities if−2

∫
�

ϕiuix = 0), we find from the Rayleigh–Ritz inequality (4.10) and
our subsequent simplifications (4.13), (4.14), and (4.16)

λk+1 − λi ≤ −2
∫
�

ϕiuix∫
�

ρϕ2
i

≤
4
∫
�

ρ−1u2
ix −∑k

j=1(λi − λj )
2a2

ij∫
�

u2
i +∑k

j=1(λi − λj )a
2
ij

(4.17)

or

(λk+1 − λi)

[∫
�

u2
i +

k∑
j=1

(λi − λj )a
2
ij

]
≤ 4

∫
�

ρ−1u2
ix −

k∑
j=1

(λi − λj )
2a2

ij . (4.18)

By collecting all the terms in theaij ’s on the left we arrive at

(λk+1 − λi)

∫
�

u2
i +

k∑
j=1

(λk+1 − λj )(λi − λj )a
2
ij ≤ 4

∫
�

ρ−1u2
ix . (4.19)

We now proceed exactly as in § 2 bypromotingx to x` and summing oǹ from 1 ton to
get

n(λk+1 − λi)

∫
�

u2
i +

k∑
j=1

(λk+1 − λj )(λi − λj )Aij ≤ 4
∫

�

ρ−1|∇ui |2,

(4.20)

where we define

Aij ≡
n∑

`=1

(a
(`)
ij )2 = Aji ≥ 0 (4.21)
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with a
(`)
ij ≡ ∫

�
ρx`uiuj . Then it follows as before that multiplying through byλk+1 − λi

and summing oni from 1 tok will free us of the terms in theAij ’s, leaving

n

k∑
i=1

(λk+1 − λi)
2
∫

�

u2
i ≤ 4

k∑
i=1

(λk+1 − λi)

∫
�

ρ−1|∇ui |2. (4.22)

At this point we are almost done. It would have been nice ifρ had appeared not asρ−1

on the right but asρ on the left, but this situation is easily remedied at the expense of one
factor each ofρmax ≡ maxEx∈�̄ ρ(Ex) andρmin ≡ minEx∈�̄ ρ(Ex). Thus

n

k∑
i=1

(λk+1 − λi)
2
∫

�

ρ

ρmax
u2

i ≤ 4
k∑

i=1

(λk+1 − λi)ρ
−1
min

∫
�

|∇ui |2 (4.23)

or, since
∫
�

|∇ui |2 ≤ λi (recall thatV (Ex) ≥ 0 on�) and
∫
�

ρu2
i = 1,

k∑
i=1

(λk+1 − λi)

(
λk+1 −

(
1 + 4

n

ρmax

ρmin

)
λi

)
≤ 0, (4.24)

which is our analog of Yang’s first inequality in this more general setting. Thus we have
proved the following theorem.

Theorem 4.1. Consider the eigenvalue problem(4.1)–(4.2) where � is a bounded
domain inR

n, V is a nonnegative potential inL∞(�), andρ is a weight function which
is positive and continuous on̄�. Then for eachk = 1, 2, . . . the eigenvalues satisfy
the inequality(4.24). In particular, λk+1 is less than or equal to the larger root of the
quadratic appearing as the left-hand side of(4.24)or explicitly

λk+1 ≤
(

1 + 2

n

ρmax

ρmin

)
1

k

k∑
i=1

λi +

 4

n2

ρ2
max

ρ2
min

(
1

k

k∑
i=1

λi

)2

−
(

1 + 4

n

ρmax

ρmin

)
1

k

k∑
i=1

(λi − 〈λ〉k)2

] 1
2

(4.25)

(here〈λ〉k denotes the average of the firstk eigenvalues, (1/k)
∑k

i=1 λi) and furthermore
λk+1 also satisfies the simpler inequality(the analog of Yang’s second inequality in this
setting)

λk+1 ≤
(

1 + 4

n

ρmax

ρmin

)
1

k

k∑
i=1

λi. (4.26)

Remarks.

(1) It is clear from our transition from (4.22) to (4.23) and (4.24) that all our inequalities
will be strict unlessρ ≡ const. andV ≡ 0. If ρ ≡ const. andV ≡ 0, then we are
back in the case dealt with in the two previous sections and we know that even in this
case every inequality except perhaps (4.24) and (4.25) can be made strict as well.
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(2) Clearlyρmax can be replaced by any upper bound forρ andρmin can be replaced by
any positive lower bound forρ and our inequalities all continue to hold. In addition,
as our proof shows,ρ continuous on̄� is a stronger assumption than we really need;
it would be enough forρ to have positive upper and lower bounds on� (in which
case these would replaceρmax andρmin).

(3) By mimicking our earlier arguments we can also obtain the corresponding PPW and
HP inequalities for problem (4.1)–(4.2). In their strong forms these are simply

λk+1 − λk <
4

nk

ρmax

ρmin

k∑
i=1

λi for k = 1, 2, . . . , (4.27)

(the PPW analog) and

k∑
i=1

λi

λk+1 − λi

>
nk

4

ρmin

ρmax
for k = 1, 2, . . . (4.28)

(the HP analog).
(4) Theorem 4.1 also lends itself to finding PPW, HP, and Yang type bounds for domains

in the constant curvature spacesS
2 andH

2 since whenn = 2 the eigenvalue problem
for the Laplacian in any metric conformal to the Euclidean metric is equivalent to an
inhomogeneous membrane problem,−1u = λρ(Ex)u, in Euclidean space. In such a
settingρ(Ex) = √

g whereg is the determinant of the metric tensor(gij ) (and hence
ρ(Ex) dEx is the Riemannian volume element

√
g dEx).

In the usual model ofS2 as{Ex ∈ R
3| |Ex| = 1} we have

ρ
S

2(Ex) = (1 + cosθ)2,

whereθ represents the polar angle (angle from the north pole). Similarly, in the
Poincaŕe disk model ofH2 we have

ρ
H

2(Ex) = 4

(1 − |Ex|2)2
,

where{Ex ∈ R
2| |Ex| < 1} is the Poincaŕe disk.

We can thus obtain PPW, HP, and Yang type bounds for the eigenvalues of−1 on
� ⊂ S

2 or H
2 with Dirichlet boundary conditions which are of the Euclidean form

except for additional factors ofρmax/ρmin as given in Theorem 4.1 and in Remark
3 above. For example, for a domain� ⊂ S

2 having geodesic radius2 (this is the
radius of a circumscribing circle; it is convenient to choose the north pole to be the
center of this circle) we find from thek = 1 case that

λ2

λ1
≤ 1 + 2

(
2

1 + cos2

)2

. (4.29)

Note that this bound blows up as the circumradius2 goes toπ (which is equivalent
to the inradius of the complement of� going to 0). This must, in fact, happen for
any bound onλ2/λ1 for � ⊂ S

2 since it is known, for example, thatλ1 → 0+ for a
geodesic ball as the ball approaches the full sphere (see ([10], pp. 50–54)).
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(5) For the case of a pure Schrödinger operator (ρ ≡ 1), the inequalities of this sec-
tion reduce to those of the earlier sections, i.e., to the inequalites that we derived
for the eigenvalues of the Laplacian on a domain in Euclidean space. Moreover,
if the potentialV is bounded below we can always translateV and the eigenval-
ues so that all our inequalities apply, so long as we apply them to the translated
eigenvalues. In fact, to get the sharpest inequalities we should always translate so
that infV = 0. Even if the potential is not bounded below, it may still be pos-
sible to obtain eigenvalue bounds from a point of view similar to that espoused
above. The earliest work in this direction is contained in Allegretto’s paper
[1].

It might be noted that in returning to the eigenvaluesλi by passing from
(4.23) to (4.24) we replaced

∫
�

|∇ui |2 by its upper boundλi . It is quite possi-
ble that this leads to a relatively weak bound since in doing this we give up a
term in the potentialV which could be significant. One way to avoid giving up
so much (at the expense of having to keep track of additional quantities) is to
define these ‘kinetic energy’ terms viaτi ≡ ∫

�
|∇ui |2 and just leave theτi ’s in

the inequalities. For certain potentials we may be able to prove thatτi is less
than or equal to some fixed fraction of the ‘total energy’λi , which then would
allow us to return to theλi ’s without giving up as much as we would by just
using

∫
�

|∇ui |2 ≤ λi . These ideas occur in physics as the subject of ‘virial
theory’ and have been explored in the present context by Harrell and Stubbe
[17].

In addition to the works on universal eigenvalue inequalities cited earlier, there
are a number of works dealing strictly with the ratioλ2/λ1. These include [3]
and [35]. In particular, we remark that [3] proves that the best upper bound on
λ2/λ1 in the Euclidean case is given by the value ofλ2/λ1 for ann-ball, which can
be given explicitly as a certain ratio of squares of zeros of Bessel functions (this
result is known as thePayne–P´olya–Weinberger conjecture; see [26,27] and also
[3,5]).

5. Yang’s bounds for minimal hypersurfaces and domains in spheres

In the 1995 version of his preprint, Yang [33] also applies his methods to obtain results
for

(A) a compact minimal hypersurfaceM in S
n+1 (Theorem 3 on p. 3), and

(B) a domain� ⊂ S
n with Dirichlet boundary conditions imposed on∂� (Theorem 4 on

p. 14).

With only slight modification, our simplified approach to Yang’s inequalities also han-
dles these cases. In particular, our overall strategy of making optimal use of the Cauchy–
Schwarz inequality (within the context of our problem) and arranging to eliminate uncon-
trolled terms in our preliminary inequality by means of antisymmetry applies without
change. Moreover, if we want to find the ‘HP-analog’ of our inequality, we have only to
drop the terms inb2

ij coming from our optimal use of the Cauchy–Schwarz inequality. The
‘PPW-analogs’ then follow at a glance as well. Since the methods are so close to those
used above, we forgo the details (see [33], for example, for the correct definition of the
bij ’s in this context (p. 10)) and skip directly to the results.
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A. M a compact minimal hypersurface inSn+1

In this case since 0 is an eigenvalue of−1 on M, we start the spectrum withλ0 = 0.
Proceeding with our standard approach, we arrive at

n(λk+1 − λi) +
k∑

j=0

(λk+1 − λj )(λi − λj )Aij ≤ 4λi + n2 (5.1)

as our analog of (2.25). For future use, we note that if we had not made optimal use of the
Cauchy–Schwarz inequality, the factor(λk+1 − λj ) in the sum in (5.1) would be replaced
by (λk+1 − λi) and (5.1) would become the analog of (2.18).

From (5.1) we multiply in(λk+1 −λi) and sum oni from 0 tok to get Yang’s inequality
(49):

n

k∑
i=0

(λk+1 − λi)
2 ≤

k∑
i=0

(λk+1 − λi)(4λi + n2) (5.2)

or

k∑
i=0

(λk+1 − λi)

(
λk+1 −

(
1 + 4

n

)
λi − n

)
≤ 0. (5.3)

From (5.3), which is a quadratic inequality, we can derive an explicit upper bound forλk+1
much as before:

λk+1 ≤
(

1 + 2

n

)
1

k + 1

k∑
i=0

λi + n

2
+

(2

n

1

k + 1

k∑
i=0

λi + n

2

)2

−
(

1 + 4

n

)
1

k + 1

k∑
j=0

(
λj − 1

k + 1

k∑
i=0

λi

)2



1
2

. (5.4)

This is Yang’s inequality (10), the analog of Yang 1 from earlier in this paper. From (5.4)
the analog of Yang 2 now follows easily:

λk+1 ≤
(

1 + 4

n

)
1

k + 1

k∑
i=0

λi + n. (5.5)

In addition, if we go back to (5.1) and replace(λk+1 −λj ) by (λk+1 −λi) we can proceed
to derive the analogous HP inequality

k∑
i=0

4λi + n2

λk+1 − λi

≥ n(k + 1). (5.6)

And if we replace the denominator here byλk+1 − λk we obtain the PPW analog

λk+1 ≤ λk + 1

n(k + 1)

k∑
i=0

(4λi + n2) = λk + 4

n(k + 1)

k∑
i=0

λi + n. (5.7)
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Note also that if we replace theλk on the right by 1
k+1

∑k
i=0 λi then we recover (5.5).

Thus (5.5) is stronger than (5.7). Finally we note some further simpler inequalities

λk+1 ≤
(

1 + 4

n

)
k

k + 1
λk + n ≤

(
1 + 4

n

)
λk + n, (5.8)

the last member of which is an analog of a further inequality of Payne, Pólya, and Wein-
berger [26,27].

Remarks.

(1) An inequality of PPW-type for this problem (i.e., for a compact minimal hypersurface
in a sphere) was first derived by Maeda [25] (see the last displayed inequality on
his p. 32, before the parameterω is introduced, and also the theorem that follows).
Later Yang and Yau [34] derived a related bound (this bound was incorrect in detail,
and was corrected by Leung [22]). However, the Maeda and the (corrected) Yang-
Yau bound are not as good as our PPW-type bound (5.7) above (which goes back
to Harrell and Michel [15] and Yang [33]). To slightly further complicate matters
here, we also remark that Maeda only gave details for the case of a domain with
boundary (our Problem B, discussed below) while saying ‘The case∂M = ∅ can be
discussed analogously’ and going on to state ‘when∂M = ∅ the same inequality is
true replacingλi by µi ’ (we note in this connection that Maeda indexes hisµi ’s from
i = 0). Unfortunately, he seems to have missed the fact that the natural development
of Problem A leads to division byk + 1 (see, for example, (5.5)–(5.7) above), rather
thank (which is how his inequality is stated, except that ourk is hisn). Thus, while
not incorrect, Maeda’s (semi-)stated PPW-type bound for Problem A is not quite
even that of Yang and Yau as corrected by Leung. And neither bound represents the
‘natural’ PPW-type bound as developed above.

(2) Leung [22] then derived an HP-type inequality for this problem. There is an opti-
mization in a parametert that appears in his argument (and in a sense in Yang and
Yau’s argument, since Leung’s argument leads back to Yang and Yau’s via the natu-
ral reduction) and this makes his bounds more complicated and less easily compared
with those above. However, settingt = 1 should not do great injustice to his bounds,
and lends itself more directly to comparison with our inequalities above. We find (for
the PPW-type version of Leung’s inequality)

λk+1 ≤ λk + 4

n(k + 1)

k∑
i=0

λi + 2n (5.9)

(this is Leung’s (3.2) witht = 1). A comparison with (5.7) shows the presence of an
extran in this formula. Varyingt cannot entirely remove this problem since the 2n

above comes from(1+t)n and we must always uset > 0 (and, indeed,t → 0+ causes
another term in the bound to blow up, so the optimalt turns out to bet0 ∈ (0, 1)). In
fact, it is not hard to see that the corrected Maeda and Yang–Yau inequalities (which
involve optimization int) lie between (5.7) and (5.9).
Furthermore, using the methods employed here, we can fully dispose of Leung’s
inequality, i.e., we can show that both Yang inequalities ((5.4) and (5.5) above) are
better than Leung’s best bound (written in terms of our notation above) which he
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proved for allk ≥ 1 (throughout the following discussion we takek to be a fixed
positive integer):

λk+1 ≤ σ ≡ min
t>0

[σt + (1 + t)n] (5.10)

whereσt for 0 < t < ∞ is the roots > λk of

F(s) ≡
k∑

i=0

λi

s − λi

= n(k + 1)t

(1 + t)2
. (5.11)

This root is unique (for eachk ≥ 1) since fors > λk, F(s) decreases monotonically
from infinity to 0. Note that this is almost exactly the same functionF(s) introduced
in (3.1) except that our sum now starts ati = 0 (indeed, it is exactly the same function
sinceλ0 = 0, but for our purposes here we prefer to view it as above since we shall
want to use the convexity ofλ/(s − λ) in λ (x in (3.3)) for a value which is a convex
combination ofk + 1 points). In particular, we note that it follows as before that
f (x) = x/(s − x) is convex forx ∈ (−∞, s) if s > 0 (which always holds for the
cases under consideration here).
We begin by showing that for allt > 0

σt >

(
1 + 4

n

)
1

k + 1

k∑
j=0

λj . (5.12)

There are two cases to consider:
Case1. If

(
1 + 4

n

)
1

k + 1

k∑
j=0

λj ≤ λk

then there is really nothing to prove, since by the very definition ofσt we have

(
1 + 4

n

)
1

k + 1

k∑
j=0

λj ≤ λk < σt .

Case2. If

(
1 + 4

n

)
1

k + 1

k∑
j=0

λj > λk,

then we can employ our previous argument (see, in particular, (3.5) and (3.6) above)
as follows:
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F

((
1 + 4

n

)
1

k + 1

k∑
j=0

λj

)

=
k∑

i=0

λi(
1 + 4

n

)
1

k+1

∑k
j=0 λj − λi

> (k + 1)

1
k+1

∑k
j=0 λj(

1 + 4
n

)
1

k+1

∑k
j=0 λj − 1

k+1

∑k
j=0 λj

= n(k + 1)

4

≥ n(k + 1)t

(1 + t)2
for all t > 0 (with equality iff t = 1) . (5.13)

SinceF(s) is strictly decreasing on(λk, ∞), (5.12) now follows from the definition
of σt (the strict inequality in (5.13) follows from the facts thatf (x) = x/(s − x) is
strictly convex inx and that our sum involves at least two distinct points sincek ≥ 1;
one could also arrive at strict inequality by reducingF to a sum from 1 tok using
λ0 = 0 and then using convexity to bound the average of thosek terms by a single
term). Thus(

1 + 4

n

)
1

k + 1

k∑
j=0

λj < σt for all t > 0

and it follows from our version of Yang’s second inequality in the present context
(inequality (5.5)) that

λk+1 ≤
(

1 + 4

n

)
1

k + 1

k∑
j=0

λj + n < σt + n < σt + (1 + t)n (5.14)

for all t > 0. Since it is also clear thatσ ≡ inf t>0[σt + (1 + t)n] is attained at some
t0 ∈ (0, 1) (as noted already by Leung [22], based on the fact thatσt is decreasing on
(0, 1), increasing on(1, ∞), and goes to infinity ast → 0+), it follows that Leung’s
best bound,λk+1 ≤ σ , is always strictly weaker than the second (and weaker) Yang
inequality (5.5). Thus it is also strictly weaker than Yang’s first inequality (5.4) as
asserted above. Since, as already mentioned, the earlier bound of Yang and Yau is
a consequence of Leung’s inequality (5.10) above, we can conclude that the Yang
inequalities (5.4) and (5.5) supersede all previous inequalities in this vein (see our
remarks below and at the end of this section for the full justification of this comment).

(3) Harrell and Michel [15] did derive the ‘correct’ HP-type inequality for this problem.
That is, they obtained (5.6).

(4) All the authors discussed in Remarks 1–3 above actually treated the case of anm-
dimensional manifoldMm which is a minimally immersed submanifold of a sphere
S

n+1 with 1 ≤ m ≤ n. The bounds they then derived were as above but withm

replacingn. Yang’s bounds above are for the casem = n but all extend with no
problem to general dimensionm, 1 ≤ m ≤ n (indeed, they even apply whenm =
n + 1, i.e.,M = S

n+1, as can be seen from Part B below).
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(5) Presumably the inspiration for all the work discussed above on minimally immersed
submanifolds was Cheng’s paper [12], which dealt with compact domains in a minimal
hypersurface ofRn+1. The key for Cheng is that the cartesian coordinate functions
for R

n+1 are harmonic onM (i.e.,1Mx` = 0), while for the other authors it is that the
cartesian coordinate functions forR

n+2 are eigenfunctions of−1M with eigenvalue
m = dimM (i.e.,−1Mx` = mx`). Necessary facts about minimal submanifolds can
be found in Chavel ([10], see pp. 309–314).

B. � a domain inS
n with Dirichlet boundary conditions

In this case 0 is not an eigenvalue (unless� = S
n, a case we can exclude since its

eigenvalues are known explicitly) so we index the eigenvalues by{λi}∞i=1 with 0 < λ1 <

λ2 ≤ λ3 ≤ . . . ↗ ∞ (multiplicities included). Actually it turns out that our inequalities
do cover the case where� = S

n, but thenλ1 = 0 (just observe that our derivation also
applies to that case). Proceeding much as before we find

n(λk+1 − λi) +
k∑

j=1

(λk+1 − λj )(λi − λj )Aij ≤ 4λi + n2 (5.15)

as our analog of (2.25) (or (5.1); in fact, it is (5.1) exactly if we changek to k + 1 and
reindex so that our index starts at 0). As above we can pass to

n

k∑
i=1

(λk+1 − λi)
2 ≤

k∑
i=1

(λk+1 − λi)(4λi + n2) (5.16)

or
k∑

i=1

(λk+1 − λi)

(
λk+1 −

(
1 + 4

n

)
λi − n

)
≤ 0, (5.17)

and thus to

λk+1 ≤
(

1 + 2

n

)
1

k

k∑
i=1

λi + n

2

+

(2

n

1

k

k∑
i=1

λi + n

2

)2

−
(

1 + 4

n

)
1

k

k∑
j=1

(
λj − 1

k

k∑
i=1

λi

)2



1
2

(5.18)

which is Yang’s inequality (51), the analog of Yang 1 in this setting. The analog of Yang 2
is then

λk+1 ≤
(

1 + 4

n

)
1

k

k∑
i=1

λi + n. (5.19)

For the HP analog we adjust(λk+1 − λj ) to (λk+1 − λi) in (5.15) and then divide through
by λk+1 − λi and sum oni from 1 tok to obtain

k∑
i=1

4λi + n2

λk+1 − λi

≥ nk. (5.20)
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Much as before this leads on to

λk+1 ≤ λk + 4

nk

k∑
i=1

λi + n (5.21)

and

λk+1 ≤
(

1 + 4

n

)
λk + n (5.22)

(or in the case of the sphereSn, λk+1 ≤
(
1 + 4

n

)
k−1
k

λk + n ≤
(
1 + 4

n

)
λk + n).

Remarks.

(1) Yang [33] (1995 version) was the first to derive bounds for the eigenvalues of−1 on
� ⊂ S

n of this form. The presence of the extran is actually good from a certain point
of view, which is that as� approaches all ofSn (consider geodesic balls inSn, say, to
be specific) we expectλ1 → 0+ sinceλ1(S

n) = 0 (a proof of this fact for geodesic
balls can be found in Chavel ([10], pp. 50–54), for example). In particular, (5.22) for
k = 1 could not hold without then (since domain monotonicity forcesλ2 ≥ n). The
only way for our ‘Euclidean-based’ bound (4.29) to handle this eventuality (without
then) is forρmax/ρmin to blow up in this limit, which indeed it does. Thus, inequalities
(4.25) and (5.18) (or (4.26) and (5.19), etc.), both of which apply for� ⊂ S

n if ρ is
identified as in Remark 4 at the end of § 4 (see the expression forρ

S
2(Ex)), might be

regarded as complementary to some extent (in a rough sense, one should do a better
job for small domains, the other for large).

(2) Inequality (5.22) shows, in particular, that

λ2 − n

λ1
≤ 1 + 4

n
. (5.23)

It can be shown using the methods of [7] (see Theorem 3.1 and Remark 1 on p. 1071
in particular) that for geodesic balls larger than a hemisphere

λ2 − n

λ1
< 1 + 2

n
,

with equality at the hemisphere (the inequality reverses for geodesic balls smaller than
a hemisphere). Since as we approach the full sphereS

n, λ1 → 0+ while λ2 → n+
(see ([10], pp. 52–53)), the limiting value of(λ2 −n)/λ1 might be of some interest to
work out (either for geodesic balls, or for arbitrary domains if that limit exists), but
is in any case between 0 and 1+ (2/n) inclusive.

For both problems considered in this section, we can prove results analogous to our
results in § 3 above. In particular there is an argument based on convexity and the function

F̃ (s) ≡
∑

i

4λi + n2

s − λi

=
∑

i

f̃ (λi)
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which shows that (here〈λ〉 denotes 1
k+1

∑k
i=0 λi or 1

k

∑k
i=1 λi , depending on the problem,

and similarly for the summation interval in the definition ofF̃ above))

F̃

((
1 + 4

n

)
〈λ〉 + n

)
≥
{

n(k + 1) for Problem A

nk for Problem B

and hence that the analogs of Yang’s second inequality are stronger than the corresponding
Hile–Protter analogs. This shows that in this context again Yang 1⇒Yang 2⇒HP⇒PPW.

Similarly we can argue that the smaller roots of our quadratic Yang inequalities are
irrelevant: we simply define

H̃k(x) ≡
∑

i

(x − λi)

(
x −

(
1 + 4

n

)
λi − n

)

and observe that̃Hk(λk) = H̃k−1(λk) ≤ 0 by the quadratic Yang inequality. This implies
thatλk ≥ [smaller root ofH̃k], and hence thatλk+1 ≥ λk is always as good as or better
thanλk+1 ≥ [smaller root ofH̃k]. Similarly, λk ≥ [smaller root ofH̃k] is uninteresting
since this is an implicit bound which is implied bỹHk−1(λk) ≤ 0, i.e., Yang’s quadratic
inequality at one index lower.

Another useful observation is that fundamentally the Yang inequalities are all the same.
We have already noted that the inequalities of Parts A and B above are the same if we
just reindex our eigenvalues to start fromi = 1 (or i = 0) in both cases. However, since
the usual conventions dictate different starting indices (largely because in Part A the first
eigenvalue is always 0 while in Part B it is not, unless� = S

n) we have chosen to present
both sets of inequalities, to give them maximum exposure (as did Yang). Finally, we remark
that (5.17) is equivalent to (2.27) if we take each eigenvalueλ in (2.27) and replace it by
λ + (n2/4). Thus all the inequalities in Part B above could be gotten from the inequalities
of §§ 1–3 simply by making this formal substitution. A similar comment applies equally to
Part A, once the necessary index shift is taken into account. This demonstrates the identity
of our inequalities across problems in a certain wider sense (and can be used to motivate
the forms ofF̃ andH̃ that we introduced above). Perhaps there is some deeper identity
behind this, or perhaps there is a way to identify the sphere problems of Parts A and B
with Schr̈odinger problems in Euclidean space where the potentialV (Ex) turns out to be
bounded below by−n2/4 suggesting the replacementλ → λ + n2/4 mentioned above
(cf. Remark 5 following Theorem 4.1 above).

6. Concluding remarks

In future works we shall address problems having a more general divergence-form operator.
In particular, we shall treat the cases of bounded domains in the constant curvature spaces
H

n andS
n where the differential operator is the Laplace–Beltrami operator. By an extension

of the methods presented above, we obtain relatively strong bounds generalizing our 2-
dimensional results mentioned in Remark 4 at the end of § 4 above.
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