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The universal eigenvalue bounds of Payne-é®ya—\Weinberger,
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Abstract. In this paper we present a unified and simplified approach to the universal
eigenvalue inequalities of Paynesifa—Weinberger, Hile—Protter, and Yang. We then
generalize these results to inhomogeneous membranes aridiBger's equation with

a nonnegative potential. We also show that Yang’s inequality is always better than Hile—
Protter’s (and hence also better than Payidyd2-Weinberger’s). In fact, Yang's weaker
inequality (which deserves to be better known),

4\ 1
Akg1 < <1+ ;) E;)\ia

is also strictly better than Hile—Protter's. Finally, we treat Yang’s (and related) inequalities
for minimal submanifolds of a sphere and domains contained in a sphere by our methods.

Keywords. Eigenvalues of the Laplacian; universal inequalities for eigenvalues;
eigenvalue ratios; the PaynesiPa—\Weinberger inequality

1. Introduction

In this paper we consider the eigenvalue problem for the Laplacian (and certain general-
izations, as discussed in 88 4 and 5) on a bounded domainrinected open se®) c R”
given by

—Au = \u in Q, (1.2)
u=20 onog. (1.2)

This is the so-calledixed membrane problefn two dimensions the eigenvalugsare
proportional to the squares of the characteristic vibrational frequencies of a uniformly
stretched homogeneous membrane in the shagewith fixed edges). It is well-known
that the spectrum of this problem is precis@ly}:°; where

O<Ai<ig=<Az<--- S o0. (1.3)

Here eachy; is an eigenvalue of finite multiplicity which is repeated according to its
multiplicity. We let{u;}7°, be an associated orthonormal basis of real eigenfunctions. We
can taka:; > 0 on2, which we do henceforth. Since thgs are taken to be real-valued,
we can go forward under the assumption th&¢Q2) represents the real Hilbert space of
real-valuedL? functions onS2. Thus we can dispense with all complex-conjugations in
our inner products.
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In 1956 Payne, lya, and Weinberger [27] (henceforth PPW; see also [26]) proved the
following universal inequalitiegor the 1;'s in the case when = 2:

2
)\.k+l_)\,k§z()\.l+)\.2+"‘+)\.k) fork=12.... (1.4)

By a straightforward application of their procedure to the case of genenad arrives at

4 k
Mgl — A < — A fork=1,2,..., 1.5
k+1 k_nk; i (1.5)

which we shall refer to in this paper as tRW inequality This generalized inequality
was first hinted at explicitly by Thompson [32], but certainly it is implicit in the work
of PPW. Inequality (1.5) is called a universal inequality because it applies to all domains
Q c R” ‘universally’.

A stronger inequality was derived in 1980 by Hile and Protter [18] (henceforth HP),
who used the same basic techniques as PPW to prove

k

Ai k
Z—’zn— fork=12.... (1.6)
i:l)\.k+1_)\.i 4

Here the left-hand side is to be interpreted as infinityif; = Ax. We shall refer to
inequality (1.6) as thé&lP inequality Note that (1.6) implies (1.5), since we can replace
the A; in the denominator of (1.6) by; to obtain (1.5).

More recently, Yang [33] derived the inequality

k
4
> i1 — 1) (Akﬂ - <1+ —> ,\,-) <0 fork=1,2,... 1.7)
— n

i=1

in 1991. This inequality will be referred to henceforth¥ang's inequalityor sometimes
asYang’s first inequalityto distinguish it from a simpler inequality implied by it (to be
called Yang's second inequality). Inequality (1.7) is an implicit boundifar;, but we

can derive an explicit bound from it by observing that its left-hand side is just a quadratic
in Agya:

4\ (& 4\ &
ka2 g — (2 + ;) (Z )\i) M1+ <1+ ;) D oak (1.8)
i=1 i=1

Thus we must havi1 < [larger root] or

wons g {(24) (30)
+ {(H:_‘l)z(g,\i)z—% (1+3)§A?}2 (1.9)

2
fork=1,2, ....Ifwe now eliminate >"_; 12 in favor of(Zf.‘zl A,-) usingk Y-5_; A2 >

2
(Zle Ai) (an easy consequence of the Cauchy—Schwarz inequality) and observe that



The universal eigenvalue bounds 5

<2+f—1‘)2—4<1+§) - ((1+§)+1)2—4(1+§)

we arrive atYang's second inequality
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A <-—(1+- A fork=1,2,.... 1.10
wasg(107) o (110)

This inequality is clearly stronger than the PPW inequality, since it results from replacing
the 4, on the left-hand side of (1.5) by the average of the firsigenvalues and; is
certainly larger than or equal @1 + . .. + Ax)/k (in fact, strictly larger fok > 1 since
we know by (1.3) that theh; < Ax). Thus, we conclude that both of Yang's inequalities
are stronger than the PPW inequality (1.5).

That the smaller root of (1.8) is of little interest follows easily from the expression for
(1.8) found on the left-hand side of (1.7), which we now denote by

k
Hi(x) =Y (x — &) <x - <1+ ‘-") x,-) fork > 1, (1.11)
i=1 n

to emphasize its dependencexoms a variable, and on the indiexwe also defindfp(x) =

0). Now (1.7) read¥H; (Ax+1) < O and sinceH(x) is a quadratic inx it follows that
[smaller root]< Ax+1 < [larger root]. However, if we substitute = A, in Hg, the last
term in the sumin (1.11) drops out and we find

Hi (M) = Hi—1(At) <0, (1.12)

showing that the smaller root @f; is always less than or equal k9. Sinceiry1 > Ak
always, this makes the smaller root irrelevant for our considerations here. Observations
in this direction were made earlier by Yang [33] (see p. 7 of the 1995 version) and by
Harrell and Stubbe [17] (see Proposition 6, parts (i) and (iii), on p. 1802), both of whom
had somewhat different aims in view. We note that- [smaller root ofH;] is irrelevant

as well, since by the above this (implicit) inequality follows fraa_1(1¢) < 0, which

is nothing but Yang's first inequality witk shifted down by 1 (but this is not the point of
view of [33] and [17]).

In this paper we give simplified proofs of the Hile—Protter and Yang inequalities (from
either of which the PPW inequality may be recovered, as noted above). Moreover, given
our simplified proof of the HP inequality, we show that Yang’s inequality requires us to
incorporate only one new element: the ‘optimal’ use of the Cauchy—Schwarz inequality
(which we discuss in § 2).

While our two proofs will certainly suggest that Yang's inequality is stronger than the HP
inequality, it is not entirely straightforward to prove this fact8 3 we give groof based
on convexity. In fact, we show that Yang's second inequality implies the HP inequality and
thus that

Yang 1= Yang 2= HP = PPW (1.13)

These implications hold for eaghk = 1,2, 3, ....

In § 4 weconsider other eigenvalue problems which extend problem (1.1)—(1.2) to more
general operators than the Laplacian. In particular, we consideb@algyer operators
—A + V(X) with V > 0 onQ and eigenvalue problems with a weight (e.g., the fixed
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membrane of variable densify(x), with eigenvalue problem-Au = Ap(X)u in Q,
u = 00naQ). Indeed, with no extra effort we handle the problem that includes both these
extensions simultaneously, i.e., a potentid@k) > 0 and a variable densiy(x) > O.

Finally in 8 5 we use ouapproach to treat two further problems considered by Yang,
showing that our simplified approach to Yang'’s inequalities works for them as well. These
are the problems of a minimal hypersurfadec S"** (in fact, M can be any minimal
submanifold) and ofadomain C S". Thatis, we consider inequalities for the eigenvalues
of the Laplacian £ Laplace—Beltrami operator for the sphere) on these two sets (in the
latter case our eigenvalues are for the boundary conditierD ona<2). In § 6 weconclude
with some remarks concerning extensions and further work.

2. Proofs of the Hile—Protter and Yang inequalities

The basic strategy is to use the Rayleigh—Ritz inequality

—A
Iyt < IQLZ@, 2.1)
Joo
which holds for a trial functiory which is nontrivial and orthogonal tes, uo, ... , ug.
For suitable choices af, built up fromus, ... , ux, we can find bounds for; 1 in terms
of the eigenvaluesy, A2, ... , Ag.
In particular, we take
k
© =@ =xu; — Zaijuj forl<i<k (2.2)

j=1

wherex represents the first cartesian coordinatéand later any cartesian coordinatg
and the coefficients;;, 1 < i, j < k, are chosen to makg Lu; forall1 < i, j < k.
Thus they;; are the components afi; alongu; or

ajj = / XUjj = ajj. (2.3)
Q

Furthermore, we find

k
/(pl?:/xuﬂp,- =/x2ul-2—Zai2j, (2.4)
Q Q Q =

k
—Agi = —Axup) — Y aij(—Auy)
j=1
k
= Ajxu; — 2Ujy —Zaijkjuj, (2.5)
j=1

and hence (sincg; Lu; forall1 < i, j <k)

/%(—A%):/\i/ XU i —2/ Qilliy
Q Q Q

_py / o? 2 / pittiy. (2.6)
Q Q
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Here and in the following we use the notation to denote the partial derivative of with
respect to the variable. Now from the Rayleigh—Ritz inequality (2.1) we can conclude

(At —M)/ p? < —2/ Qillix, (2.7)
Q Q

which holds whether or n@i; happens to vanish identically. In particular we can conclude
that

k
0< —2/ Qilliy = —2/ |:xu,- — Zaijujj| Uiy
Q Q =
=—/Qx(ui2)x+22aij/9u,-xuj

j=1
k
= / ul-z—l—ZZaijbij (28)
Q =
after integrating by parts and introducing
bij E/ u,-xuj. (2.9)
Q
We rewrite (2.7) as
_2 1
A1 —Ai < fQ—(p;u” (2.10)
Jo i

where the right-hand side is to be interpreted as infinigy fanishes identically. We now
use the Cauchy—Schwarz inequality-e8 [, ¢;u;, to put (2.10) into a more manageable
form. We have

<—2/Q(Piuix>2 < 4(/Q <p,~2> <fQ u,-2x> (2.11)

or, since—2 [, giuix > 0,

—2 Jo gittix < 4o uizx
fQ@lz N _ZfQ(piuix’
again with the understanding thatif = 0 both members are to be interpreted as infinity,

and, moreover, that whenevgr ¢;u;, = 0 we interpret the right-hand side of (2.12) as
infinity. Thus, combining (2.10) with (2.12) and then using (2.8), we find

(2.12)

2 2
)»k+1—)»' < 4fSZ Uiy _ 4.[9”[)5
i

< = . (2.13)
_ngz Qillix 1+22']‘-=1aijbij
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It only remains to find;; in terms ofa;;. We have

Zbij = 2/ UixUj
Q

:/[A(xui)—xAui]uj
Q

= —/ xui(—Auj) +/ x(—Auj)u;
Q Q
= (A.i — )\.j)aij (214)
where we employed two integrations by parts on the first term of the integral in passing
from the second to the third line (both boundary terms vanish due to the fact that each

u; = 0 0ondQ). Note, in particular, thab;; = —b;;, i.e., thatd;; is antisymmetric. We
therefore have

k
0< —2/ gitix =14 (A — Aj)df; (2.15)
Q -
j=1

and hence from (2.13)

k
(M1 — M) [1 +Y (i - x,-)a,?j] < 4/ u?,. (2.16)
; Q

j=1

Next we observe that everything done abovexfer x; can be carried through far= x,,
1 < ¢ < n. Promotingx in this way and with the introduction of as an additional
index, we find, in obvious notation, that we need to make the following replacements:

x = x0. 00— ¢, aij — af), bij — b} In particular, (2.16) becomes

k
(k1 — i) [1 + Z(,\,- - Aj)(ajjo)Z} < 4/Q u?,. (2.17)

Jj=1

By summing (2.17) orf for ¢ = 1,.... , n and using the fact that; = [, |Vu;|2 we find

k
(A1 — Ai) [n + ) (- )\j)Aij:| < 4/ [Vui| = 4x;, (2.18)
j=1 &
where we have set
¢
=1

We note that

Ajj=A; = 0. (2.20)

To prove the Hile—Protter inequality, it simply remains to observe that we can eliminate
the uncontrolled terms iA;; by dividing (2.18) through by..11 — A; and then summing
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oni from 1 tok. The terms in(A; — 1;)A;; then disappear, due to antisymmetry, and we
are left with

Ai k
ik (2.21)
M- A T4

M~

the HP inequality (1.6).

To prove Yang's inequality we use the same basic strategy, but with one improve-
ment. This is what we refer to as the ‘optimal’ use of the Cauchy—Schwarz inequality.
Once this modification is effected, we have only to find a new way to exploit the anti-
symmetry of the combination of terms involving;b;; (see (2.8)) andal.zl. (see (2.22)
below) to eliminate them. This is quite straightforward, and leads immediately to Yang's
inequality.

To proceed, we back up to our use of the Cauchy—Schwarz inequality in (2.11) and
observe that the inner produfg @;iu;y is unaffected by subtracting from, any function
which is orthogonal tg; . In particular, sincey; Lu; forall 1 < i, j <k, itis natural (and
‘optimal’ in this setting) to subtract from;, its components along thg’'sfor1 < j < k.

Now these components are none other tharbgis, defined byb;; = [, uicuj. Thus in
place of (2.11) we write

(—Z/Q(Piuix>2 = (—Z/Qw [uix —jk;bij”fD
4(/§2 (pl?) (/Q [u,-x —jk;bijuj]

4(/;2%'2) |:/Qui2x —jk;bizj}

- (/Q <p,-2> [4/914,-2); - jk;()\i —kj)zaizj} : (2.22)

The net effect of following through with this adjustment is that we arrive at an analog of
(2.16) with its right-hand side replaced by

k k
4(/ u? — Zb3,> = 4/ uf — > (i —Ap2af,
Q = Q =1

and thus a stronger inequality. We have in place of (2.16)

k k
(kg1 — Ai) [1+ Y (i —,\,)a?j] < 4/ uf — Y (i —Ap?af  (2.23)
; Q S
j=1

j=1

2

IA

or

k
(esa =) + Y wia = ) = ) <4 [ (2.24)
=i
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If we now promotex to x, and sum ort from 1 torn as before we arrive at

k
nhuss = 1)+ st = A0 — 2y =4 [ Vil =4 (225

j=1 Q@
with A;; defined (and symmetric) as above. This time, to eliminate the uncontrolled terms
in A;; using antisymmetry we find ourselves needing to multiply in an extra factor of
A+1 — A; (rather than dividing by it as above), before summing émom 1 tok. Doing
this, we arrive at

k k
nY g1 =) <4Y 2 Ouga — M) (2.26)
i=1 i=1

or

k
Z()\k+l ) ()»k+1 - (1 + g) ki) <0, (2.27)

i=1

which is Yang’s first inequality (1.7).

It seems reasonable to expect, given that Yang's inequality is based on the strengthened
inequality (2.23) (as opposed to (2.16)), that Yang'’s inequality is stronger than Hile and
Protter’'s. However, because of the difference in the way we applied the final step, using
antisymmetry to eliminate unwanted terms, this is not obvious. In the next section we use
a convexity argument to show that, in fact, Yang’s weaker second inequality is still enough
to imply the Hile—Protter inequality.

For the record, we also note an easy proof of Yang's second inequality (‘Yang 2") based
on our work above. If we simply average (2.18) and (2.25) we obtain

k
nOur1 = 1) + Yk — (i +2))/2)(hi — 1)) Ay < 4/ |Vui|? = 42,
j=1 &

(2.28)

Since the term in the summation here is antisymmetricand j, we can just sum oh
from 1 tok directly to obtain

4\ 1&
A <(14+-)- A fork=1,2, ... 2.29
k+l_< +n)k;z (2.29)

which is Yang's second inequality (1.10). Note that this derivation suggests that Yang 2
is in a sense midway between Yang 1 and the HP inequality. For a related point of view
supporting this position, see Harrell-Stubbe [17] and Ashbaugh—Hermi [8].

Remarks.

(1) Hile and Protter’s original proof of their inequality [18] is much more involved than
that given here. Their proof also appears with little change in [29] (see also [28,30]).

(2) The HP inequality has been dressed in operator theory garb and derived in the context
of operators and their commutators (using eigenprojections and traces) by Hook [20],
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Harrell and Michel [15,16], and Harrell and Stubbe [17]. Indeed, Hook even proves
it with strict inequality. More will be said about the possibility of making all our
inequalities strict at the end of the next section. Hook’s work is also discussed in
Protter’s articles [28—30].

(3) The HP inequality has been generalized to higher order elliptic operators, typically
powers of or polynomials in the Laplacian, beginning with work of Hile and Yeh [19]
in 1984 and Chen [11]in 1985. Chen, alone and with Qian, has awhole series of papers
on this subject, many of which are listed in the references to [5] (and hence we forgo
repeating them here; but see also Qian and Chen [31]). The works of Hook [20] and
Harrell and Michel [16] also deal with higher order operators. In addition, there are
various papers that generalize the PPW, HP, and related inequalities to the eigenvalues
of the Laplacian £ Laplace—Beltrami operator) on a Riemannian manifold. These
include Cheng [12], Maeda [25], Harrell and Michel [15,16], Lee [21], and Yang [33],
as well as several additional papers (by Li [23], Yang and Yau [34], Leung [22],
Harrell [14], and Anghel [2]) listed in [5] (see the remarks near the drigd2of [5]
for a relatively complete survey of the literature of PPW-related bounds as of 1993).
Maeda’s early paper [25] seems to have been entirely overlooked in the literature until
now.

(4) The proof of the HP inequality given above first appeared in [5]. We presented it
again here for comparison with our new proof of Yang's inequality. As noted here,
one only needs to incorporate our ‘optimal’ use of the Cauchy—Schwarz inequality
and see how to make use of antisymmetry to free us of unwanted terms to promote
this proof to a full proof of Yang’s inequality.

(5) Harrell and Stubbe [17] have also given a proof of Yang's inequality. Their proof is
from the operator viewpoint and uses a clever identity for sorting terms by symmetry
or antisymmetry. They also give related inequalities based on these ideas. However,
their proof does not seem as simple and straightforward as the one given here.

(6) Similar ideas to those used in our proof of Yang'’s inequality above (and specifically
our ‘optimal’ use of the Cauchy—Schwarz inequality) were used in [6]. However, there
the interest was solely in the first three eigenvalaigs)o, andiz, and, in particular,
the last part of the general argument, elimination ofARgs via antisymmetry, was
unknown. While Yang's original argument [33] used the Cauchy—Schwarz inequality
in what turns out to be an ‘optimal’ way, his proof was much more involved and
less transparent than ours. In particular, it is not clear from Yang's proof that the
Cauchy—Schwarz inequality is being used in an optimal way in the sense in which
we introduced this notion above.

3. Yang’s inequalities imply the Hile—Protter inequality

In this section we prove that Yang’'s second inequality (and therefore his first as well)
implies the Hile—Protter inequality. After that, we examine the extent to which the various
inequalities discussed here can be improved to strict inequalities.

To make the connection between Yang'’s second inequality and the Hile—Protter inequal-
ity, we begin by casting the Hile—Protter inequality in a new form (which goes back to
Hile and Protter [18]). Another way to view the HP inequality is in terms of the function

k
F(s) = L. (3.1)
S T
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This function has poles at thig,1 < i < k, and is strictly decreasing between (and
beyond) its poles. In particular, it is strictly decreasing for Ay, varying fromoo at

s = A to 0 ats = oo, and hence there is exactly one vatue- A, atwhichF (o) = nk/4.
The Hile—Protter inequality may now be interpreted as the inequality

A1 < 0. (3.2)

To continue with our convexity argument we set

X

fx) =

(3.3)

S —X

and consider this function for < s with s positive. Sincef (x) = s/(s — x) — 1, we find
fl(x) = s/(s —x)2and f’(x) = 2s/(s — x)3, showing thatf (x) is strictly convex for
x € (—00, 5). Observing that

k
F(s) = f0u), (3.4)
i=1

assuming > A, and using the convexity of we find

k 1 k
F(s)=)_ fQ)=kf <% ZM)
i=1 i=1
1ok
= kklz—ijA (3.5)
S — T 2iz1hi

where we interpret the left-hand side as infinity & 1. Hence
Fl(1+2 12](:» > ok (3.6)
nj)k ‘ "= 4 '

and it follows, by what we said above and the fact that by Yang's second inequality
(indeedi1) is less than or equal to our choicesof (1 + %) 1/k Y5, 2y, that

(1 + g) %iki <o. (3.7

i=1

This shows that the upper bound fqr, 1 given by Yang’s second inequality is better than
Hile and Protter’s upper boung, and hence that both of Yang's inequalities are better
than the HP inequality.

We now turn to the question of the strictness of the various inequalities. It turns out
that each of the inequalities discussed here can be made strict, except perhaps Yang’s first
inequality, which we leave undecided. To begin at the beginning, we first go back to our
proof of Yang'’s second inequality from our introduction and show how to make it strict. For
this one only has to observe that in our use of the Cauchy—Schwarz inequality following
(1.9) above we will have strict inequality so long as the ve¢tar, A, ... , Ax) is not
proportional ta(1, 1, ... , 1), which is true as soon &s> 2 by virtue ofA2 > A1. Or one
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can draw the same conclusion from either version of the error term (i.e., the right-hand
side) in

k
= kY i — (W03, (38)

where (A)r = (A1 + A2 + --- + At)/k denotes the average of the fidssteigenvalues
(which is definitely larger thah; for kK > 2). In any event we conclude that Yang’s second
inequality is strict for alk > 2.

The fact that Yang’s second inequality is also strictfoe 1, thatis,A2/A1 < 1+ 3
follows from other known results. In particular, by a result of Brands [9] and its general-
ization to dimensiom (see [4]), we have

A A a4 A A
2+ A3+ + n+l§n+3+_l’ (3.9)
A A2
and from this it follows that
A 34+ +/n%24+10m+9
r2 _n + 3+ +vnc+ + (3.10)

AT 2n

(see [18,4,6], and for the 2-dimensional case [9]; it turns out that (3.10) can itself be made
strict, by results of Chiti [13] and Lorch [24], see also [3,4]). We shall show that the right-
hand side of (3.10) is strictly smaller thankl% for all n > 0. To this end we employ the
theorem of the arithmetic and geometric means as follows:

V2 +10m+9=/(n+1D(n+9)

<n+5,
implying
n+3+vVn2+100+9<2n+8,
and in turn

n+3++/n?2+10n+9 4
<14+ -,
2n n

which is the desired result.

Thus Yang's second inequality is strict for AllHad we proved this result earlier (which
was certainly possible) we could have avoided dealing with the borderline cases that came
up between equation (3.4) and inequality (3.7) above. In particular, we can arrive at the
HP inequalityAr4+1 < o with strict inequality, by using (3.7) and the strictness of Yang’s
second inequality. Reduced to its essence the argument above runs as follows:

HP & F(At1+1) > nk/4, but Yang 2 in its strict form and strictly decreasing=

F(Aiy1) > F ((1 + f) DI A,») > nk/4 = F (o), which is the HP inequality in its
strict form. Alternatively, we can conclude thiat,1 < (1 + 4/n) (1/k) Zf-‘zl A <o.
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From the fact that the HP inequality implies the PPW inequality it is immediate that we
can also write the PPW inequality as a strict inequality.

As a further remark we note that it is also possible, at least fer 2, to introduce a
strict inequality in (3.5) (and hence also in (3.6) and (3.7)) due to the strict convexity of
F and the fact that; < A». This also allows us to conclude that the HP inequality can be
made strict fork > 2 (and thek = 1 case(r2/11) < 1+ g, can be handled as before).
Moreover, we find

4\ 1
)\.k+]_ < 1+ ; z;)\.l <0 (311)

forallk > 2 (andwherk = 1,2 < (1+ ;‘}) A1 = o). This shows, in fact, that for > 2
Yang's second inequality (and hence his first as well) is always strictly better than the HP
inequality. In addition, it is easy to see thatkor 2 Yang's first inequality is strictly better
than his second and that the HP inequality is strictly better than the PPW inequality. The
sense in which ‘strictly better’ is to be understood in the foregoing is as strict comparisons

between the various upper bounds fgr ; for all realizable choices dfy, ... , A¢. Thus,
if we denote our upper bounds ;1 by GL'*"9 (A1, ..., A4), etc., we have

A+l < G,((Yang YO < G;(cyang 2)()»1, ces A
HP PP
<GP0, o) <GP0, ) (3.12)

for k > 2. Note that

k
(Yang 2 4\1
G M, ..., A ) =|1+-)- Ai 3.13
k (A1 k) (+n)k;=11 (3.13)
and
(PPW) 4
G Ay oo, AR) = A — Ais 3.14
v (a k) k+nk;=1 i (3.14)

but that there do not exist simple expressions for the other two upper bounds in general
(G2 appears, of course, as the right-hand side of (1.9)). Note, too, that£at all
four bounds reduce to the identical bouddt- (4/n)) A1.

As a final remark, we note that a useful way of comparing the various upper bounds for
Ak+1 IS to assume the asymptotic behavior

A ~ ck® ask — oo (3.15)

for some positive constantsanda and see what the bound tells us about the possible
values ofx (that nothing can be learned abaun this way follows from the homogeneity

of our bounds ini1, ..., Ax)). Thus we seek to find which powersare consistent with

the given inequality. It turns out that we get upper boundsfdfrom the PPW inequality

we learn nothing: ang > 0 is consistent and thus we find an upper boundxforf co.

The Hile—Protter bound does not lend itself to this analysis so we pass over it here; in any
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event, both Yang inequalities are better. Yang’s second inequality leads easily to the bound

a < ,if. To see this one need only know that (3.15) implies

' ck®
! 1+«

1 k
— ask — oo. (3.16)
k -

i=1

Finally, to analyse Yang’s first inequality we also need

1 (ck®)?

It is then readily found that for the discriminant in (1.9) to be nonnegative asymptotically
ask — oo we must haver < 2/n, and that, furthermore, when this condition holds the
main inequality holds asymptotically as well. Thus Yang's first inequality gives the better
bounda < 2/n. Since 2n is actually the correct power for the Weyl asymptoticg pfve

see that Yang's firstinequality correctly captures this behavior, whereas none of the weaker
inequalities discussed here does. The reader might also consult Yang’s discussion [33] of
the Weyl asymptotics vig-vis the various bounds.

4. Extensions

Inthis section we extend the results of the previous sections to cover the eigenvalue problem

—Au+V(X)u = rp(X)u in Q Cc R, (4.1)
u=0 onog2. (4.2)

Here Q2 remains a bounded domainRY', V (X) represents a nonnegative potential, and
p(X) is a positive function (or density) continuous@nThis problem has eigenvalues and
eigenfunctions as above, which we shall continue to denofe B ; and{u;}°; where
0 < X1 < A2 <A3=<--- 7 oowith corresponding real orthonormal basis eigenfunctions
uij, i = 1,2,3,.... Orthogonality now is with respect to the weighted inner product
introduced below; in particular, we hayg pu;u; = §;;.

We shall prove the Yang inequalitiesy{ax and pomin denote the obvious quantities)

k
4
D Csr— 1) (Ak+1 - (1 + - pmax) M) <0 (4.3)
i=1 n Pmin
and

4 pmax\ 1 4

Myl < |1+ - ) - A (4.4)
n pmin ) k P

and then comment on some of their implications and interrelationships as done in previous
sections for their predecessors. The upshotis that all our previous bounds hold if we replace
all occurrences of A by (4/n)(pmax/ Pmin)-

While we shall give our proof for the general problem (4.1)—(4.2), it should be noted
that two separate special cases are of greatest interest. These are ttitngeinioperator
problem, whereo = 1, and the ‘vibrating membrane’ of variable densitg), where
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V = 0. After giving the proof we shall return to these two special cases and make some
further comments about them.

To proceed with our proof we séf = —A + V(x) and note that the appropriate inner
product is given by(f, g) = fQ pfg, i.e., we work in the real Hilbert spade?($2, p)
where o appears as a weight function. (If we were to work primarily in inner product
notation we might well want to view our primary operatorfds= (1/p(x))H, but we
choose not to do this here as we will mainly work using integral notation.) In particular,
the Rayleigh—Ritz inequality now reads

fQ p(Ho)
Myt < S (4.5)
Jo ro
where the real-valued trial functianmust be nontrivial and orthogonal #q, u», ... , u;

(with respect to our weighted inner product).
Proceeding as before we take (withiepresenting a single cartesian variable)

k
Qi = Xu; — Zai./u./ (4.6)
j=1

with a;j = [q pxuju; = a;j for1 <i, j < k. Thisyieldsg; Lu; forall1 <, j <k and
hence

2 2.2 2
/Qp@l. :/S;pxui(pi :/pr u; —Zaij. 4.7)

j=1
Furthermore
k
Hyp; = xHu; — 2u;jy — Zainuj
j=1
k
=Aipxui —2ul-x —Zaijkjpuj (48)

j=1

and if we now multiply byy; and integrate oveR we find

/‘Pi(H(Pi)Z)\i/ OXU;Q; —2/ Qilljy
Q Q Q

Q Q

by virtue of the orthogonality; Lu; and (4.7). Using the Rayleigh—Ritz inequality we
obtain

—ng Pillix

A1 — A < 5
Jo P9;

(4.10)

We must now try to simplify-2 fQ piuiy and also apply the Cauchy—Schwarz inequality
much as before. However we have the additional complication that, at least at some point,
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we must introduce a factor gf into one of the integrals that results (so as to be able to
cancel with the denominatgf, pgoiz). We begin by computing

k
0< —2/ Pillix = —2/ {xui - Zai,/u./} Uix
Q Q j=1
k
= —/ x(ul.z)x—}—ZZaij/ WixUj
Q j=1 Q

k
= / u,-z—l—ZZa,-jbij (4.112)
Q j=1
after integrating by parts and introducing

bij E/ UixUj = —bj,'. (4.12)
Q

Next we evaluaté;; much as we did in § 2:
Zbij = 2/ UixUj

Q

:/[A(xui)—xAui]u,'

o .

= —/ xui(—AMj)+/ x(—Aui)u;
Q Q

= —/ xu,-(Huj)—i-/ x(Hu;)uj
Q Q

= ()"i —)\.j)/ PXUU j
Q
= (A — Aj)aj. (4.13)
Thus

k
—2f Qiltix =/ uf Y (i = Ajag. (4.14)
Q Q j=1 ’

We remark that herg, u? does not reduce to 1, since our normalizationis rfigwu? = 1.

We now turn to the use of the Cauchy—Schwarz inequality. Unlike in § 2, this time we
shall go straight for the best result, i.e., the analog (4.3) of Yang's first inequality, and
only afterwards survey the weaker derivative inequalities (the analogs of the PPW, HP, and
Yang 2 inequalities in this setting) in their strong forms (that is, as strictinequalities). Thus
we attempt to ‘make optimal use of the Cauchy—Schwarz inequality’ from the beginning.
To this end we recall thag; is orthogonal ta¢; (for 1 < i, j < k) with respect to the 2
inner product weighted by, and hence to be able to subtract away the components of
along thex;’s for 1 < j < k we need to introduce the weightappropriately as follows:

k
1 1 1
_2/S;§0iuix = —2/9,0?%' |:,0_2uix - Zbijpzuj:| : (4.15)

=1
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We apply the Cauchy—Schwarz inequality to the integral based on the factored form of the
integrand as shown on the right above. We have

2
2 k
1 1
<—2/ wiuix> S4</ pw?) f [p‘Zuix—ZbiijMj]
Q Q Q =
k k
:4(/ p(piz) /p_lu?x—ZZbij/uixuj—i—Zbizj
@ @ =1 Je =1

k
_ 2 2 -3 B2
= (/Q at ) |:/Q ot j=lbl]:| ’ @10

where in passing to the second line we used the facithat;u; = §;; fori, j =1,2,....
Note that while our coefficients;; in (4.15) could be replaced by arbitrary coefficients,
(4.16) shows that choosing thg'’s is the best we could do. That is, if we pij} in place
of b;; in (4.15), proceed as above to the second line of (4.16), and then choekgdte
minimize the right-hand side, we finfl; = b;;. Thus our coefficients;; are optimal in
this sense. But we should also remark thatiyés are the components af, along the
u;’s with respect to amnweighted.? inner product. This may appear surprising, but is
natural in this context (just as it is natural that mappear in the integral definirg;, in
the numerator of the Rayleigh quotient (4.5), or in the computation in (4.11)).

Now since—-2 fQ @iu;x > 0(and with our usual conventions from § 2 on how to interpret
ourinequalities if-2 [, g;u;, = 0), we find from the Rayleigh—Ritz inequality (4.10) and
our subsequent simplifications (4.13), (4.14), and (4.16)

1,2 k 2.2
—ngz Piltix _ 4 o p ™ up, — ijl()‘i —Aj) a;;
2 = k
Jo r¥; Jo ”52"‘2,‘:1()\1‘ _)‘j)ai?/

Akl — Ai < (4.17)

or

k k
Over1 — Ai) [/Q uf Y (hi — xj)a,?j] < 4/Q ptuZ =Y 0i —rj)%f. (4.18)
j=1 j=1

By collecting all the terms in the;;’s on the left we arrive at
k
Gus =20 [+ Y Gura =2 e <4 [ phE @19)
Q i Q
j=1

We now proceed exactly as B 2 bypromotingx to x, and summing o from 1 ton to
get

n(Ag+1 — )»i)/ u? 4
Q

k
Ok — Aj) (ki — A A < 4f o Vu; 2,
j=1 @

(4.20)

where we define

n
Aij=)Y (@) =Aji=0 (4.21)
=1
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with a( ) = = [ pxeujuj. Then it follows as before that multiplying through by, 1 — A
and summlng o from 1 tok will free us of the terms in the;;’s, leaving

k k
n ;(Xkﬂ — ki)Z/QM,'Z < 4;()»k+1 —Ai) /Q o V)2, (4.22)
1= 1=

At this point we are almost done. It would have been nige lifad appeared not as!
on the right but ag on the left, but this situation is easily remedied at the expense of one
factor each Opmax = max. g p(X) andpmin = Ming_g p(X). Thus

k
0
nY Our1— ki)Z/
i=1 Q Pmax

or, sincef,, |Vu;|? < 1; (recall thatV (x) > 0 onQ) and [, pu? = 1,

k
W2 <8 Oner — Mok /Q Va2 (4.23)
i=1

k
Z(Xkﬂ ) (kk+1 - (l + 4 pmax> ?»z) <0, (4.24)

i1 " Pmin

which is our analog of Yang's first inequality in this more general setting. Thus we have
proved the following theorem.

Theorem 4.1. Consider the eigenvalue probled.1){(4.2) where  is a bounded
domain inR", V is a nonnegative potential ih®>(£2), and p is a weight function which
is positive and continuous of2. Then for eachk = 1,2, ... the eigenvalues satisfy
the inequality(4.24) In particular, A1 is less than or equal to the larger root of the
quadratic appearing as the left-hand side (@f.24)or explicitly

2
2 1&E 402 [1&
s (10 2me) By —P%ax(%zx,-
i=1 n i=1

n Pmin 2 Pmin

1
4 Pmax)
— Ai — (A 4.25
( o Z( (k):| (4.25)
(here (), denotes the average of the fikstigenvalues(1/ k) Zf.‘zl A;) and furthermore
A+1 also satisfies the simpler inequalifhe analog of Yang’s second inequality in this
setting

4 1
Akt1 < (1 + — Pmﬁx) % Z Ai. (4.26)

Remarks.

(1) Itis clear from our transition from (4.22) to (4.23) and (4.24) that all our inequalities
will be strict unlesso = const. andvV = 0. If p = const. andvV = 0, then we are
back in the case dealt with in the two previous sections and we know that even in this
case every inequality except perhaps (4.24) and (4.25) can be made strict as well.
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Clearly pmax can be replaced by any upper bound $aand pomin can be replaced by
any positive lower bound fos and our inequalities all continue to hold. In addition,
as our proof shows; continuous orf2 is a stronger assumption than we really need;
it would be enough fop to have positive upper and lower bounds®@r(in which
case these would replapgg,ax and pomin).

By mimicking our earlier arguments we can also obtain the corresponding PPW and
HP inequalities for problem (4.1)—(4.2). In their strong forms these are simply
4 pmax k
Ml — Mk < — A fork=1,2,..., (4.27)
nk pmin -1
(the PPW analog) and
£ A nk pmin
> > — fork=1,2,... (4.28)
= Al — A 4 pmax

(the HP analog).
Theorem 4.1 also lends itself to finding PPW, HP, and Yang type bounds for domains
in the constant curvature spa@&sandH? since whem = 2 the eigenvalue problem
for the Laplacian in any metric conformal to the Euclidean metric is equivalent to an
inhomogeneous membrane problertu = Ap(X)u, in Euclidean space. In such a
settingp (x) = /g whereg is the determinant of the metric tensgs;) (and hence
p(x) dx is the Riemannian volume elemepk dx).

In the usual model d$? as{x € R®||X| = 1} we have

pe2(¥) = (1+ cos0)?,

whered represents the polar angle (angle from the north pole). Similarly, in the
Poincaé disk model offl® we have

- 4

sz(x) = 1— |f|2)27
where{¥ € R?| |X| < 1} is the Poincag disk.

We can thus obtain PPW, HP, and Yang type bounds for the eigenvalues oh
Q c S? or H? with Dirichlet boundary conditions which are of the Euclidean form
except for additional factors gfmax/ omin @s given in Theorem 4.1 and in Remark
3 above. For example, for a domaih c S? having geodesic radiu® (this is the
radius of a circumscribing circle; it is convenient to choose the north pole to be the
center of this circle) we find from the= 1 case that

A2 2 2
—<142(—-) . 4.29
AT + <1+cos®) ( )

Note that this bound blows up as the circumradiugoes tor (which is equivalent
to the inradius of the complement &f going to 0). This must, in fact, happen for
any bound orky/A1 for Q C S? since it is known, for example, thag — 0T for a
geodesic ball as the ball approaches the full sphere (see ([10], pp. 50-54)).
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(5) For the case of a pure Séildinger operator{ = 1), the inequalities of this sec-

tion reduce to those of the earlier sections, i.e., to the inequalites that we derived
for the eigenvalues of the Laplacian on a domain in Euclidean space. Moreover,
if the potentialV is bounded below we can always transl&teand the eigenval-
ues so that all our inequalities apply, so long as we apply them to the translated
eigenvalues. In fact, to get the sharpest inequalities we should always translate so
that infV = 0. Even if the potential is not bounded below, it may still be pos-
sible to obtain eigenvalue bounds from a point of view similar to that espoused
above. The earliest work in this direction is contained in Allegretto’s paper
[1].

It might be noted that in returning to the eigenvalugsby passing from
(4.23) to (4.24) we replaced, |Vu;|? by its upper bound;. It is quite possi-
ble that this leads to a relatively weak bound since in doing this we give up a
term in the potentialV which could be significant. One way to avoid giving up
so much (at the expense of having to keep track of additional quantities) is to
define these ‘kinetic energy’ terms via = fQ |Vu;|? and just leave the;’s in
the inequalities. For certain potentials we may be able to prove tthig less
than or equal to some fixed fraction of the ‘total energy, which then would
allow us to return to the\;’s without giving up as much as we would by just
using fQ |Vu;|? < a;. These ideas occur in physics as the subject of ‘virial
theory’ and have been explored in the present context by Harrell and Stubbe
[17].

In addition to the works on universal eigenvalue inequalities cited earlier, there
are a number of works dealing strictly with the ratig/11. These include [3]
and [35]. In particular, we remark that [3] proves that the best upper bound on
A2/M1 in the Euclidean case is given by the valueigfi, for ann-ball, which can
be given explicitly as a certain ratio of squares of zeros of Bessel functions (this
result is known as th@ayne—Blya—Weinberger conjecturesee [26,27] and also
[3,5]).

5. Yang's bounds for minimal hypersurfaces and domains in spheres

In the 1995 version of his preprint, Yang [33] also applies his methods to obtain results
for

(A) a compact minimal hypersurfadé in S"*1 (Theorem 3 on p. 3), and
(B) adomair2 c S" with Dirichlet boundary conditions imposed 6 (Theorem 4 on
p. 14).

With only slight modification, our simplified approach to Yang’s inequalities also han-
dles these cases. In particular, our overall strategy of making optimal use of the Cauchy—
Schwarz inequality (within the context of our problem) and arranging to eliminate uncon-
trolled terms in our preliminary inequality by means of antisymmetry applies without
change. Moreover, if we want to find the ‘HP-analog’ of our inequality, we have only to
drop the terms ilbl? coming from our optimal use of the Cauchy—Schwarz inequality. The
‘PPW-analogs’ then follow at a glance as well. Since the methods are so close to those
used above, we forgo the details (see [33], for example, for the correct definition of the
bi;’s in this context (p. 10)) and skip directly to the results.
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A. M acompact minimal hypersurface §i*+?*

In this case since 0 is an eigenvalue-eA on M, we start the spectrum withg = 0.
Proceeding with our standard approach, we arrive at

k
nOur1 = 1) + Y (kg — 4) (i — A Aij < 44 + n? (5.1)
j=0

as our analog of (2.25). For future use, we note that if we had not made optimal use of the
Cauchy-Schwarz inequality, the factag.+1 — A ;) in the sumin (5.1) would be replaced
by (Ar+1 — ;) and (5.1) would become the analog of (2.18).
From (5.1) we multiply in(A4+1 — ;) and sum ori from O tok to get Yang’s inequality
(49):

k k
nY g —A)? <Y (iyr — 4i) (8 +n?) (5.2)
i=0 i=0

or
k 4
Z(?»Hl — i) (kk+1 - (1 + ;) Ai — n) <o0. (5-3)
i—0

From (5.3), which is a quadratic inequality, we can derive an explicit upper boung for
much as before:

2
s < (14.2) 2 kk_+n+ 2 1 Xk:xju”
=T kv g T2 [ \nkr1 &M T 2

4 1 & 1 3k
—(“;)mZ(M‘mD") | &4

i=0

This is Yang's inequality (10), the analog of Yang 1 from earlier in this paper. From (5.4)
the analog of Yang 2 now follows easily:

4\ 1 &
< (1+2) ——S"x +n. 5.5
k+1_<+n)k+1;l+n (5.5)

In addition, if we go back to (5.1) and repla@g. 1 — A ;) by (A1 — A;) we can proceed
to derive the analogous HP inequality

k

4); +n?
S S ke + 1), (5.6)
=5 A1 — A

And if we replace the denominator here by, 1 — A, we obtain the PPW analog

k

Y xi+n. (5.7)

i=0

k
Myt < M+ > (@ +n?) = a+
i=0

nk+1) n(k+1)
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Note also that if we replace thg on the right byﬁl1 Zf:o A; then we recover (5.5).
Thus (5.5) is stronger than (5.7). Finally we note some further simpler inequalities

4 k 4
A <1+ - A <(1+4+-)Ar , 5.8
k+1_(+n)k+lk+”_(+n) k+n (5.8)

the last member of which is an analog of a further inequality of PayblgaPand Wein-
berger [26,27].

Remarks.

1)

)

An inequality of PPW-type for this problem (i.e., for a compact minimal hypersurface
in a sphere) was first derived by Maeda [25] (see the last displayed inequality on
his p. 32, before the parameteris introduced, and also the theorem that follows).
Later Yang and Yau [34] derived a related bound (this bound was incorrect in detail,
and was corrected by Leung [22]). However, the Maeda and the (corrected) Yang-
Yau bound are not as good as our PPW-type bound (5.7) above (which goes back
to Harrell and Michel [15] and Yang [33]). To slightly further complicate matters
here, we also remark that Maeda only gave details for the case of a domain with
boundary (our Problem B, discussed below) while saying ‘The &ase- ) can be
discussed analogously’ and going on to state ‘wh&h= ¢ the same inequality is

true replacing.; by u;’ (we note in this connection that Maeda indexeshji's from

i = 0). Unfortunately, he seems to have missed the fact that the natural development
of Problem A leads to division b+ 1 (see, for example, (5.5)—(5.7) above), rather
thank (which is how his inequality is stated, except that bus hisn). Thus, while

not incorrect, Maeda’s (semi-)stated PPW-type bound for Problem A is not quite
even that of Yang and Yau as corrected by Leung. And neither bound represents the
‘natural’ PPW-type bound as developed above.

Leung [22] then derived an HP-type inequality for this problem. There is an opti-
mization in a parameterthat appears in his argument (and in a sense in Yang and
Yau’s argument, since Leung’s argument leads back to Yang and Yau'’s via the natu-
ral reduction) and this makes his bounds more complicated and less easily compared
with those above. However, setting= 1 should not do great injustice to his bounds,
and lends itself more directly to comparison with our inequalities above. We find (for
the PPW-type version of Leung’s inequality)

4 k
A <A _ A+ 2 5.9
k+1 = k+n(k+1);l+n ( )

(this is Leung’s (3.2) withh = 1). A comparison with (5.7) shows the presence of an
extran in this formula. Varyingr cannot entirely remove this problem since the 2
above comes fror(l+7)n and we must always use- 0 (and, indeed, — 0" causes
another term in the bound to blow up, so the optimiairns out to beg € (0, 1)). In

fact, it is not hard to see that the corrected Maeda and Yang—Yau inequalities (which
involve optimization iry) lie between (5.7) and (5.9).

Furthermore, using the methods employed here, we can fully dispose of Leung’s
inequality, i.e., we can show that both Yang inequalities ((5.4) and (5.5) above) are
better than Leung’s best bound (written in terms of our notation above) which he
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proved for allk > 1 (throughout the following discussion we takd¢o be a fixed
positive integer):

)\,k.;,_j_ S o= mig[at =+ (1 + t)n] (510)
>

whereo, for 0 < r < oo is the roots > A of

koo n(k + 1)t
F(s) = ; Py T (5.11)

This root is unique (for each > 1) since fors > A, F(s) decreases monotonically
from infinity to 0. Note that this is almost exactly the same functitm) introduced

in (3.1) except that our sum now startg at 0 (indeed, it is exactly the same function
sincerg = 0, but for our purposes here we prefer to view it as above since we shall
want to use the convexity af/(s — A) in A (x in (3.3)) for a value which is a convex
combination ofk + 1 points). In particular, we note that it follows as before that
f(x) =x/(s — x) is convex forx € (—o0, s) if s > 0 (which always holds for the
cases under consideration here).

We begin by showing that for all> 0

4\ 1 ¢
o> 1+~ m;x,. (5.12)

There are two cases to consider:
Casel. If

4\ 1 &
14— ) —=> aj<a
( +n)k+lj_o j="k

then there is really nothing to prove, since by the very definitios, afe have

AN RS
+; m;}klﬁ)\'k<at

Case2. If
4\ 1 &
1+— ) — S "% > A,
<+n>k+1§)1> ¢

then we can employ our previous argument (see, in particular, (3.5) and (3.6) above)
as follows:



The universal eigenvalue bounds 25

F ((l +
Xk: by
i= ( >k+1 Z, —0Aj — i
m Z/:o A
4\ 1 vk 1 Nk
<1+ ﬁ) B 2 =0t — &1 2j=0hj
nk+ 1)
4
- n(k + 1)t
~ (141)2
SinceF (s) is strictly decreasing oy, 00), (5.12) now follows from the definition
of o; (the strict inequality in (5.13) follows from the facts thatx) = x/(s — x) is
strictly convex inx and that our sum involves at least two distinct points sincel,;
one could also arrive at strict inequality by reducifigo a sum from 1 td using

Ao = 0 and then using convexity to bound the average of tlihasems by a single
term). Thus

4 1Ly for all
1+~ m;”’”’ orallz >0

and it follows from our version of Yang's second inequality in the present context
(inequality (5.5)) that

D)

j=0

> (k+1)

for all > O (with equality iffr = 1). (5.13)

4
Ak+1§(1+ )k+12k +n<o+n<o+Q+t)n (5.14)

forallr > 0. Since it is also clear that = inf,.g[o; + (1 + r)n] is attained at some

to € (0, 1) (as noted already by Leung [22], based on the fact¢het decreasing on

(0, 1), increasing or{1, co), and goes to infinity as— 07), it follows that Leung’s

best boundi1 < o, is always strictly weaker than the second (and weaker) Yang
inequality (5.5). Thus it is also strictly weaker than Yang’s first inequality (5.4) as
asserted above. Since, as already mentioned, the earlier bound of Yang and Yau is
a consequence of Leung’s inequality (5.10) above, we can conclude that the Yang
inequalities (5.4) and (5.5) supersede all previous inequalities in this vein (see our
remarks below and at the end of this section for the full justification of this comment).

(3) Harrell and Michel [15] did derive the ‘correct’ HP-type inequality for this problem.
That is, they obtained (5.6).

(4) All the authors discussed in Remarks 1-3 above actually treated the case:of an
dimensional manifoldZ™ which is a minimally immersed submanifold of a sphere
S"*+1 with 1 < m < n. The bounds they then derived were as above but with
replacingn. Yang’s bounds above are for the case= »n but all extend with no
problem to general dimension, 1 < m < n (indeed, they even apply whem =
n+1,i.e,M =S"" ascan be seen from Part B below).
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(5) Presumably the inspiration for all the work discussed above on minimally immersed
submanifolds was Cheng’s paper [12], which dealt with compact domains in a minimal
hypersurface oR"*1. The key for Cheng is that the cartesian coordinate functions
for R"*1 are harmonic o/ (i.e.,Apxe = 0), while for the other authors itis that the
cartesian coordinate functions féf*+2 are eigenfunctions of A ; with eigenvalue
m =dimM (i.e.,—Ayxy = mxg). Necessary facts about minimal submanifolds can
be found in Chavel ([10], see pp. 309-314).

B. © adomain inS” with Dirichlet boundary conditions

In this case 0 is not an eigenvalue (unl€ss= S", a case we can exclude since its
eigenvalues are known explicitly) so we index the eigenvalugg. 4§, with 0 < A1 <

A2 < A3 < ... /" oo (multiplicities included). Actually it turns out that our inequalities
do cover the case whete = S”, but theni, = 0 (just observe that our derivation also
applies to that case). Proceeding much as before we find

k
nCist = 2) + Y Opt = A0 = 1) Aij < 4hi +n? (5.15)
j=1

as our analog of (2.25) (or (5.1); in fact, it is (5.1) exactly if we chakhge k + 1 and
reindex so that our index starts at 0). As above we can pass to

k k
n Y Ourr—A)? <) (agr — M) (ki + 1) (5.16)
i=1 i=1
or
k 4
Z()\.]H_l —_ )‘-l) ()\,k+]_ — <1 + ;) )\,i —_ I’l) f 0, (517)
i=1
and thus to

(5.18)

which is Yang's inequality (51), the analog of Yang 1 in this setting. The analog of Yang 2
is then

4\ 1&
A <(1+-)- Ai . 5.19
k+l_<+n)k;z+n (5.19)

For the HP analog we adjugt; ;1 — A;) to (A1 — 1;) in (5.15) and then divide through
by Ar+1 — A; and sum on from 1 tok to obtain

k

4 + n?
S ok (5.20)
o1 Ml — A
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Much as before this leads on to

4 k
A <A — Ai 5.21
k+1 = k+nk;l+n ( )
and
4
M1 < (1+ —) M +n (5.22)
n

(or in the case of the sphe&, 1,1 < <1+ 3) Elave+n < (1+ 3) Ak + n).

Remarks.

(1) Yang [33] (1995 version) was the first to derive bounds for the eigenvaluea ah
Q c S" of this form. The presence of the exiras actually good from a certain point
of view, which is that as2 approaches all &" (consider geodesic balls §t, say, to
be specific) we expedt; — 0T sinceir1(S") = 0 (a proof of this fact for geodesic
balls can be found in Chavel ([10], pp. 50-54), for example). In particular, (5.22) for
k = 1 could not hold without the (since domain monotonicity forces > n). The
only way for our ‘Euclidean-based’ bound (4.29) to handle this eventuality (without
then) is for pmax/ pmin t0 blow up in this limit, which indeed it does. Thus, inequalities
(4.25) and (5.18) (or (4.26) and (5.19), etc.), both of which appl¥ar S”" if p is
identified as in Remark 4 at the enfi®4 (see the expression fprz(x)), might be
regarded as complementary to some extent (in a rough sense, one should do a better
job for small domains, the other for large).

(2) Inequality (5.22) shows, in particular, that

A2 —n

4
<1+ -. (5.23)
A1 n

It can be shown using the methods of [7] (see Theorem 3.1 and Remark 1 on p. 1071
in particular) that for geodesic balls larger than a hemisphere

A2 —n

2
A1 <1+ n’
with equality at the hemisphere (the inequality reverses for geodesic balls smaller than
a hemisphere). Since as we approach the full spf&re; — 0" while A, — n™
(see ([10], pp. 52-53)), the limiting value Gf2 — n) /11 might be of some interest to
work out (either for geodesic balls, or for arbitrary domains if that limit exists), but
is in any case between 0 andrl(2/n) inclusive.

For both problems considered in this section, we can prove results analogous to our
results h § 3 above. In particular there is an argument based on convexity and the function

L2 )
=Y T Z 5 Fo

1
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which shows that (herg.) denotes,ﬁ{—1 Zﬁ;o A or% Zf.‘zl Ai, depending on the problem,
and similarly for the summation interval in the definition/ofabove))

Fl(14%) ay4n) 5 |2+ for Problem A
n nk for Problem B

and hence that the analogs of Yang'’s second inequality are stronger than the corresponding
Hile—Protter analogs. This shows that in this context again Yaniydng 2=HP=PPW.

Similarly we can argue that the smaller roots of our quadratic Yang inequalities are
irrelevant: we simply define

- 4
Hi(x) = Zi:(x - M) <x — <1+ ;) Ai — n>

and observe thatl; (Ax) = Hy_1(Ax) < 0 by the quadratic Yang inequality. This implies
thata; > [smaller root ofH;], and hence that,,1 > A« is always as good as or better
thani,1 > [smaller root ofH;]. Similarly, 1, > [smaller root ofH;] is uninteresting
since this is an implicit bound which is implied ;_1(Ax) < 0, i.e., Yang’s quadratic
inequality at one index lower.

Another useful observation is that fundamentally the Yang inequalities are all the same.
We have already noted that the inequalities of Parts A and B above are the same if we
just reindex our eigenvalues to start fréma= 1 (ori = 0) in both cases. However, since
the usual conventions dictate different starting indices (largely because in Part A the first
eigenvalue is always 0 while in Part B it is not, unléss= S*) we have chosen to present
both sets of inequalities, to give them maximum exposure (as did Yang). Finally, we remark
that (5.17) is equivalent to (2.27) if we take each eigenvalire(2.27) and replace it by
A+ (n2/4). Thus all the inequalities in Part B above could be gotten from the inequalities
of 88 1-3 simply by making this formal substitution. A similar comment applies equally to
Part A, once the necessary index shift is taken into account. This demonstrates the identity
of our inequalities across problems in a certain wider sense (and can be used to motivate
the forms of F and H that we introduced above). Perhaps there is some deeper identity
behind this, or perhaps there is a way to identify the sphere problems of Parts A and B
with Schiddinger problems in Euclidean space where the poteliti@) turns out to be
bounded below by-1n2/4 suggesting the replacement— A + n2/4 mentioned above
(cf. Remark 5 following Theorem 4.1 above).

6. Concluding remarks

Infuture works we shall address problems having a more general divergence-form operator.
In particular, we shall treat the cases of bounded domains in the constant curvature spaces
H" andS" where the differential operator is the Laplace—Beltrami operator. By an extension
of the methods presented above, we obtain relatively strong bounds generalizing our 2-
dimensional results mentioned in Remark 4 at the drfiidabove.
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