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Abstract. We study the notion of asymptotic velocity for a class of perturbed time-
dependent quadratic Hamiltonians. In particular we give a sufficient condition for abso-
lute continuity.
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1. Introduction and results

In this paper we shall consider the question of asymptotic absolute continuity for a class
of HamiltoniansH(t) = H0(t)+R(t, x) defined onL2(Rn

x). The symbol of the first term,
the quadratic term, is assumed to have the form

h0(t; ξ, x) =
n∑
j=1

hj (t; ξj , xj );

hj (t; ξj , xj ) = 1

2
ξ2
j + qj

2
x2
j + cj xj ,

with qj andcj as continuous functions of a time-parametert > 1. We impose a certain
hyperbolicity condition which holds if for allj ,

qj (t) ≤ (2t)−2 for all larget.

Under various conditions on the second term, the perturbation, including (as a mini-
mum) boundedness of second order derivatives (being locally uniform int), we study the
large-time behaviour of the dynamicsU(t) generated by the family ofH(t)’s.

We are interested in a generalization of the notion ofasymptotic velocitygiven for
qj = cj = 0 under some conditions on the potential by either of the formulas

f (x+
t ) = s − lim

t→ + ∞U(t)
∗f
(x
t

)
U(t) = s − lim

t→ + ∞U(t)
∗f (p)U(t);

f ∈ C∞
0 (R

n), p = −i∇x, (1.1)

see ([DG], § 3.2).
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For someRn-valued functionsL andθ given in terms ofh0 (see below), the analogous
formulas are

f (p+) = s − lim
t→ + ∞U(t)

∗f (p(t))U(t);
pj (t) = x−

j (t)
(
pj − L̇j

)+ 2−1 (1 − 2θj θ̇j
)
x+
j (t)

−1(xj − Lj ), (1.2)

x−
j (t) = θje

− 1
2

∫
θ−2
j dt

, x+
j (t) = θje

1
2

∫
θ−2
j dt

.

f (x+
b ) = s − lim

t→ + ∞U(t)
∗f

(
x1 − L1

x+
1 (t)

, . . . ,
xn − Ln

x+
n (t)

)
U(t). (1.3)

Here all arguments off aren-tuples of commuting self-adjoint operators.
The functionx = L(t) is any classical solution for the symbolh0, i.e. it solves the

corresponding Newton equation. Thej th entry ofθ(t) is given in terms of two positive
classical solutionsx−

j (t) andx+
j (t) for the symbol 2−1ξ2

j + 2−1qjx
2
j , the former being

smaller at infinity than the latter, byθj =
√
x+
j x

−
j . (Notice that (1.2) and (1.3) reduce to

(1.1) by the recipeL = 0, x−
j = 1 andx+

j = t if qj = cj = 0.)
Our first result involves an integrability condition on the first order derivatives of the

symbolr(t, x) of the multiplication operatorR(t, x).

Theorem 1.1. Suppose that for some functionh1 = h1(t) in L1 at infinity,

|∂xj r(t, x)| ≤ x−
j (t)

−1h1(t)

(
1 +

∣∣∣∣∣
(
x1 − L1

x+
1 (t)

, . . . ,
xn − Ln

x+
n (t)

)∣∣∣∣∣
)
. (1.4)

Then there existn-tuples of commuting(densely defined) self-adjoint operators, p+ and
x+
b , given by the limits(1.2) and(1.3). Moreover

p+ = x+
b . (1.5)

Our second result involves in addition on integrability condition on the second order
derivatives of the symbolr(t, x). An n-tuple of commuting self-adjoint operators is said
to be absolutely continuous if its spectral measureP obeys the conditionP(�) = 0 for all
Borel measurable set� in Rn with Lebesgue measure zero. Ifx+

b is absolutely continuous,
the family ofH(t)’s is said to beasymptotic absolutely continuous.

Theorem 1.2. Suppose in addition to the condition(1.4) that for some functionh2 =
h2(t) in L1 at infinity,

|∂xi ∂xj r(t, x)| ≤ min
(
x+
j (t)

−1x−
i (t)

−1, x+
i (t)

−1x−
j (t)

−1
)
h2(t). (1.6)

Then the family ofH(t)’s is asymptotic absolutely continuous.

We shall prove Theorem 1.2 by showing the existence of certain wave operators. We
construct unitary operatorsV (t) with the property

V (t)∗p(t)V (t) = p for all larget, (1.7)

with p(t) given in (1.2), and a smooth functionS(t, ξ) (smooth inξ ), such that the
following result holds.
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Theorem 1.3. Under the conditions of Theorem1.2 there exists the strong limit

� = s − lim
t→+∞U(t)

∗V (t)e−iS(t,p). (1.8)

It is a unitary operator.

Clearly Theorem 1.2 follows from Theorem 1.3 and (1.7) by the following computation

f (p+) = s − lim
t→+∞�(t)f (p)�(t)

∗ = �f (p)�∗;
�(t) = U(t)∗V (t)e−iS(t,p),

yielding thatp+ = �p�∗.
In the caseqj = cj = 0 our Theorems 1.1–1.3 essentially reduce to ([DG], Theorems

3.2.1, 3.2.2, 3.4.1), although (1.4) is weaker than ([DG], (3.4.1)) (with|α| = 1) in that
case. We have attempted to follow the procedure of [DG] as much as possible. However,
since at various points the arguments of [DG] do not work in the present generality, we
found it natural to give entirely self-contained proofs throughout the paper.

A main motivation for this work comes from a completeness problem in the long-range
3-body scattering theory, [Sk]. One can think about the expression 2−1qjx

2
j + cj xj as part

of a pair-potential for a system ofn one-dimensional particles. We remark that while it is
standard to approximate the ‘inter-cluster’ potential by certain time-dependent cut-offs, cf.
[D, DG, E, G, H1, Si, Y1], the application of Theorem 1.2 that appears in [Sk] concerns a
cut-off of the ‘internal’ potential as well.

The functionS(t, ξ) solves a certain Hamilton–Jacobi equation. The first application
in scattering theory of an exact solution to a Hamilton–Jacobi equation appeared in [H1],
where the existence of a certain wave operator was shown. Moreover this solution is also a
powerful tool when applied to the two-body completeness problem as it was demonstrated
in [Si].

Our basic strategy is to first reduce to a simpler case by replacing the symbol 2−1ξ2
j +

2−1qjx
2
j +cj xj by 2−1a2

j ξ
2
j , whereaj = aj (t) is a positiveC2-function that is not inL2 at

infinity. (In fact we shall deal with a more general unperturbed Hamiltonian than presented
in this introduction. It involves a similar reduction.) The reduction is accomplished under
a condition that we call as hyperbolicity condition. (Basically we need positive solutions
to the unperturbed homogeneous classical equations.) We use the fact that the unperturbed
dynamics is given explicitly. The closest reference we have been able to find in the literature
at this point is [Y2] and the reference 4 of [Y2] (the latter in Russian), although we suspect
that the explicit formula for the dynamics we are going to use (and prove) must be more
widely known (at least on some form).

We shall only deal with separable unperturbed hyperbolic symbols. A natural question
is whether one can generalize our results to non-separable cases. A more interesting open
problem would be to understand the condition (1.6). Is it optimal for Theorem 1.2 (or 1.3)
While it seems fair to say that it is ‘optimal’ in the case ofqj = cj = 0 (see [DG], §3.8),
it is not clear what to expect in the general anisotropic case.

Clearly Theorem 1.2 is a statement on propagation. A different approach to obtain related
propagation estimates would be to use a certain modification of Mourre’s method similar
to the one used in [HS].

The above reduction is described in §§2 and 3. We give precise conditions in §4 (includ-
ing one that guarantees the existence of a nice dynamics). The analogue of Theorem 1.1 is



212 Erik Skibsted

proved in §5. The functionS(t, ξ) is constructed in §§6 and 7 (denoted byS1(t, ξ)). The
analogue of Theorem 1.3 is proved in §8.

2. Hyperbolicity

We consider throughout this section quadratic symbols

h = h(t) = h(t; ξ, x) = a2

2
ξ2 + q

2
x2 + cx; t > 1, x, ξ ∈ R, (2.1)

defined in terms of real-valued functionsa, q andc of t > 1; by assumptiona isC2, and
q andc areC0. Moreover we assumea > 0 and thata /∈ L2 at infinity. By definition the
classical solutionsfor h(t) are the (real-valued)C2-functionsx(t) which solve

d

dt
(a−2ẋ) = −qx − c. (2.2)

DEFINITION 2.1

We callh(t) hyperbolic if there exist real-valuedC2-functionsθ, y, z of larget such that
θ, y > 0, θ−2 /∈ L1 at infinity and the corresponding classical solutionsx = x(t) may be
written at infinity as

x = y(c+e
∫
θ−2dt + c−)+ z; c+, c− ∈ R. (2.3)

Obviously from this definition,h(t) is hyperbolic iffh0(t) = 2−1a2ξ2 +2−1qx2 is hyper-
bolic. Moreover by introducing a new time variablet̃ = ∫

a2dt it follows readily that
h0(t) = 2−1a2ξ2 + 2−1qx2 is hyperbolic iff h̃0(t) = 2−1ξ2 + 2−1q̃x2 with q̃ = qa−2

being hyperbolic. This leads to the following criterion for hyperbolicity.

Lemma2.2. A symbolh(t) is hyperbolic ifq̃(t) = q(t)a(t)−2 ≤ (2t)−2 for all large t .

Proof. We compute forh = 2−1ξ2 + 8−1t−2x2 the solutions

x = t
1
2 (c+ ln t + c−),

showing that thish is hyperbolic. We construct a ‘large solution’x+ for h̃0(t) = 2−1ξ2 +
2−1q̃x2 by solving the Riccati equation

α̇ + q̃ = −α2 (2.4)

by comparison. The equatioṅβ + (2t)−2 = −β2 has the solutionβ(t) = t−1

((1/2)+ (1/ln t)). Solve (2.4) neart = 2 withα(2) = β(2). By the standard comparsion
theorem (see for example ([BR], Theorem 1.8) we conclude thatα(t) ≥ β(t) for t ≥ 2.
Using (2.4) we can readily continueα(t) to the whole half-axis. This solution is denoted
by α+(t). Let x+ = e

∫
α+dt . This classical solution obeys the boundx+(t) ≥ Ct1/2 ln t ,

and we obtain another one, (cf. [BR], §2.5), by the formula

x−(t) = x+(t)
∫ ∞

t

x+(t ′)−2dt ′.



Asymptotic absolute continuity for quadratic Hamiltonians 213

Let us note the following bounds

0< x−(t) = x+(t)−1
∫ ∞

t

e−2
∫ t ′
t α

+dt ′′dt ′

≤ x+(t)−1
∫ ∞

t

( √
t ln t√
t ′ ln t ′

)2

dt ′ = x+(t)−1t ln t ≤ C−1√t .

Clearly (2.3) follows forh̃0(t) by writing any solutionx at infinity as

x = x−
(
c+
(∫ ∞

t

x+(t ′)−2dt ′
)−1

+ c−
)

; t ≥ 2.

2

Remark2.3.

(1) The symbolh = 2−1ξ2 + δt−2x2 is not hyperbolic forδ > 8−1. The classical
solutions are (on complex form)

x = c1t
2−1(1+i√8δ−1) + c2t

2−1(1+i√8δ−1).

There are no positive solutions at infinity.
(2) For a given hyperbolic symbolh(t) = 2−1a2p2 + 2−1qx2, obviously the functionθ

in (2.3) obeys

d
dt x

+

x+ −
d
dt x

−

x− = θ−2 (2.5)

with the left hand side given in terms of the basis solutionsx+ = ye
∫
θ−2dt andx− =

y. Moreover the ‘small solution’y is unique up to a constant. In terms ofθ it is given

by y = aθe− 1
2

∫
θ−2dt . (Notice thataθ = C

√
x+x−.) Conversely if a symbolh(t) =

2−1a2ξ2 + 2−1qx2 has positive classical solutionsx+ andx− at infinity with the left
hand side of (2.5) positive and not inL1, thenh(t) is hyperbolic (just integrate (2.5)).

(3) In continuation of (2), the functionθ obeys the equation

θ̈ +
(
a2q + a

d

dt

(
ȧ

a2

))
θ = −1

4
θ−3, (2.6)

as may readily be proved from (2.5). In conjunction with (2.3) this suggests the follow-
ing transformation scheme: The classical solutionsx forh(t) = 2−1a2ξ2+2−1qx2 are
obtained from any solutionθ to (2.6) and the classical solutionsx̃ for h̃(t) = 2−1ã2ξ2

with ã = θ−1e
1
2

∫
θ−2dt , by the transformationx = a(ã)−1x̃. (Notice that the factor

a ˜(a)−1
has the same form as the small solution mentioned in (2) confirming that the

‘small x̃-solutions’ are the constants.) A straightforward computation justifies this
scheme. It is the key to handle the quantum mechanical case (see next section).

(4) Suppose we add terms dξx andeξ to the right hand side of (2.1) withd ande being
C1-functions oft > 1, then again the Hamilton equations reduce to (2.2) withq

andc on the right hand side replaced by explicitly calculableq ′ andc′ in C0. Thus
hyperbolicity for a general quadratic symbol reduces again to hyperbolicity for the
symbolh̃0(t) used in the proof of Lemma 2.2.
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3. Transformation (quantum case)

We look at the quadratic Hamiltonians given by quantizing the symbols considered in the
last section:

H = H(t) = H(t;p, x) = a2

2
p2 + q

2
x2 + cx; t > 1, (3.1)

on the spaceL2(Rx). LetU = U(t) denote the corresponding evolution, fixed byU(T ) =
I for some largeT > 1.

We shall findU explicitly: First we reduce to the purely quadratic case in terms of any
solutionx = L to (2.2). Let

U1(t) = ei
∫
f dte−ia−2L̇xeiLpU(t);

f = q

2
L2 + cL− L̇2

2a2
. (3.2)

It solves

i∂tU1(t) = H1(t)U1(t);H1 = a2

2
p2 + q

2
x2.

Next we pick any solutionθ to (2.6) (for example the one of Definition 2.1) and introduce

U2(t) = eigx
2
ei ln ( a

ã
)AU1(t); (3.3)

g = 4−1
(

1 − 2θ θ̇ − 2θ2 ȧ

a

)
e− ∫ θ−2dt ,

ã = θ−1e
1
2

∫
θ−2dt ,

A = 2−1(xp + px).

It solves

i∂tU2(t) = H2(t)U2(t);H2 = ã2

2
p2,

cf. Remark 2.3(3), and is therefore given by

U2(t) = e−it̃ p2

2 U2(T ); t̃ = e
∫ t
T θ

−2 dt ′ .

We summarize as follows:

Lemma3.1. For any quadratic Hamiltonian H(t) with hyperbolic symbol we let(for t
large enough)

V (t) = e−i ∫ f dte−iLpeia
−2L̇xe−i ln

(
aθe− 1

2
∫
θ−2dt

)
Ae−igx2

, (3.4)

with L, f, g, and A given as above, cf. (3.2) and (3.3). Then the corresponding evolution
(for T large enough) is given by

U(t) = V (t)e−it̃ p2

2 V (T )−1; t ≥ T , t̃ = e
∫ t
T θ

−2dt ′ . (3.5)
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Motivated by Lemma 3.1 we shall call a time-dependent quadratic symbolh(t; ξ, x)
on Rn × Rn hyperbolic if h(t; ξ, x) = ∑n

j=1 hj (t; ξj , xj ) and each term is hyper-
bolic. Using Lemma 3.1 for each quantized operatorHj(t) we obtain an explicit
expression for the evolutionU(t) of the quantizationH(t) of h(t; ξ, x). Up to
the productV (t) of the Vj (t)’s it is given as the evolution of the Hamiltonian
H̃0(t) = ∑n

j=1 2−1ã2
j p

2
j .

Suppose now that we add a potentialr(t) = r(t, x) to a hyperbolic symbol
(in 2n-variables). Then formally (for the corresponding multiplication operatorR(t, x))

R̃(t) = R̃(t, x̃) = V (t)−1R(t, x)V (t) = R(t, x(t, x̃));
xj = aθje

− 1
2

∫
θ−2
j dt

x̃j + Lj , j = 1, . . . , n,

which leads to the study of the ‘simplified’ HamiltoniañH(t) = H̃0(t)+ R̃(t).
In the next section we given precise conditions on the symbolr̃(t, x̃) of R̃(t, x̃) under

which we shall studyH̃ (t) (with the tilde-notation dropped). By the explicit nature of the
transformation discussed above, they may be easily translated back to the original frame
(see §1).

Remark3.2. Suppose we add termsd2−1(px+xp) andep to the right hand side of (3.1)
with d ande beingC1-functions oft > 1, cf. Remark 2.3(4), then we may get formulas
like (3.4) and (3.5). For an explicitly calculable second degree polynomial inx with time-
dependent coefficients, sayh = h(t, x), we add the factor eih to the left on the right hand
side of (3.4) and change the values ofq andc according to the recipe of Remark 2.3(4)
to define the other factors on the right hand side of (3.4). For the resultingV (t) = V (t)′,
(3.5) holds. In conclusion the study of perturbations of a quadratic Hamiltonian with a
more general hyperbolic symbol (of direct sum type) amounts to the study of the same
‘simplified’ Hamiltonian as mentioned above.

4. Conditions

We shall consider HamiltoniansH(t),

H(t) = H0(t)+ R(t); H0(t) =
n∑
j=1

a2
j

2
p2
j , t > 1,

onL2(Rn
x) with positiveaj (t) ∈ C0([1,∞)), aj /∈ L2 at infinity, and withR(t) given as

multiplication byr(t, x) obeying Conditions A, B or C given below.
We introduce the following notation:

bj = bj (t) =
∫ t

t1

a2
j (t

′)dt ′; j = 1, . . . , n, t > 1, t1 = 1, (4.1)

xb = (xb1, . . . , xbn); xbj = xj

bj
, j = 1, . . . , n,

〈x〉 = (1 + |x|2)1/2.

Condition A. The functionr(t, x) = r(t, ·) is in C0((1,∞), C2(Rn)) with 〈x〉−2r,

〈x〉−1∂xj r, ∂xi ∂xj r ∈ C0((1,∞), L∞(Rn)).
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Condition B. In addition to Condition A, the functionr(t, ·) obeys the bounds

|∂xj r| ≤ h1〈xb〉, (4.2)

for someh1 = h1(t) which is inL1 at infinity.

Condition C. In addition to Condition B, the functionr(t, ·) obeys the bounds

|∂xi ∂xj r| ≤ (max(bi, bj ))
−1h2, (4.3)

for someh2 = h2(t) which is inL1 at infinity.

By ([T], Theorem 7.7), Condition A is sufficient for the existence of an evolutionU(t)

for the HamiltoniansH(t) of this section. For that we notice thatS = G2;G = p2+x2, is
a valid input in ([T], Theorem 7.7). For eacht > 1, U(t) is a unitary operator onL2(Rn

x).
By ([T], (7.48) and (7.49)),U(t) andU(t)−1 preserve the domain ofG, they are strongly
continuous in the graph-topology onD(G) and the evolution has the (strong) derivative
i∂tU(t)φ = H(t)U(t)φ forφ ∈ D(G). Those properties characterizeU(t)up to a constant
factor. Notice that particular examples were given in §3.

5. Asymptotic velocity

In this section we impose Condition B. LetU(t) denote the evolution fixed byU(t) = I

for some largeT (so thath1 ∈ L1([T ,∞])). We shall prove the existence of ann-tuple of
commuting self-adjoint operators named asymptotic velocity.

Theorem 5.1. There exists an n-tuple of commuting self-adjoint operatorsx+
b =

(x+
b1, . . . , x

+
bn) onL2 (Rn

x ) satisfying(using notation of(4.1)) the formulas

f (x+
b ) = s − lim

t→+∞U(t)
∗f (xb)U(t) = s − lim

t→+∞U(t)
∗f (p)U(t); (5.1)

f ∈ C∞
0 (R

n).

The proof of Theorem 5.1 is given in terms of various lemmas. Let

X = X(t) = p2 + (p − xb)
2 =

n∑
j=1

(p2
j + (pj − xbj )

2),

G = p2 + x2,

Gb = p2 + x2
b .

These operators have the common domainD(p2) ∩ D(x2).

Lemma5.2. There exists a finite constantC such that

sup
t≥T

||G1/2
b U(t)G−1/2|| ≤ C. (5.2)
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Proof. SinceU(t) preservesD(G), cf. the remark at the end of §4, it follows by interpola-
tion that it also preservesD(G1/2). We letD denote the Heisenberg derivative with respect
toH(t) and use the notation〈A〉t to denote the expectation of an observableA = A(t) in
a stateφ(t) = U(t)φ, φ ∈ D(G1/2). We compute (d/dt)〈X〉t = 〈DX〉t with

DX = −
n∑
j=1

2
a2
j

bj
(p − xb)

2
j + Y ; (5.3)

Y = −p · ∇r(t, x)− ∇r(t, x) · p − (p − xb) · ∇r(t, x)
− ∇r(t, x) · (p − xb).

Since

Y ≤ √
nh1(2 + 5X), (5.4)

we get by invoking the Gronwall inequality

〈X(t)〉t ≤ C1(〈X(T )〉T + ||φ||2) ≤ C2||G1/2φ||2.
2

Lemma5.3. There exists ann-tuple of commuting self-adjoint operatorsp+ onL2(Rn
x)

satisfying the following formula for allf ∈ C∞
0 (R

n),

f (p+) = s − lim
t→+∞U(t)

∗f (p)U(t). (5.5)

Proof. We compute forφ,ψ ∈ D(G1/2), (d/dt)〈ψ(t), f (p)φ(t)〉 = 〈ψ(t),Df (p)φ(t)〉
with

Df (p) = −i(2π)−n/2
∫

Rn
f̂ (y)

∫ 1

0
ei(1−σ)p·yy · ∇r(t, x)eiσp·ydσdy,

(5.6)

given in terms of the Fourier transform off .
Using the bounds (4.2),

||〈xb〉eiσp·y〈xb〉−1|| = ||〈xb − σyb〉xb〉−1|| ≤
√

2〈yb〉
and (5.2), we get from (5.6) that

||Df (p)φ(t)|| ≤ C1h1||G1/2
b φ(t)|| ≤ C2||G1/2φ||h1 = C3h1.

Consequently (by integrating) there exists the limit on the right hand side of (5.5).
The fact thatp+ is densely defined follows from the bound

||1{|p|≥κ}φ(t)|| ≤ κ−1|||p|φ(t)|| ≤ κ−1C||G1/2φ||,
valid for all κ > 0 withC given by (5.2). 2

Lemma5.4. There exists a finite constantC such that for allφ(t) = U(t)φ, φ ∈
D(G1/2), andj = 1, . . . , n∫ ∞

T

||(pj − xbj )φ(t)||2
a2
j

bj
dt ≤ C||G1/2φ||2. (5.7)
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Proof. We use (5.3), (5.4) and (5.2) to estimate

∫ ∞

T

||(pj − xbj )φ(t)||2
a2
j

bj
dt ≤ 〈X(T )〉T

+
∫ ∞

T

√
nh1〈2 + 5X〉sds ≤ C||G1/2φ||2.

2

We notice that the factorsa2
j b

−1
j in (5.7) do not belong toL1. Consequently along a

sequencet = tm → + ∞ (possibly depending onφ andj ),

||(pj − xbj )φ(tm)|| → 0. (5.8)

Lemma5.5. Withφ(t) = U(t)φ, φ ∈ D(G1/2),

|||(p − xb)|φ(t)|| → 0 for t → + ∞. (5.9)

Proof. Let8j(t) = (pj − xbj )
2. We compute, cf. (5.3),

〈D8j 〉t =
〈
−2
a2
j

bj
(p − xb)

2
j

〉
t

− 〈(p − xb)j (∂xj r)(t, x)+ (∂xj r)(t, x)(p − xb)j 〉t .

By (5.7) the first term on the right hand side is inL1. As for the second term|〈·〉t | ≤
h1〈1 + 3X〉t , cf. (5.4). Consequently by Lemma 5.2 also this term is inL1. We conclude
that〈8j 〉t → Cj , whence by (5.8),Cj = 0. 2

Lemma5.6. Withp+ given as in Lemma5.3,for all f ∈ C∞
0 (R

n),

s − lim
t→+ ∞U(t)

∗f (xb)U(t) = f (p+). (5.10)

Proof. By the Baker–Campbell–Hausdorff formula (cf. [DG], (3.2.28)) (or by other
means)

f (p)− f (xb) = B1(p − xb)+ B2

with ||B1|| = O(t0) and ||B2|| = O(max(b−1
1 , . . . , b−1

n )) = o(t0). Applied toφ(t) =
U(t)φ with φ ∈ D(G1/2), we get the conclusion from (5.9). 2

6. A fixed point problem

In this and the next sections we impose Condition C. Here we shall study an inversion
problem for the classical solutions for the symbol

h = h(t; ξ, x) =
n∑
j=1

2−1aj (t)
2ξ2
j + r(t, x). (6.1)
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We shall follow the procedure of ([DG], §1.5). Consider for fixed (large)T > 1, and given
t ∈ [T ,∞) andξ ∈ Rn, the classical solution which at times = T has position 0 and at
time s = t has momentumξ :

∂syj (s, t, ξ) = a2
j (s)ηj (s, t, ξ),

∂sηj (s, t, ξ) = −(∂xj r)(s, y(s, t, ξ)),
yj (T , t, ξ) = 0,

ηj (t, t, ξ) = ξj ; j = 1, . . . , n. (6.2)

We shall show that (6.2) has a unique solution(y, η).
For a solution(y(s), η(s)) we introduce withbj given as in (4.1) but now witht1 = T

(explicity bj (s) = ∫ s
T
a2
j (t

′)dt ′),

zj (s) = yj (s)− bj (s)ξj ; j = 1, . . . , n. (6.3)

Then, puttingb(u) = (b1(u), . . . , bn(u)), z = (z1, . . . , zn) solves the integral equa-
tions

zj (s) =
∫ t

T

ζs,j (u)(∂xj r)(u, z(u)+ b(u) · ξ)du;

ζs,j (u) =
{
bj (u), u ≤ s

bj (s), s < u
, s, u ≥ T , j = 1, . . . , n. (6.4)

Conversely a solutionz to (6.4) defines a solution(y, η) to (6.2) by the formula (6.3).
We shall show that (6.4) has a unique solution. For that it is convenient to introduce the
notation

zb = zb(s) = zb(s)(s) =
(
b1(s)

−1z1(s), . . . , bn(s)
−1zn(s)

)
, (6.5)

and to consider the space

Zt =
{
z ∈ C0([T , t ],Rn)| ||z|| := sup

T ≤ s ≤ t
|zb(s)| < ∞

}
. (6.6)

Obviously any solutionz to (6.4) belongs toZt .
We define forz ∈ Zt ,P(z) to be theR

n-valued function whosej th coordinate is the
expression on the right hand side of (6.4). We claim thatP is a contraction onZt . Using
the bound

bj (s)
−1ζs,j (u) ≤ 1, (6.7)

it follows from (4.2) that for allz ∈ Zt ,

bj (s)
−1|(P(z))j (s)| ≤

∫ t

T

h1(u)
(
1 + |zb(u)(u)| + |ξ |) du

≤ (1 + ||z|| + |ξ |)||h1||L1
T
;L1

T = L1([T ,∞)), (6.8)

showing thatP maps intoZt .
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Next, from (4.3) we get the bound

|(∂xj r)(u, z1(u)+ b(u) · ξ)− (∂xj r)(u, z2(u)+ b(u) · ξ)|
≤ √

nh2(u)|z1,b(u)(u)− z2,b(u)(u)|,
showing together with (6.7) that forT large enough

||P(z1)− P(z2)|| ≤ n||h2||L1
T
||z1 − z2|| ≤ 2−1||z1 − z2||. (6.9)

It follows that indeedP is a contraction. Whence by the fixed point theoremz = P(z)
has a unique solution inZt .

We have the following properties:

Lemma6.1. The unique solution(y, η) to (6.2) obeys the following bounds ast → ∞
which are uniform inξ ∈ Rn,

∂
β
ξ (yj (t)− bj (t)ξj ) = o(t0)bj (t)〈ξ〉1−|β|;

|β| ≤ 1, j = 1, . . . , n. (6.10)

Proof. If β = 0, we show the bounds (6.10) as follows: By estimating and subtracting in
(6.8), (

1 − √
n||h1||L1

T

)
||z|| ≤ √

n(1 + |ξ |)||h1||L1
T
. (6.11)

Assuming that
√
n||h1||L1

T
≤ 2−1, (6.11) yields

||z|| ≤ (1 + |ξ |). (6.12)

Next by keeping the factorbj (s)−1ζs,j (u) in the estimates (6.8) and using (6.12) we get
the bound

|zb(s)| ≤ 2
√
n(1 + |ξ |)

∫ ∞

T

fs(u)h1(u)du;

fs(u) = sup
j=1,... ,n

bj (s)
−1ζs,j (u)(≤ 1). (6.13)

Since for fixedu ∈ [T ,∞), lim
s→∞ fs(u) = 0, we conclude from (6.13) (withs = t) by

using the Lebesgue dominated convergence theorem that indeed the bounds (6.10) hold
for β = 0.

To handle the case|β| = 1 we notice that for alli = 1, . . . , n andz ∈ Zt ,

((∂ξiP)(z))j (s) =
∫ t

T

ζs,j (u)bi(u)(∂xi ∂xj r)(u, z(u)+ b(u) · ξ)du, (6.14)

and therefore, cf. (6.9) and (6.13), that
(
∂ξiP

)
(z) ∈ Zt with

||(∂ξiP)(z)|| ≤ 2−1, (6.15)

and

|((∂ξiP)(z))b(t)| ≤ √
n

∫ ∞

T

ft (u)h2(u)du. (6.16)



Asymptotic absolute continuity for quadratic Hamiltonians 221

Similarly

((∇zP)(z)z̃)j (s) =
n∑
i=1

∫ t

T

ζs,j (u)(∂xi ∂xj r)(u, z(u)+ b(u) · ξ)z̃i(u)du,

(6.17)

yielding thatP is differentiable onZt with

||(∇zP)(z)|| ≤ 2−1, (6.18)

and

|((∇zP)(z)z̃)b(t)| ≤ n||z̃||Zt
∫ ∞

T

ft (u)h2(u)du. (6.19)

By differentiatingz = P(z) we get (at least formally)

∂ξi z = (∂ξiP)(z)+ (∇zP)(z)∂ξi z, (6.20)

which when combined with (6.15) and (6.18) gives that∂ξi z ∈ Zt with

||∂ξi z|| ≤ 1. (6.21)

By using (6.16), (6.19) and (6.21) to the right hand side of (6.20) we finally conclude
(invoking again the Lebesgue dominated convergence theorem) that

(∂ξi z)b(t) = o(t0) uniformly in ξ. (6.22)

2

Remark6.2.

(1) By using similar arguments as those appearing in the last part of the proof of Lemma
6.1 one readily obtains that∂t z ∈ Zt .

(2) If r isCk in x for k ≥ 3 with locally bounded higher order derivatives one obtains by
differentiating (6.20) thatz isCk−1 in ξ with locally bounded higher order derivatives.

(3) One may chooset = ∞ in (6.4). Similarly estimating one shows that∂βξ z ∈ Z∞ for
|β| = 1. An easy application of this estimate yields that for all large enoughs, the
mapRn 3 ξ → η(s,∞, ξ) ∈ Rn is bijective.

7. Construction of phase functions

We shall solve a Hamilton–Jacobi equation in terms of the solution(y, η) to (6.2). We use
the procedure of ([DG], Theorem A.3.1).

Let for t ≥ T andξ ∈ Rn,

S(t, ξ) =
∫ t

T

(h(u; η(u), y(u))+ y(u) · ∂uη(u))du, (7.1)

with h given by (6.1) and

y(s) = y(s, t, ξ) and η(s) = η(s, t, ξ).
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Then by straightforward calculations using Lemma 6.1 and Remark 6.2(1) we get

∂tS(t, ξ) = h(t; ξ,∇ξ S(t, ξ)),
S(T , ξ) = 0,

y(t, t, ξ) = ∇ξ S(t, ξ). (7.2)

Obviously by combining Lemma 6.1 and (7.2) we get estimates of the first and second
orderξ -derivatives ofS(t, ξ).

For technical reasons we shall need the existence of higher order derivatives (and bounds
of those). For that we need higher order derivatives ofr, cf. Remark 6.2(2). More precisely
we shall decomposer into a sum of a short-range term and a smooth term, cf. ([DG],
Lemma 3.4.5(ii)), and then defineS by the above formula in terms of the latter input.

Pick j ∈ C∞
0 (R

n) with
∫
j (x)dx = 1 and

∫
xj (x)dx = 0. We decomposer = rs + r1

with

r1 =
∫
r
(
t, x + b1/2(t) · y

)
j (y)dy; b1/2 =

(
b

1/2
1 , . . . , b

1/2
n

)
. (7.3)

By Taylor expansion one obtains a bound ofrs in terms of the expressions
b

1/2
i (t)b

1/2
j (t)||∂i∂j r(t, ·)||∞, which by Condition C are inL1. So

||rs(t, ·)||∞ ∈ L1. (7.4)

As for r1 we have the uniform estimates

|∂α+ei+ej
x r1| ≤ (max(bi, bj ))

−1b−α/2h, (7.5)

valid for all multi-indicesα andi, j = 1, . . . , n. Hereei denotes theith standard vector in
Rn, bv = 5nl=1b

vl
l (for v ∈ Rn), andh = hβ ∈ L1(dt). In particularr1 obeys Condition C.

Next we defineS1 by (7.1) with the inputr1. We prove the following analogue of ([DG],
Proposition 3.4.3) (by a different proof).

Lemma7.1. For all multi-indicesβ, 1 ≤ i, j ≤ n and all larget ,

|∂β+ei+ej
ξ S1| ≤ Cβ min(bi, bj )b

β/2. (7.6)

Proof. First we notice thatS1 is indeed smooth inξ with locally bounded derivatives (of
order≥ 2), cf. Remark 6.2(2).

We proceed by induction in|β|. For |β| = 0, (7.6) follows from Lemma 6.1.
Suppose (7.6) for|β| ≤ k − 1; k ≥ 1. Then we need to bound the derivatives of order

|β| = k.
We introduce the shorthand notation

fγ,i,j = ∂
γ+ei+ej
ξ S1(t, ξ), gγ,i,j = b− γ

2 −ei |fγ,i,j |, fγ = ∂
γ
ξ S1(t, ξ).

Let

X =
∑

|γ |=k;i,j≤n
g2
γ,i,j .
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It suffices to show that for someT ′ > T

sup
t≥T ′,ξ∈Rn

|X(t, ξ)| < ∞. (7.7)

For that we shall prove a differential inequality. The derivative offγ,i,j is computed by
differentiating the Hamilton–Jacobi equation in (7.2):

d

dt
fγ,i,j − ∇r1 · ∇fγ,i,j =

∑
k+2≥l≥2∑
γ l=γ+ei+ej

Cl,γ1,... ,γ l

(
∇ lr1

)
(∇fγ1, . . . ,∇fγ l ).

On the right hand side some terms can be estimated by the induction hypothesis; the
others in terms of somefγ ′,i′,j ′ with |γ ′| = k. In both cases there are two sub-cases
depending on whether theith and thej th derivatives ‘hit’ the same factor of∇S1 or two
different ones. There are terms, all subject to the conditionγ1 + · · · + γl = γ ,

(∂q1fγ1,i,j )(∂q2fγ2)∂q1∂q2r1; |γ1| = k − 1, (7.8)

(∂q1fγ1+ei )(∂q2fγ2+ej )∂q1∂q2r1; γ1 = 0 orγ2 = 0, (7.9)

(∂q1fγ1,i,j )(∂q2fγ2)(∇ l−2∂q1∂q2r1)(∇fγ3, . . . ,∇fγl ); |γ1| ≤ k − 2, (7.10)

(∂q1fγ1+ei )(∂q2fγ2+ej )(∇ l−2∂q1∂q2r1)(∇fγ3, . . . ,∇fγl ); |γ1|, |γ2| ≤ k − 1.
(7.11)

As for the terms of the form (7.8) we estimate the first factor

|∂q1fγ1,i,j | ≤ Cgγ1+eq1 ,i,j
b
γ1+eq1

2 bi,

the second factor

|∂q2fγ2| ≤ Cb
1/2
q2 b

γ2
2 ,

and the last factor

|∂q1∂q2r| ≤ b
− 1

2
q1 b

− 1
2

q2 h2,

yielding altogether the upper bound

Cbib
γ/2gγ1+eq1,i,j h2.

As for the terms of the form (7.9) we estimate in the caseγ2 = 0, the first factor

|∂q1fγ1+ei | ≤ Cgγ,i,q1b
γ/2bi,

the second factor

|∂q2fej | ≤ bq2,

and the last factor

|∂q1∂q2r1| ≤ b−1
q2
h2,



224 Erik Skibsted

yielding the upper bound

Cbib
γ/2gγ,i,q1h2.

Similarly if γ1 = 0 in (7.9) we get the upper bound

Cbib
γ/2gγ,q2,j h2.

As for the terms of the form (7.10) or (7.11) we proceed similarly noticing that all
appearingf ’s are of lower order, which means that they can be estimated by the induction
hypothesis. The factors to the right (forl ≥ 3) are estimated as

|fγm+eqm | ≤ Cb(γm+eqm)/2.

In conclusion these terms have the upper bound

bib
γ/2h

with h in L1.
We finally conclude that for someh in L1,

∣∣∣∣ d

dt
fγ,i,j − ∇r1 · ∇fγ,i,j

∣∣∣∣ ≤ bib
γ/2h


1 +

∑
|γ ′|=k

gγ ′,i′,j ′


 . (7.12)

But if ξ(t) solves

d

dt
ξ = −∇xr1(t,∇ξ S1(t, ξ)),

then

d

dt
fγ,i,j − ∇r1 · ∇fγ,i,j = d

dt
fγ,i,j (t, ξ(t)).

Since the coordinates ofb are increasing, (7.12) consequently leads to

d

dt
X = d

dt
X(t, ξ(t)) ≤ h(X + 1),

and therefore by the Gronwall inequality to

X(t, ξ(t)) ≤ C1(X(T
′, ξ(T ′))+ 1) ≤ C2; t ≥ T ′ = T + 1, (7.13)

cf. Remark 6.2(2).
We apply (7.13) toξ(t)defined byξ(t) = η(t,∞, ξ ′), cf. Remark 6.2(3). By this remark,

the mapξ ′ → η(t,∞, ξ ′) is onto for all large enought , which shows (7.7). 2

8. Wave operators

Under Condition C and withS1(t, η), the function constructed in §7 we introduce the
Møller wave operators

W = s − lim
t→+∞ eiS1(t,p)U(t),� = s − lim

t→+∞U(t)
∗e−iS1(t,p). (8.1)

(Herep is the momentum operatorp = −i∇.) Our main result is the following.
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Theorem 8.1. There exist the strong limits in(8.1).

For convenience we shall only prove the existence ofW . (The existence of� is easier to
prove.) We shall use the chain rule for wave operators. Obviously by (7.4) we may replace
r by r1 (and logically replaceU(t) by U1(t)). For convenience we drop from this point
the subindex ‘1’ and thus aim at showing the existence of

lim
t→+∞ eiS(t,p)U(t)φ;φ ∈ L2(Rn).

By Lemma 5.2 we may insert a factorF(X)whereF ∈ C∞(R)with F ′ ≤ 0, F (s) = 1
for s ≤ C,F(s) = 0 for s ≥ 2C, and withX = X(t) given as in §5. (We just need to pick
C > 0 large enough.) So it suffices to prove the existence of

lim
t→+∞ eiS(t,p)F (X)U(t)φ.

We need an analogue of ([DG], Lemma 3.4.7). It involves a generalized Baker–
Campbell–Hausdorff formula.

Lemma8.2. We can write

R(t, x)− R(t,∇ξ S(t, p)) = A(t) · (x − ∇ξ S(t, p))+ B(t); (8.2)

A(t) =
∫ 1

0
(∇xr)(t,∇ξ S(t, p)+ σ(x − ∇ξ S(t, p)))dσ,

||B(t)|| ∈ L1.

Proof. We represent the left hand side of (8.2) as∫ 1

0

d

dσ

(
ei((1−σ)/σ)SR(t, σx)e−i((1−σ)/σ)S

)
dσ,

and compute the derivative of each of the three factors. This yields the representation

B(t) =
∫ 1

0
ei((1−σ)/σ)SB(t, σ )e−i((1−σ)/σ)Sdσ ;

B(t, σ ) = −iσ−2[S(t, p), R(t, σx)] + σ−1(∇r)(t, σx) · (∇S)(t, p).
The operatorB(t, σ ) has the symbol

bt,σ (x, y, ξ)

=
∑
|β|=2

2

β!
i(2π)−n

∫ 1

0
(1 − s)ei(x−y)·ξ

(
∂βx r

)
(t, σ (x + s(y − x)))∂

β
ξ S(t, ξ)ds.

By (7.5) and (7.6), for all multi-indicesα1, α2 andβ,

|∂α1
x ∂

α2
x ∂

β
ξ bt,σ | ≤ b(α1+α2)/2b−β/2h, (8.3)

with h in L1(dt) and depending only on the multi-indices.
Using a scaling and the Calderón–Vaillancourt theorem (cf. ([DG], Proposition D.5.1),

[CV] or ([H2], Theorem 18.6.3)), it follows from (8.3) that indeed

supσ∈[0,1]||B(·, σ )|| ∈ L1.

2
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Next following ([DG], §3.4) we introduceH̃ (t) = H(t)−B(t)withB(t) given by (8.2).
Using again ([T], Theorem 7.7) we conclude thatH̃ (t) generates a propagator, denoted as
Ũ (t), which preserves the domain ofG = p2 + x2. Obviously by Lemma 8.2,

sup
t

||Ũ (t)|| < ∞. (8.4)

Lemma8.3. There exists

s − lim
t→+∞ Ũ (t)

∗F(X)U(t). (8.5)

Proof. Using Lemma 8.2 and (8.4) it suffices to verify (suitably) integrability of
Ũ (t)∗DF(X)U(t)φ with D given as in the proof of Lemma 5.2.

We compute in terms of an almost analytic extensionF̃ ,

DF(X) = − 1

π

∫
C

(
∂̄F̃
)
(w)(X − w)−1DX(X − w)−1dudv. (8.6)

HereDX is given by (5.3). The contribution from the second termY on the right hand side
of (5.3) is integrable. The contribution from the first term is the non-negative operator

−
n∑
j=1

2
a2
j

bj
(p − xb)jF

′(X)(p − xb)j =
n∑
j=1

B∗
j Bj ;

Bj =
(

−2
a2
j

bj
F ′(X)

)1/2

(p − xb)j .

We need the estimates∫ ∞

T

||BjU(t)φ||2dt ≤ C||φ||2, (8.7)

∫ ∞

T

||Bj Ũ(t)ψ ||2dt ≤ C||ψ ||2. (8.8)

These estimates follow by differentiating the uniformly bounded familiesU(t)∗F(X)U(t)
andŨ (t)∗F(X)Ũ(t), respectively, under use of the above computation.

We conclude from (8.7) and (8.8) that indeed

lim
t1→+ ∞ sup

t2≥t1

∣∣∣∣
∣∣∣∣
∫ t2

t1

Ũ (t)∗B∗
j BjU(t)φdt

∣∣∣∣
∣∣∣∣ = 0,

completing the proof. 2

Due to Lemma 8.3 it remains to prove the existence of

lim
t→+∞ eiS(t,p)F (X)φ̆(t); φ̆(t) = Ũ (t)G−1/2φ,G = p2 + x2.

For that we proceed by differentiating as in the proof of Lemma 8.3. We notice the
bound ∫ ∞

T

||Bje−iS(t,p)ψ ||2dt ≤ C||ψ ||2, (8.9)
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which follows by the same method as the one used to prove (8.7) and (8.8) (and under use
of Lemma 6.1). Using (8.8) and (8.9) it suffices to show integrability of

i[r(t,∇ξ S(t, p)), F (X)]φ̆(t), (8.10)

and

F(X)A(t) · (x − ∇ξ S(t, p))φ̆(t). (8.11)

As for (8.10) we have a similar representation of the commutator as given in (8.6) and
we invoke Lemma 6.1 again.

As for (8.11) we notice that

||F(X)A(t)|| ∈ L1(dt), (8.12)

(since this bound holds forX−1/2A(t)).
The function

f (t) = ||(x − ∇ξ S(t, p))φ̆(t)||2

obeys, cf. the proof of ([DG], Lemma 3.4.9) (or [Si]),

d

dt
f (t) =

∑
k,l≤n

〈
(xk − ∂ξkS(t, p))φ̆(t), Akl(xl − ∂ξl S(t, p))φ̆(t)

〉
+ h.c.;

Akl = i[Al, (xk − ∂ξkS(t, p))], A(t) = (A1, . . . , An).

We compute

Akl =
∫ 1

0
ei((1−σ)/σ)SAkl(t, σ )e−i((1−σ)/σ)Sdσ ;

Akl(t, σ ) = iσ−1[∂ξkS(t, p), (∂xl r)(t, σx)].

The operatorAkl(t, σ ) has the symbol

akl(t, σ ; x, y, ξ)

=
n∑
j=1

(2π)−n
∫ 1

0
ei(x−y)·ξ (∂xj ∂xl r)(t, σ (x + s(y − x)))∂ξj ∂ξkS(t, ξ)ds.

It obeys the same estimates asbt,σ in (8.3), and consequently||Akl || ∈ L1.
We conclude that

d

dt
f (t) ≤ h(t)f (t)

with h ∈ L1, whence it follows by the Gronwall inequality that

f (t) ≤ C; t ≥ T ′. (8.13)

By combining (8.12) and (8.13) we finally conclude that indeed the expression (8.11)
is integrable. The proof of the existence of the wave operatorW is complete.
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