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dependent quadratic Hamiltonians. In particular we give a sufficient condition for abso-
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1. Introduction and results

In this paper we shall consider the question of asymptotic absolute continuity for a class
of HamiltoniansH (1) = Ho(t) + R(¢, x) defined onLZ(Rﬁ). The symbol of the first term,
the quadratic term, is assumed to have the form

n
ho(t; €, x) =y hj(t: &, x));
j=1
12,42
hi(t;&;,x;) = EEJ- + ?xj +cjxj,
with ¢; andc; as continuous functions of a time-parameter 1. We impose a certain
hyperbolicity condition which holds if for alf,

qjt) < (2)~2 for all larger.

Under various conditions on the second term, the perturbation, including (as a mini-
mum) boundedness of second order derivatives (being locally uniforjpwe study the
large-time behaviour of the dynami€qr) generated by the family aff (¢)’s.

We are interested in a generalization of the notioragymptotic velocitygiven for
q; = c¢; = 0 under some conditions on the potential by either of the formulas

fa =s— lim U@ f(T) U0 =s- lim UO"f(PUC;
t— 400 t t— 4+ 00

feCy(R"), p=—iVy, (1.1)

see ([DG], § 3.2).
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For someR"-valued functiond. andé given in terms ofig (see below), the analogous
formulas are

fH=s— lim U@ f(pa)HU@):
pi@) =x; (@) (pj —L;)+27(1-20;6;) x] () (x; — L)), (1.2)

_1 1972 1rp-2
X7 (1) =6, 219 d’,xf(t):Gjeref dr.

fa)=s— lim U@ (xl_Ll .,x”_L"> U (1.3)

D (O T = (3]

Here all arguments of aren-tuples of commuting self-adjoint operators.

The functionx = L(¢) is any classical solution for the symbhy, i.e. it solves the
corresponding Newton equation. Thth entry ofd(¢) is given in terms of two positive
classical solutions; (1) andx;.r (¢) for the symbol Zlg]? + 2—1qjx]3, the former being

smaller at infinity than the latter, b§; = x;-rx;. (Notice that (1.2) and (1.3) reduce to

(1.1) by the recipd. = 0,x; = landx] =tif g; = ¢; =0)
Our first result involves an integraéility condition on the first order derivatives of the
symbolr(z, x) of the multiplication operatoR(z, x).

Theorem 1.1. Suppose that for some functibn = /1(¢) in L1 at infinity,

x1—La Xp — Ly
T T . (1.4)
xq () Xp (1)
Then there exist-tuples of commutingdensely defingdself-adjoint operatorsp™ and
xi‘f, given by the limitg1.2) and (1.3). Moreover

19,1, 0] < x5 () ha(0) <1+

pt = x;. (1.5)

Our second result involves in addition on integrability condition on the second order
derivatives of the symbol(z, x). An n-tuple of commuting self-adjoint operators is said
to be absolutely continuous if its spectral measRi@beys the conditio® (2) = 0 for all
Borel measurable s€in R" with Lebesgue measure zerOx;f is absolutely continuous,
the family of H(¢)’s is said to beasymptotic absolutely continuous.

Theorem 1.2. Suppose in addition to the conditi¢h.4) that for some functiori; =
ho(r) in LT at infinity,

0505, 01 < min (v O~ O ) O O ) b2, (L)
Then the family ofd (r)’s is asymptotic absolutely continuous.

We shall prove Theorem 1.2 by showing the existence of certain wave operators. We
construct unitary operatoig(s) with the property

V() p@)V(t) = p for all larget, .7

with p(¢) given in (1.2), and a smooth functiof(z, £) (smooth ing), such that the
following result holds.
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Theorem 1.3. Under the conditions of Theorein2there exists the strong limit

Q=s— lim U)*V (r)e SEp), (1.8)

Itis a unitary operator.

Clearly Theorem 1.2 follows from Theorem 1.3 and (1.7) by the following computation

fipH =s— t_lirpoo Q) F(PQUD* = QF (p)2:
Q) =U@)*V()e St

yielding thatp™ = QpQ*.

In the casey; = ¢; = 0 our Theorems 1.1-1.3 essentially reduce to ([DG], Theorems
3.2.1, 3.2.2, 3.4.1), although (1.4) is weaker than ([DG], (3.4.1)) (with= 1) in that
case. We have attempted to follow the procedure of [DG] as much as possible. However,
since at various points the arguments of [DG] do not work in the present generality, we
found it natural to give entirely self-contained proofs throughout the paper.

A main motivation for this work comes from a completeness problem in the long-range
3-body scattering theory, [Sk]. One can think about the expressitg;27 +¢;x; as part
of a pair-potential for a system afone-dimensional particles. We remark that while it is
standard to approximate the ‘inter-cluster’ potential by certain time-dependent cut-offs, cf.
[D, DG, E, G, H1, Si, Y1], the application of Theorem 1.2 that appears in [Sk] concerns a
cut-off of the ‘internal’ potential as well.

The functionS(z, &) solves a certain Hamilton—Jacobi equation. The first application
in scattering theory of an exact solution to a Hamilton—Jacobi equation appeared in [H1],
where the existence of a certain wave operator was shown. Moreover this solution is also a
powerful tool when applied to the two-body completeness problem as it was demonstrated
in [Si].

Our basic strategy is to first reduce to a simpler case by replacing the sym“léﬁl{@

27 1qjxF+cjxjby 2 ta%e%, wherea; = a;(1) is a positiveC>-function that is not in.> at

infinity. (In fact we shalfdeal with a more general unperturbed Hamiltonian than presented

in this introduction. It involves a similar reduction.) The reduction is accomplished under

a condition that we call as hyperbolicity condition. (Basically we need positive solutions

to the unperturbed homogeneous classical equations.) We use the fact that the unperturbed
dynamicsis given explicitly. The closest reference we have been able to find in the literature
at this pointis [Y2] and the reference 4 of [Y2] (the latter in Russian), although we suspect
that the explicit formula for the dynamics we are going to use (and prove) must be more
widely known (at least on some form).

We shall only deal with separable unperturbed hyperbolic symbols. A natural question
is whether one can generalize our results to non-separable cases. A more interesting open
problem would be to understand the condition (1.6). Is it optimal for Theorem 1.2 (or 1.3)
While it seems fair to say that it is ‘optimal’ in the casegef= c¢; = 0 (see [DG], §3.8),
it is not clear what to expect in the general anisotropic case.

Clearly Theorem 1.2 is a statement on propagation. A different approach to obtain related
propagation estimates would be to use a certain modification of Mourre’s method similar
to the one used in [HS].

The above reduction is described in 882 and 3. We give precise conditions in 84 (includ-
ing one that guarantees the existence of a nice dynamics). The analogue of Theorem 1.1 is
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proved in 85. The functiof§(z, &) is constructed in 886 and 7 (denoted iz, £)). The
analogue of Theorem 1.3 is proved in §8.

2. Hyperbolicity

We consider throughout this section quadratic symbols

zx2+cx;z‘ >1x,&§eR, (2.1)

a2 2
h=h(t)=h(t:$,x)=?§ T35

defined in terms of real-valued functionsg andc of r > 1; by assumptiom is €2, and
g andc areC°. Moreover we assume > 0 and thatz ¢ L? at infinity. By definition the
classical solutiongor i (r) are the (real-valued)?-functionsx (r) which solve

d _,.
o (a%%) = —gx —c. (2.2)
DEFINITION 2.1

We callh(t) hyperbolic if there exist real-valuad?-functionsé, y, z of larger such that
6,y > 0,02 ¢ L1 atinfinity and the corresponding classical solutisns x(r) may be
written at infinity as

x = y(c+e/9_2d’ +c)+z¢t, ¢ eR. (2.3)

Obviously from this definitionk (¢) is hyperbolic iffig(r) = 2~ 1a2£2 +2-1¢x2 is hyper-
bolic. Moreover by introducing a new time varialdle= [ a?dr it follows readily that
ho(t) = 2714262 + 2-14x2 is hyperbolic iffhg(r) = 27162 + 27 1Gx2 with § = ga—2
being hyperbolic. This leads to the following criterion for hyperbolicity.

Lemma2.2. A symboli(r) is hyperbolic ifj(t) = ¢(t)a(t) 2 < (2r)~2 for all large 7.
Proof. We compute foi: = 2-1£2 + 8~11~2x2 the solutions
x = t%(cJr Int+c¢),

showing that this: is hyperbolic. We construct a ‘large solutiort for i1g(r) = 27162 +
2-15x2 by solving the Riccati equation

@ +q=—a’ (2.4)

by comparison. The equatiof + (2)"2 = —p2 has the solutiong(r) = ¢!
((1/2) + (1/In 1)). Solve (2.4) near = 2 witha (2) = B(2). By the standard comparsion
theorem (see for example ([BR], Theorem 1.8) we concludedttyat> B(¢) fort > 2.
Using (2.4) we can readily continueg?) to the whole half-axis. This solution is denoted
by (7). Letxt = e/ @"d This classical solution obeys the bountl(r) > Ct¥/2In¢,
and we obtain another one, (cf. [BR], §2.5), by the formula

x7() =xT @) /oo xt () ?dr.
t
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Let us note the following bounds

o0 l/ ”
O<x (1) = x+(t)_1/ g2 o« gy

t

o/ Jtn ¢ 2
< +t_l/ <—> d' =xt@) 1 Int < c VA
<xt() Ny xT () <c 't

Clearly (2.3) follows forig(¢) by writing any solutionx at infinity as

00 -1
x=x <c+ </ x+(t/)_2dt’> +c_) 3> 2.
t

Remark2.3.

(1) The symbolh = 2712 4+ §:=2x2 is not hyperbolic fors > 8~1. The classical
solutions are (on complex form)

= Clt2*1(1+i«/88—1) +62t2*1(l+i«/88—1)'
There are no positive solutions at infinity.

(2) For a given hyperbolic symbakr) = 2~1a?p? 4+ 2=1¢4x?, obviously the functiom
in (2.3) obeys

d .+ d. —
X X
=2 (2.5)

with the left hand side given in terms of the basis solutiohs= ye/ ¢ “% andx— =

y. Moreover the ‘small solutiony is unique up to a constant. In termstoit is given

byy= ape~z /o7 (Notice thatu® = C+/xtx~.) Conversely if a symbadt(r) =

2-142£2 1+ 27 14x? has positive classical solutions andx ~ at infinity with the left

hand side of (2.5) positive and not i}, thenk (r) is hyperbolic (just integrate (2.5)).
(3) In continuation of (2), the functiof obeys the equation

.. d/a 1
2 Zp—3 .
0 <a 7% <a2)) o 49 ’ (2.6)

as may readily be proved from (2.5). In conjunction with (2.3) this suggests the follow-
ing transformation scheme: The classical solutiofts (1) = 2~ 1a262+2 " 1gx2are
obtained from any solutiofito (2.6) and the classical solutiofgor (1) = 2-1a2&2
with a = 6‘1e% fg*zd’, by the transformation = a(a)~1%. (Notice that the factor
a(&)_1 has the same form as the small solution mentioned in (2) confirming that the
‘small x-solutions’ are the constants.) A straightforward computation justifies this
scheme. It is the key to handle the quantum mechanical case (see next section).
(4) Suppose we add termg.dandeé to the right hand side of (2.1) witth ande being
C'-functions ofr > 1, then again the Hamilton equations reduce to (2.2) with
andc on the right hand side replaced by explicitly calculapl@ndc’ in C°. Thus
hyperbolicity for a general quadratic symbol reduces again to hyperbolicity for the
symbolig(r) used in the proof of Lemma 2.2.
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3. Transformation (quantum case)
We look at the quadratic Hamiltonians given by quantizing the symbols considered in the
last section:

2
H:H(t):H(t;p,x):%p2+%x2+cx;t>1, (3.1)

onthe spacé&?(R,). LetU = U(r) denote the corresponding evolution, fixedlbyl') =
I for some large’ > 1.

We shall findU explicitly: First we reduce to the purely quadratic case in terms of any
solutionx = L to (2.2). Let

Ur(t) = &/ forgmia L giip 1y 4.
r 2
_4,2 _ L
f=SL2 el — oo (3.2)

It solves

. _ . _ a? 2,49 2
10, U1(t) = Hi(t)U1(2); H1 = P + >

Next we pick any solutiofi to (2.6) (for example the one of Definition 2.1) and introduce
Ua(t) = €5 I DAy, (1); (3.3)
g=4"1 <1 — 200 — 2923) g [0
a=0"lter /07
A= 271(xp + px).

It solves

~2
a
10, U2(1) = Ha2(t)U2(t); Hz = 7p2,

cf. Remark 2.3(3), and is therefore given by
g 72 ~ - /
Us(t) = €17 Uy(T): T = elr 072 4",
We summarize as follows:

Lemma3.1. For any quadratic Hamiltonian H(t) with hyperbolic symbol we (r ¢
large enough

. _1r0-2
V() = e—iffdte—ineia_zLxefi In (u&e 2/ dt)Ae—igxz’ (3.4)

with L, f, g, and A given as abovef. (3.2) and (3.3). Then the corresponding evolution
(for T large enoughis given by

t

~p2 — ’
U =ve zvr)y ™t >1T,i=elr07%d (3.5)
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Motivated by Lemma 3.1 we shall call a time-dependent quadratic syhbos, x)
on R" x R" hyperbolicif h(t;&,x) = Z’}:lhj(t;gj,xj) and each term is hyper-
bolic. Using Lemma 3.1 for each quantized operafdy(r) we obtain an explicit
expression for the evolutiorU(¢) of the quantizationH (r) of h(t; &, x). Up to
the productV(r) of the V;(r)'s it is given as the evolution of the Hamiltonian
Ho(t) =y 2—1a]2p]2..

Suppose now that we add a potentigk) = r(z,x) to a hyperbolic symbol
(in 2n-variables). Then formally (for the corresponding multiplication oper&t@r x))

R(t) = R(t,%) = V() 1R, x)V (1) = R(t, x(t, %));
1 -2
x,-:aeje*?fef dt)?j—i-Lj,j:l,...,n,

which leads to the study of the ‘simplified’ Hamiltonidf(r) = Ho(t) + R(1).

In the next section we given precise conditions on the syribok) of R(¢, ¥) under
which we shall studyH (¢) (with the tilde-notation dropped). By the explicit nature of the
transformation discussed above, they may be easily translated back to the original frame
(see 81).

Remark3.2. Suppose we add termi®1(px + xp) andep to the right hand side of (3.1)

with d ande beingC-functions ofr > 1, cf. Remark 2.3(4), then we may get formulas
like (3.4) and (3.5). For an explicitly calculable second degree polynomiaWiith time-
dependent coefficients, say= A (z, x), we add the factor& to the left on the right hand

side of (3.4) and change the valuesgoindc according to the recipe of Remark 2.3(4)

to define the other factors on the right hand side of (3.4). For the resMiing= V (¢)’,

(3.5) holds. In conclusion the study of perturbations of a quadratic Hamiltonian with a
more general hyperbolic symbol (of direct sum type) amounts to the study of the same
‘simplified’ Hamiltonian as mentioned above.

4. Conditions

We shall consider Hamiltoniang (),

n_ g2
H() = Ho(®) + R();  Ho(t) =3 —=pf, 1>1
j=1

on LZ(R") with positivea; (t) € CO([1, 00)), a; ¢ L? at infinity, and withR(¢) given as
multiplication byr (¢, x) obeying Conditions A, B or C given below.
We introduce the following notation:

t
b; =bj(t)=/ af(hdt' j=1....nt>1n=1 (4.1)
41
Xj .
Xb=(Xb1,m,an);ij=;,J=1,~-.,n,
J

(x) = 1+ [x[HY2

Condition A The functionr (¢, x) = r(t,-) is in CO((1, 0o0), C2(R")) with (x)~?r,
(x)720y, 7, 3y, 0y, € CO(1, 00), L®(R™)).
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Condition B In addition to Condition A, the function(z, -) obeys the bounds

|07 < halxp), (4.2)
for somehy = h1(r) which is in L1 at infinity.
Condition C In addition to Condition B, the function(z, -) obeys the bounds

|0, 07| < (Max(b;, b)) ha, (4.3)
for somehy = ha(¢) which is in L at infinity.

By ([T], Theorem 7.7), Condition A is sufficient for the existence of an evolutign
for the Hamiltoniangd (¢) of this section. For that we notice thiit= G2; G = p%+x2,is
avalid input in ([T], Theorem 7.7). For each> 1, U (¢) is a unitary operator oh?(R”).
By ([T], (7.48) and (7.49))UU (+) andU (r)~ ! preserve the domain @, they are strongly
continuous in the graph-topology dn(G) and the evolution has the (strong) derivative
io:U(t)p = H()U ()¢ for ¢ € D(G). Those properties characteriZér) up to a constant
factor. Notice that particular examples were given in §3.

5. Asymptotic velocity

In this section we impose Condition B. LEt(z) denote the evolution fixed by (t) = I
for some largel’(so thathy € L1([T, 00])). We shall prove the existence of aftuple of
commuting self-adjoint operators named asymptotic velocity.

Theorem 5.1. There exists an n-tuple of commuting self-adjoint operaths =
(x;7, ..., x;7) on L2 (R?) satisfying(using notation of4.1)) the formulas

fh=s— lm U0 fenU® =s— lm UO*f(pU®:  (5.1)
feCSRMY).

The proof of Theorem 5.1 is given in terms of various lemmas. Let

X=X =p*+p—x)>=Y (07 +(pj — x))%),
j=1

G = p?+x2,

Gy = p2 +x1§~

These operators have the common donfaip?) N D(x2).

Lemmab.2. There exists a finite consta@tsuch that

supl|Gy/2U (1 G~Y?) < C. (5.2)

t>T
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Proof. SinceU (¢) preserve®(G), cf. the remark at the end of 84, it follows by interpola-
tion that it also preserveB(G1/2). We letD denote the Heisenberg derivative with respect
to H(¢) and use the notatiofi), to denote the expectation of an observable- A(¢) in
astatep(r) = U ()¢, ¢ € D(GY?). We compute (d/g(X), = (DX), with

DX = —22§(p—xb)§+ Y; (5.3)
Y = —Ija -Vr(t,x) —Vr(t,x)-p—(p—2xp) - Vr(t, x)
— Vrt,x) - (p — xp).
Since
Y < /nh1(2 +5X), (5.4)
we get by invoking the Gronwall inequality

(X (1) < C1UX (D)1 + 19117 < C211GY?p1)2.
O

Lemmab.3. There exists an-tuple of commuting self-adjoint operatgps on LZ(RQ)
satisfying the following formula for alf € C3°(R"),

FpHy=s— lim U0 F (UG (5.5)

Proof. We compute forp, ¥ € D(GY?), (dId) (v (1), f(p)p(1)) = (¥ (1), Df(p)g(1))
with
1
Df(p) = —i(2n)*"/2/ f(y)/ g@=ryy iz, x)d7PVdody,
Rn 0
(5.6)

given in terms of the Fourier transform ¢f
Using the bounds (4.2),

11xp) 7P () I = [1{xp — o yp)xp) "I < V2(yp)
and (5.2), we get from (5.6) that

IDS(P)$@)]] < CamllGy *pIl < C2l|GY2pl1h1 = Caha.
Consequently (by integrating) there exists the limit on the right hand side of (5.5).
The fact thatp™ is densely defined follows from the bound
1Lp1z0 @Ol < Il ]| < & CIGY 9,
valid for all « > 0 with C given by (5.2). |
Lemmab.4. There exists a finite constait such that for all¢p(r) = U@)¢p, ¢ €
D(GY?,andj=1,....,n

2

o0 a’
/T 1(pj = )¢ I E dr < CIIGH g1 2. (5.7)
J
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Proof. We use (5.3), (5.4) and (5.2) to estimate

o0 az_
[T (P —ij)¢(t)||2#dt = {(X(M)r

J
o0
+/ Jnh1(2 +5X),ds < C||GY26].
T
O

We notice that the factorlsfb;l in (5.7) do not belong td.1. Consequently along a
sequence = t,, — + oo (possibly depending o and ),

(pj — xpj)@ (tm)]| — O. (5.8)
Lemmab.5. With¢(r) = U(1)¢, ¢ € D(GY?),
(p —xp)lp@®| — 0 for t— +o0. (5.9)

Proof. Let ®; (1) = (p; — x»;)%. We compute, cf. (5.3),

a2
(D®); = (—2-L(p — xp)3
b, '/,
— (P = x8) (B, 1) (t. X) + (D7) (6, ) (p — Xp) )1

By (5.7) the first term on the right hand side isiif. As for the second termt-);| <
h1(1+ 3X),, cf. (5.4). Consequently by Lemma 5.2 also this term i&}nWe conclude
that(®;); — C;, whence by (5.8)C; = 0. 0

Lemmab.6. With p™ given as in Lemma&.3,for all f Cy°(R™),
s— lim U@ fonU@ = f(p™). (5.10)
t—+ o0

Proof. By the Baker—Campbell-Hausdorff formula (cf. [DG], (3.2.28)) (or by other
means)

f(p)— f(xp) = Ba(p — xp) + B2

with ||B1]| = 0(°) and||Ba|| = O(maxb?, ..., b)) = o(t%). Applied tog (1) =
U(t)¢ with ¢ € D(G1/?), we get the conclusion from (5.9). |

6. A fixed point problem

In this and the next sections we impose Condition C. Here we shall study an inversion
problem for the classical solutions for the symbol

h=h(t:§.x)=> 2 a;(t)%2 +r(t, x). (6.1)
j=1

J
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We shall follow the procedure of ([DG], §1.5). Consider for fixed (larfe} 1, and given
t € [T, o0) andé € R", the classical solution which at time= T has position 0 and at
times = r has momenturj:

8 yj(s,1,€) = a%(s)n;(s, 1, %),
3 (s, 1,6) = —(@;r)(s, y(s5, 1, £)),
yi(T, 1,8 =0,
njt,t, &) =¢&;j=1...,n (6.2)

We shall show that (6.2) has a unique solutignn).
For a solution(y(s), n(s)) we introduce withb; given as in (4.1) but now with, = T
(explicity b, (s) = [; ajz.(t’)dt’),

2j(s) =y;j(s) —bj(s);;j=1,... ,n. (6.3)

Then, puttingb(u) = (b1(u), ... ,b,(w)),z = (z1, ... , z») SOlves the integral equa-
tions

t
zj(s) :/T G5, j () (Ox;r) (u, z(u) + b(u) - §)du;

bj(u), u<s :
s, J = s 9y ET, =19"" . 64
6.0 {b,m,s” su=T =1 .n 64

Conversely a solution to (6.4) defines a solutio¢y, n) to (6.2) by the formula (6.3).
We shall show that (6.4) has a unique solution. For that it is convenient to introduce the
notation

2 = 2(5) = 2 (8) = (b1 7H26), o B () (6.5)

and to consider the space

Z; = {z € CO([T, t], R |Izll ;== sup |zp(s)| < oo} . (6.6)

T<s<t

Obviously any solution to (6.4) belongs t&;.

We define forz € Z;, P(z) to be theR"-valued function whosgth coordinate is the
expression on the right hand side of (6.4). We claim fhas a contraction or¥,;. Using
the bound

bj(s) i) <1, (6.7)

it follows from (4.2) that for all; € Z;,

t
bi () (P, (5)] < /T ha(u) (L |2 @) + [€]) du
< @+ Izl + €Dl 3 L = LA(T.00).  (68)

showing thatP maps intoZ;.
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Next, from (4.3) we get the bound
[(Ox;r)(u, z1(u) + D(u) - §) — (0x;7)(u, z22(u) + b(u) - )|
< Vnh(u)|21,p() () — 22,600 )],
showing together with (6.7) that f@r large enough
1P (z1) = P22l < nllh2ll 2 llz1 — z2ll < 27 Y21 - zall. (6.9)

It follows that indeedP is a contraction. Whence by the fixed point theorem P(z)
has a unique solution i#;.
We have the following properties:

Lemma6.1. The unique solutiony, n) to (6.2) obeys the following bounds as— oo
which are uniform irt € R",

of (v (1) = bj(0)E}) = 0(1O)b; (1) (£)*1P;
Bl<lj=1....,n (6.10)

Proof. If 8 = 0, we show the bounds (6.10) as follows: By estimating and subtracting in
(6.8),

(1= Vallhalla ) 121l = VA + DAl (6.11)
Assuming that/ﬁ||h1||L% <271 (6.11) yields

llzll < (1 + €. (6.12)

Next by keeping the factdr; (s)*lg“w- (u) in the estimates (6.8) and using (6.12) we get
the bound

|z5(s)] < 2¢/n(1+ IEI)/T fs(u)hy(u)du;

fw) = sup () e jw) (< D). (6.13)

j n

Since for fixedu € [T, 00), lim f;(u) = 0, we conclude from (6.13) (with = ¢) by
§—>00

using the Lebesgue dominated convergence theorem that indeed the bounds (6.10) hold
for g = 0.
To handle the casg| = 1 we notice thatforall =1, ... ,n andz € Z;,

t
((35,-7’)(1)),'(S)=/T G5, j (u)bi () (0x; 0x;r) (u, 2(u) + b(u) - §)du, — (6.14)

and therefore, cf. (6.9) and (6.13), t{at, P) (z) € Z, with
e P) @I <274 (6.15)

and

1((9g; P)(@)p ()] = «/E/T Jrha(u)du. (6.16)
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Similarly

n t
(V. P)@D(s) =) fT £y, j () (D, ;) (1, 2(u) + b(u) - £)Z; (u)u,
i=1

(6.17)

yielding thatP is differentiable onz; with

(VP @Il <277, (6.18)
and

0
(VP (@2)2Dp ()] < nIIZIIZ,/T Jr@)ho(u)du. (6.19)
By differentiatingz = P(z) we get (at least formally)

05,2 = (05 P)(2) + (V,P)(2)0g 2, (6.20)
which when combined with (6.15) and (6.18) gives that € Z; with

19g;z] < 1. (6.21)

By using (6.16), (6.19) and (6.21) to the right hand side of (6.20) we finally conclude
(invoking again the Lebesgue dominated convergence theorem) that

(3&,2)p (1) = 0(t%) uniformly in &. (6.22)
Od
Remark6.2.

(1) By using similar arguments as those appearing in the last part of the proof of Lemma
6.1 one readily obtains thatz € Z;.

(2) If risC* in x for k > 3 with locally bounded higher order derivatives one obtains by
differentiating (6.20) thatis C*~1in & with locally bounded higher order derivatives.

(3) One may choose= oo in (6.4). Similarly estimating one shows thiftz € Z for
|8l = 1. An easy application of this estimate yields that for all large enaudhe
mapR” 3 & — n(s, 00, &) € R" is bijective.

7. Construction of phase functions

We shall solve a Hamilton—Jacobi equation in terms of the soltion) to (6.2). We use
the procedure of ([DG], Theorem A.3.1).
Letfort > T and¢ € R",

t
St €)= /T (s n(@), (@) + () - (), (7.1)
with # given by (6.1) and

y(s) =y(s,t, &) and n(s) =n(s,t,&).
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Then by straightforward calculations using Lemma 6.1 and Remark 6.2(1) we get

9 S(t, &) = h(1; &, VeS(t, §)),
S(T,§) =0,
y(t,1,8) = VeS(t, §). (7.2)

Obviously by combining Lemma 6.1 and (7.2) we get estimates of the first and second
orderé-derivatives ofS(z, £).

For technical reasons we shall need the existence of higher order derivatives (and bounds
of those). For that we need higher order derivatives of. Remark 6.2(2). More precisely
we shall decompose into a sum of a short-range term and a smooth term, cf. ([DG],
Lemma 3.4.5(ii)), and then defirfeby the above formula in terms of the latter input.

Pick j € C§°(R™) with [ j(x)dx = 1 and/ xj (x)dx = 0. We decompose = ry + r1
with

r= /r (t, x +bY2() - y) jondy; b2 = (bi/za ,brlz/z) . (73

By Taylor expansion one obtains a bound gf in terms of the expressions
bil/z(t)bjl./z(t)||8i 9;7(t, )|loo, Which by Condition C are iil. So
lIrs (@, )lloo € L*. (7.4)

As for r1 we have the uniform estimates

057 | < (max(bi, b)) b, (7.5)
valid for all multi-indicese andi, j = 1, ... , n. Heree; denotes théth standard vector in

R", b’ = 1'[7:lbl”’ (forv e R"),andh = hg € L1(dr). In particular obeys Condition C.
Next we definesy by (7.1) with the input1. We prove the following analogue of ([DG],
Proposition 3.4.3) (by a different proof).

Lemmar.1. For all multi-indicesg, 1 < i, j < n and all largetz,

B+ei

0] T S1] < Cp minbr, b)bP2. (7.6)

Proof. First we notice thaf; is indeed smooth i§ with locally bounded derivatives (of
order> 2), cf. Remark 6.2(2).

We proceed by induction itB|. For|8| = 0, (7.6) follows from Lemma 6.1.

Suppose (7.6) for8| < k — 1; k > 1. Then we need to bound the derivatives of order
1Bl = k.

We introduce the shorthand notation

+eitej _Y_e:
Frig =00 TSt E). gyij = b2 fyi s fy = 0L Sa(t. §).

Let

X= > &

lyl=k;i,j<n
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It suffices to show that for soni& > T

sup |X(t, &) < oc. (7.7)
t>T',E€R"

For that we shall prove a differential inequality. The derivativeof ; is computed by
differentiating the Hamilton—Jacobi equation in (7.2):

d
Thrai =V V= 3 Clpen (V) Ve V).

k+2>1>2
Y vi=yteite;

On the right hand side some terms can be estimated by the induction hypothesis; the
others in terms of som¢, ;- i with |y’| = k. In both cases there are two sub-cases
depending on whether thi¢gh and thejth derivatives ‘hit’ the same factor 6fS1 or two
different ones. There are terms, all subject to the condition - -- + y; = y,

(8q1fyl,i,j)(aqzfyz)aqlaqzrl; |J/1| =k— 17 (78)
(8q1f)/1+e,-)(3q2f7/2+6j)8q18q271§ y1=00ry2 =0, (7.9)
(aqlf}/l,i,j)(aqzfyz)(vl_zaqlaqzrl)(vfye,a ey vf)/z); |)/1| = k— 2’ (710)

(aqlf}/1+e,')(aqu}/2+ej)(Vl_zaqlaqzrl)(vfyg, ey nyz); |Vl|s |V2| =< k—1
(7.11)

As for the terms of the form (7.8) we estimate the first factor

riteqy

|841f)’1vi7j| = Cg)/l+eq1.i.j 2 i»

the second factor
1/2, 72
19g2 fro| < COG°bE,
and the last factor
11
|0g10g,7| < bgy”bg,” 2,
yielding altogether the upper bound
Chib %8y, e, i.jh2.
As for the terms of the form (7.9) we estimate in the cpse- 0, the first factor
10gy fyrter] < C8y.ignb??bi,
the second factor
19g; fe;| = by
and the last factor

-1
|8q18q2r1| =< qu ha,
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yielding the upper bound
Chib"'%g, i g1h2.
Similarly if y1 = 0 in (7.9) we get the upper bound
Chib"'%g,, 4 iha2.

As for the terms of the form (7.10) or (7.11) we proceed similarly noticing that all
appearings’s are of lower order, which means that they can be estimated by the induction
hypothesis. The factors to the right (for- 3) are estimated as

|f}/m+eqm | E Cb()/m+eqm)/2

In conclusion these terms have the upper bound
bib"?h

with £ in L1.
We finally conclude that for somiein L

< bib""?h (1+ > gy ,-/) . (7.12)

d
Efy,t,j —Vr1-Vifyij

ly'|=k

But if £(¢) solves

d
Eg = —V,r1(t, V& S1(t, §)),

then

d d
g frid =V Vi = g frig @ 50).

Since the coordinates éfare increasing, (7.12) consequently leads to
dX = dX(t EM) <h(X+1
de” deT - '

and therefore by the Gronwall inequality to
X(t,6(1) < CLX(T, &I+ < Ct =T =T +1, (7.13)

cf. Remark 6.2(2).

We apply (7.13) t¢ (¢) defined byt (1) = n(z, 0o, &'), cf. Remark 6.2(3). By this remark,
the mapt’ — n(t, oo, &) is onto for all large enough which shows (7.7). O

8. Wave operators

Under Condition C and witls1(z, n), the function constructed in 87 we introduce the
Mgller wave operators

W=s— lim €9¢Pyp), Q=5 - Iirp Ut) e i51t:p) (8.1)
—1+0Q

t——+00

(Here p is the momentum operatgr= —iV.) Our main result is the following.
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Theorem 8.1. There exist the strong limits i{8.1).

For convenience we shall only prove the existenc@o{The existence aR is easier to
prove.) We shall use the chain rule for wave operators. Obviously by (7.4) we may replace
r by r1 (and logically replacd/(¢) by U1(z¢)). For convenience we drop from this point
the subindex ‘1" and thus aim at showing the existence of

lim &5CPy@)g; ¢ € LAR™).

t—+00

By Lemma 5.2 we may insert a facti(X) whereF ¢ C®°(R)with F’ <0, F(s) =1
fors < C, F(s) = 0fors > 2C, and withX = X (¢) given as in 85. (We just need to pick
C > 0 large enough.) So it suffices to prove the existence of

lim &3P FX)U(1)¢.

t—>+o00

We need an analogue of ([DG], Lemma 3.4.7). It involves a generalized Baker—
Campbell-Hausdorff formula.

Lemmad.2. We can write

R(t,x) — R(t, VeS(t, p)) = A(t) - (x — VeS(1, p)) + B(1); (8.2)

1
At) = /o (Vxr)(t, VeS(t, p) + o (x — V:S(¢, p)))do,
IBO)I| € L*.

Proof. We represent the left hand side of (8.2) as

1
/ Ll R C N P
0 do

and compute the derivative of each of the three factors. This yields the representation

1
B(t) = / ei((lfa)/U)SB(t’ a)e*i((lfﬂ)/o)sda;
0

B(t,0) = —ioc ?[S(t, p), R(t,0x)] + 0 X(Vr)(t, ox) - (VS)(t, p).
The operatoB(z, o) has the symbol

bt,o’(xv yv E)
1
= Ei(Zn)_”f 1= )@ (38r) (1,0 (x + 5(y — 1)) (1, £)ds.
T 0

By (7.5) and (7.6), for all multi-indices;, a2 andg,
199408200 by o | < 12/ 2pB/2), (8:3)

with # in L1(dr) and depending only on the multi-indices.
Using a scaling and the CalderVaillancourt theorem (cf. ([DG], Proposition D.5.1),
[CV] or ([H2], Theorem 18.6.3)), it follows from (8.3) that indeed

SUR,cjo,13l1BC, o)l € Lt



226 Erik Skibsted

Next following ([DG], §34) we introduceH (r) = H(t)— B(t) with B(t) given by (8.2).
Using again ([T], Theorem 7.7) we conclude tli&tr) generates a propagator, denoted as
U (1), which preserves the domain 6f= p? + x2. Obviously by Lemma 8.2,

sup||U (1)|| < oo. (8.4)
t
Lemma8.3. There exists
s— lim U@0O*FX)U@). (8.5)
t——+00
Proof. Using Lemma 8.2 and (8.4) it suffices to verify (suitably) integrability of

U(t)*DF(X)U(t)d) with D given as in the proof of Lemma5.2.
We compute in terms of an almost analytic extensign

DF(X) = —%/C <8F) (w)(X — w)" DX (X — w)~Ldudv. (8.6)

HereDX is given by (5.3). The contribution from the second téfran the right hand side
of (5.3) is integrable. The contribution from the first term is the non-negative operator

2

n as n

=225 (0 =) F' X0 (p —xp); = ) BjBy;

j=1 "J j=1

az 1/2
Bj = (—2b—{F/(X)> (p—xp);.
J
We need the estimates

o0
/T 1B;U%dr < CligII2. (8.7)

OO ~
/T I1B;U()y1?de < Clly||?. (8.8)

These estimates follow by differentiating the uniformly bounded famifies™ F (X)U (t)
andU (1)*F(X)U (1), respectively, under use of the above computation.
We conclude from (8.7) and (8.8) that indeed

lim sup
11—+ o0 o>t

t
/2 U(t)*B¥B;U(1)¢pdt|| =0,

n

completing the proof. O
Due to Lemma 8.3 it remains to prove the existence of

t Iirpooe”“mF(X)q“s(r); o) =U1)G Y29, G = p? + x2.

For that we proceed by differentiating as in the proof of Lemma 8.3. We notice the
bound

o
/ |1Bje ' SEP y|2dr < C|ly| 2, (8.9)
T
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which follows by the same method as the one used to prove (8.7) and (8.8) (and under use
of Lemma 6.1). Using (8.8) and (8.9) it suffices to show integrability of

ilr(t, VeS(t, p)), F(XOIp(1), (8.10)
and
F(X)A(t) - (x — VeS(t, p))d(2). (8.11)

As for (8.10) we have a similar representation of the commutator as given in (8.6) and
we invoke Lemma 6.1 again.
As for (8.11) we notice that

IIF(X)A@)|| € L*(dr), (8.12)

(since this bound holds fox ~1/2A(r)).
The function

F@ = 11(x = VS, pHd®II°
obeys, cf. the proof of ([DG], Lemma 3.4.9) (or [Si]),

d o o
S0 = Y (0w = 055G PN, A — 3 St pN(D)) + e

k,<n
A = i[Ar, (xk — 3 S(t, p))], A(t) = (A1, ..., An).

We compute

1
Ay = / G(@-0/DS 4 (1. 0)e (A=) /D)S g
0
Au(t,0) = io g S(t, p), (35 r)(t, oX)].
The operator, (¢, o) has the symbol
aw(t,o;x,9,8)

n 1
=> @n)™" / &0V 0, r) (1, 0 (x + 5(y — X)), 9, S(t, £)ds.
j=1 0 '

It obeys the same estimatesiag in (8.3), and consequent|yAy|| € L.
We conclude that

d
—f@) < h(t
dtf()_ () f(@)
with 2 € L1, whence it follows by the Gronwall inequality that

fO<Cit=>T. (8.13)

By combining (8.12) and (8.13) we finally conclude that indeed the expression (8.11)
is integrable. The proof of the existence of the wave openétis complete.
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