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Abstract.  In this note, we consider the Lifshitz singularity for Sgétimger opera-

tor with ergodic random magnetic field. A key estimate is an energy bound for mag-
netic Schédinger operators as discussed in Nakamura [8]. Here we remove a technical
assumption in [8], namely, the uniform boundedness of the magnetic field.
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1. Introduction

We consider the magnetic Séiuinger operator without scalar potential &f (d > 2):
H=(p—-Ax)* onL*RY,

wherep = —id, is the momentum operator,
A(x) = (A1(x), ... , Ag(x)), xeR?

is a vector potential. We suppogds a vector-valued'1-class function and identifyi (x)
with the 1-formA = Zlf:l A (x)dx;. The magnetic field is the 2-form defined by

B(x) =dA = ZBij(x)dxi A dx]',
i<j
whereB;;(x) = dy; Aj(x) — dx; A; (x), and we identifyB with the skew-symmetric matrix
valued function(B;;(x)) on R<. It is well-known that for any closed 2-for, there exists
a 1-formA such thatB = dA, and the corresponding Séiulinger operatoH is uniquely
determined byB modulo the gauge transformation group.

We suppose tha&® = B® is a metrically transitive random closed 2-form: namely, there
exist a probability space?, =, P) andR¢ acts or<2 as a measure preserving transforma-
tion group. We denote the action BY, |x € R¢}. The action is supposed to be ergodic,
i.e., if E C Qisinvariant undefT,} thenP(E) = 0 or 1. B = B is assumed to satisfy

B°(x —y) =BT (x), x,yeR?
and it is a continuous closed 2-form almost surely. We denote

AL ={x eRYx;| < L/2forj=1,...,d}, L>0
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and letH{ be the Schisdinger operator (with the same symbol as above)ap R4 with
the Neumann boundary condition. We also denote the Lebesgue measurieyofA|.
Then the integrated density of states

k(E) = lim 1 #{eigenvalue ofHY < E}
T > AL 9 AL =

exists for almost alE € R andw € €2, and it is independent @b (almost surely). This
result is well-known for random Scbdinger operator without magnetic field (see, e.qg.,
[3, 5]), and itis proved for magnetic Sadinger operators in Doi, lwatsuka, Mine [4] and
Nakamura [9].

Our assumption is the following:

Assumption A(i) B is a metrically transitive random closed 2-form&fi in the above
sense, and itis nontrivial, nameBx| B®(0)|) # 0. (ii) There exists a real-valued continu-
ous functiornp onR; such thatp(,) — 0 ash — oo, and it satisfies the following condi-
tion: LetA1, Ao € T andletf € LY(Q), g € L>(R) such thatf is X A,-Mmeasurable and
gis X a,-measurable, wherB, denotes the-algebra generated §B“ (x)|x € A}. Then

IE(fg) — E(/HE(Q)] = p(dist(Az, A fllz1llgllzo,

whereE(-) denotes the expectation with respedbtand dist-, -) is the Euclidean distance
onR4.

The second assumption implies that, roughly speakiiffx) and B (y) are almost
independent ifx — y| is sufficiently large.

Theorem 1. Suppose Assumption A. Then

lim suplog(— logk(E))/logE < —d/2,
ELO

i.e, foranye > 0,
k(E) < exp(—E~4/?+¢)  for sufficiently smallE > 0.

This theorem is proved in Nakamura [8] with an additional assumpt®tix)] < M
uniformly for all v € © andx € R¢. We discuss the modification of the proof necessary
to remove this technical assumption in § 2.

Not much rigorous results has been obtained on &tihger operators with random
magnetic fields. We only mention a paper by Ueki [10], and one by the author [7] for the
two dimensional discrete case.

The key estimate in the proof is the following energy estimate. We write it down for the
two dimensional case/(= 2) only, in order to simplify the notations. L&t = (p— A(x))?
be a magnetic Schdinger operator, and l8(x) = rotA(x) be the magnetic field. For
x € R?, we let

Dx)={yeR?lx—yl<r}, y(x) =3D®X),

wherer > 0 is an arbitrary fixed constant. NameR(x) is the closed disk of radius
with the center at, andy (x) is the boundary (circle). We denote byx) € T = R/2xZ
the flux throughD (x) modulo 2z, i.e.,

b(x) B(y)dyidy2 (mod 2rZ).
D(x)
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We identify T with [—7, 7) and define

We = s [ oo

X) = ——== y y.
433 Jy )

Then we have

Theorem 2. H > W in the operator sense.

Note that 0< W(x) < (2r®)~! since|b(x)| < =. The advantage of this estimate
compared to the AHS estimate [1] is that the right hand side is always nonnegative. On the
other handW (x) is bounded even iB(x) is not, and the estimate is far from optimal in
general. We refer [8] for the general formulation and the proof. We combine this estimate
with the argument of Kirsch and Martinelli [6] to prove Theorem 1 (see also [3,5]). In the
proof, we need am priori bound on the number of eigenvalues. In [8], we proved this
estimate using the uniform boundedness of the magnetic field. We give a different proof of
this lemma based on the diamagnetic inequality for magneticd8aotger operator with
the Neumann boundary condition.

2. Diamagnetic inequality and ana priori estimate on the number of eigenvalues

Let H = (p — A(x))? be a magnetic Schdinger operator with a vector potential
A € CY(RY), and letH,, be the Hamiltonian oL2(A 1) with the Neumann boundary
condition. In [8], the boundedness assumptio® et dA is needed only for the following

lemma (Lemma 4 of [8]), which is proved without the assumption here.

Lemma3. There exists a constant > 0 depending only od such that

1 .
m#{elgenvalues of), < E} < C(1+ E%/?
L

for any E > 0 and for any integet. > O.

At first we prove a diamagnetic inequality for magnetic $clinger operators with the
Neumann boundary condition.

Lemmad. LetP = Hy,,and letPy = p? be the free Hamiltonian oh?(A ) with the
Neumann boundary condition. Then

e Pon)| <€ Plpl(x)  fort>0, xeAy,
whereg € L2(A ). In particular, the integral kernels of~'* ande ' satisfy
e P,y <™, y)  forx,yeAr

Proof. We mimic the proof of Theorem 1.13 of [2]. By a generalized Trotter's formula,
we have

n
e P — slim [efa/n)Plef(z/n)Pz . ,_efa/n)Pd] ’ )

n—oo
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where
Pi=(pj—A;x)%  j=1....4d,

with the Neumann boundary condition, i.e.€ ©(P;) if and only if P;¢ € L?(Ap) (in
the distribution sense) ang; — A;(x))¢(x) =0 atx; = —L andL. Let

Gi(x)= /_XLJ Aj(X1, ..., Xj—1, Y, Xj41, ..., xg)dy
be a gauge transform such that
(pj—Aj) =€%ipjeCi
in the distribution sense. Note thatife © (P;) theny = e 0y satisfieg; 1/ (x) = O at

xj = —L andL. HenceP; o = €€/ P;e~'%/ is p7 with the Neumann boundary condition
at the edges. Therefore

g t/mPj _ gljg=(t/mPjog=iG;
and hence

|/ Tip)| < e IMTi0lg| (),
This implies

H:e—(t/n)Ple—(f/")PZ . e—(’/"w]n @(x)‘
- I:e—(t/n)Pl,Oe_(t/")PZ‘o ... e_(’/")Pd*O]n lpl0) = e "0lg| (x)

and the claim follows from this and (T). O

Proof of Lemma 3By Lemma 4, we have
Tr (e7'F) < Tre7h), t>0.

Since the eigenvalues & is explicitly known, we can easily see

00 d
Tr (") = [Z e"("”/“z} < [1+
n=0

We setr = E~1 to obtain

L 7
2«/7Tti| '
#{eigenvalues oP < E} < e Tr(e /£) < e Tr (e PV/E)

27

with someC > 0if L > 1. O

d
LVE
<e <1+ i) <CLY1+ E?)
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