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Abstract. In this paper we consider one dimensional random Jacobi operators with
decaying independent randomness and show that under some condition on the decay
vis-a-vis the distribution of randomness, that the distribution function of the average
spectral measures of the associated operators are smooth.

Keywords. Random Jacobi operators; density of states; smoothness.

1. Introduction

One of the questions that is of interest in the theory of Anderson localization is the smooth-
ness of the density of states. The Anderson model is the perturbation of the discrete
Laplacian on a lattice perturbed by a potential coming from independent and identically
distributed random variables indexed by the lattice. The precise model is given below.
Continuity results on the density of states in such models are widely known and we refer
to the book of Carmona and Lacroix [1], Figotin–Pastur [3] for the results and references.

There were several results on the question of the smoothness of the density of states
relating it to the smoothness of the density of the probability distribution according to
which the random variables are distributed. For a complete list of results on the smoothness
question of the density of states we refer to the paper of Companino–Klein [2].

Suppose the random variables are distributed according to an absolutely continuous
probability measureµwith densityf (that is(1+|t |)αf̂ (t) is integrable for someα > 0).
Simon–Taylor [8] showed that even iff has some fractional smoothness, but has compact
support, then the density of states is infinitely smooth. After this result, Companino–Klein
[2] gave a proof that related the degree of decay off together with the fractional smoothness
to the smoothness of the density of states.

We address the following question in this paper. If instead of taking i.i.d random variables
we took random variables which are independent but have decaying coupling constants
will these results hold? We will give the model below.

Our motivation for this question is to look at models that exhibit a mobility edge and see
if the smoothness results are valid across the mobility edge, since in higher dimensional
Anderson model with small disorder it is expected that there are mobility edges and the
density of states is expected to be smooth across them.

We have to first look at the correct object which is the analog of the density of states
in such models, since there is no single candidate for it. Several definitions on the lines
of those for the stationary case can be considered. There is a definition of the density of
states, which happens to be non-random, for the case of decaying randomness, given in
Gordon–Jacksic–Molchanov–Simon [4].
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We however take a definition of the integrated density of states, based on the spectral
measures in this paper.

2. The model

We consider the spacè2(Z) and the discrete Laplacian

(1u)(n) = u(n+ 1)+ u(n− 1), u ∈ `2(Z).

We take independent and identically distributed random variablesqω(n)which are
distributed according to the probability measureµ that satisfies the conditions given
below.

We then consider the operators

(Hωu)(n) = (1u)(n)+ anq
ω(n)u(n), u ∈ `2(Z), (1)

wherean is a sequence of positive numbers. We shall henceforth denote byV ω the operator
of multiplication byanqω(n) on`2(Z).

Hypothesis2.1. Letµ be absolutely continuous probability measure and let its charac-
teristic functionh(t) = ∫

eitxdµ(x) satisfy

(1) (1 + |t |)αh(t) is bounded for someα > 0.

(2) There is a positive integern, such that(1+|t |)αh(j)(t) is bounded for each 0≤ j ≤ n

and someα > 0.

We note that the Fourier transformh of the measureµ satisfying the above hypothesis
is inLp(R) for large enoughp, sinceh(t) ≤ C/(1 + |t |)α, with α > 0. Further Cauchy–
Schwarz inequality implies thath(t) < 1, t 6= 0. Hence

∫ |h(t)|mdt goes to zero as
m → ∞. We shall define for any fixed positive integersk, j andN , the set

Xk, j,N = {−k −N,−k −N − 1, . . . ,−1, 0, 1, . . . , j +N − 1, j +N}.

We define the numbers

βk, j,N,N ′ = sup
S(N ′)⊂Xk, j,N

∏
i∈S(N ′)

|a−α/2
i |,

for any fixed positive integerN ′ whereS(N ′) is a subset ofXk, j,N of cardinalityN ′. Let

Pk, j,N (S) = {i ∈ Xk, j,N\S(N ′) : i + 1 or i − 1 is inXk, j,N\S(N ′)},
so thatP defines the set of consecutive integers inXk, j,N that are not inS(N ′).

In this paper, unless otherwise explicitly stated, we set‖h‖pp = ∫∞
0 |h(r2)|pdr for any

positive numberp. The reason for this non-standard notation is that it is in this form that
theLp norms occurs in the estimates (essentially in Lemmas 3.2 and 3.3).

Hypothesis2.2. Letµ andh be as in the above hypothesis. Let{am} be a sequence of
positive numbers satisfying the following assumptions. There is anN0 such that for all
|k| ≥ N0,
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(1) a−1/2
k ‖h‖|k|

|k| < 1,

(2) LetN andN ′(< N) be arbitrary but fixed positive integers, then the condition

∑
k,j≥N0

βk,j,N,N ′(k + j +N)N
′

 sup
S(N ′)⊂Xk,j,N

∏
(i,i+1)∈Pk,j,N (S)

σiσi+1

< ∞,

(2)

is valid, where in the product the pairs(i, i+1)are not repeated and where notationally
we have setσi = |ai |−(1/2|i|)‖h‖|i|.

Remark.

1. We note that the sequenceak of positive numbers could go to zero, or be bounded
below ask → ∞. In the case whenak is a constant or goes to∞, the hypothesis
is trivially satisfied. Only in the case whenak goes to zero is it non-trivial and the
allowed sequences depend on the functionh.

2. We note that since‖h‖p goes to 1 asp → ∞, the condition (1) onak shows that
the sequence cannot decay faster than an exponential, and certainly it cannot vanish
on infinite subsets of the lattice. This shows that our proof of theorem 2.3 is not
applicable for example for finite rank perturbations of1, for which the conclusions
of the theorem are not valid.

3. The point of defining the setPk, j, N is that the estimate in Lemma 3.1 uses a pair of
operators to get anLp estimate, so the condition is given in that form.

We consider the standard orthonormal basis{en} for `2(Z) (en(m) = δn,m). Given the
operatorsHω defined in eq. (1), we consider the spectral measuresνωn associated with the
standard basis{en} and the operatorsHω, so that for any bounded continuous functionφ
we have

〈en, φ(Hω)en〉 =
∫

R
φ(x) dνωn (x).

The measure class of the operatorHω is given by the total spectral measure∑
k∈Z

α
k
νωk , αk > 0,

∑
α
k
< ∞,

for example.
Under the above assumptions onV ω andµ, it is a standard calculation (see Carmona–

Lacroix [1], §V.1) to verify that the (probability measure valued maps)ω → νωk are
measurable for eachk. Hence the mapω → ∑

k∈Z αkν
ω
k is also measurable (as a finite

measure valued map). Therefore the following measures are defined as

σk =
∫

dP(ω)νωk σ =
∫

dP(ω)
∑
k∈Z

αkν
ω
k , αk > 0

∑
k

αk < ∞

and we haveσ = ∑
k∈Z αkσk, by an application of Fubini.
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Further if each of theσk is absolutely continuous, then so isσ and if the densities ofσk
aren times continuously differentiable with all the derivatives bounded, then the density
of σ is alson times continuously differentiable.

While presenting a talk on this paper, Simon remarked that, it is enough to take two
instead of the infinitely manyνk above, since any twoνk in the above are enough to get
a total spectral measure and also that it is possible to use Simon–Taylor [8] to obtain the
results similar to ours.

We shall henceforth fix a single summable sequenceαk of positive numbers below when
we consider the measureσ .

We consider the measureσ defined above associated with the operators given in eq. (1).
We state our main theorems below.

Theorem 2.3. Consider the operators given in equation(1), with the measureµ sat-
isfying hypothesis2.1 and the sequence{an} satisfying the hypothesis2.2. Suppose the
Fourier transform h ofµ satisfies the condition(1 + |t |)αh(j)(t) is bounded forα > 0
andj = 0, 1, . . . , n, then the measureσ is absolutely continuous with its density n/2 (or
respectively(n− 1)/2) times continuously differentiable for even n(respectively odd n).

Remark.

(1) We note that we need the condition on the sequencean in relation toh, otherwise the
theorem is not true. Take for example the case whena0 = 1 andak = 0 for all other
k. In this caseσ is not differentiable at the band edges.

(2) In the case whenak grows withk, the hypothesis 2.2 is trivially satisfied.
(3) Whenak ≡ 1, which is the Anderson model, our definition ofσ is a constant multiple

of the density of states, sinceσk is independent ofk and agrees with the density of
states thus recovering the results of Companino–Klein [2].

3. The supersymmetric trick

We follow essentially the ideas of Companino–Klein [2] of using the supersymmetric
replica trick to prove the above theorem. We make the necessary changes in their proof to
cover our assumptions.

The idea behind the supersymmetric trick is the following: First note that ifA is an
invertible matrix of sizeN , then the matrix elementsA−1(x, y) of its inverse can be
written as the ratio of two determinants, namely det(Axy)/det(A), whereAxy is the matrix
obtained fromA by dropping thexth row and theyth column. The denominator in this
expression can be written in terms of a Gaussian integral, while the numerator is written
using the definition of the determinant using antisymmetric tensor products. These two are
combined together as a supersymmetric Gaussian integral.

Let us recall, from Companino–Klein [2], the basic steps involved. Letz ∈ C, then
defineHω

L = PLH
ωPL, wherePL is the orthogonal projection ontò2([−L, . . . , L]).

Then using the supersymmetric formalism, one can write

GωL(z, x1, x2) =
〈
ex1, (H

ω
L − z)−1ex2

〉
= i
∫
ψ(x1)ψ(x2) exp

{
−i

L∑
x=−L

8(x) · (Hω
L − z)8(x)

}
DL8.

(3)
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In the above8(x) = (φ(x), ψ(x), ψ(x)), with φ(x) ∈ R
2 andψ(x), ψ(x) are in a

Grassman algebra. Notationally

8(x) ·8(y) = φ(x) · φ(y)+ 1

2
(ψ(x)ψ(y)+ ψ(y)ψ(x))

and

DL8 =
L∏

x=−L
d2φ(x)dψ(x)dψ(x).

The ‘integration’ with respect toψ,ψ is a functional given as
∫

dψdψ(a + bψ + cψ +
dψψ) = −d. Since any power series in the symbolsψ , ψ reduces to an expression as
in the above integrand, the definition of ‘integral’ could be extended to any such power
series.

Given these rules one finds that
∫

exp(−8(x) ·8(x))d8(x) = 1, as can be checked
by expanding the expression exp(−ψ(x)ψ(x)dψdψ) = 1.

Using these rules, taking averages overω the relation below follows.

GL(z, x1, x2) = E(GωL(z, x1, x2)) = i

∫
ψ(x1)ψ(x2)

L∏
x=−L

βx(8(x)
2; z)

× exp

{
−i

L−1∑
x=−L

8(x) ·8(x + 1)

}
DL8, (4)

where we have definedβx(r; z) = h(axr) exp(−izr), x ∈ Z with h being the Fourier
transform of the measureµ. We recall thath(82) is defined to beh(φ2)+ h′(φ2)ψψ, the
prime denoting the derivative ofh as a function of a real variable.

The above equation reduces, after using the rules of supersymmetric integration to reduce
the integral and writing it in polar coordinates,

GL(z, 0, 0) = 2i
∫ ∞

0
rdr

{(
L∏
k=1

T Bk(z)1

)
(r2)

}
β0(r

2; z)

×
{( −L∏

k=−1

T Bk(z)1

)
(r2)

}
. (5)

In the above equation we have used the notation

(Tf )(r2) = −2
∫ ∞

0
J0(rs)f

′(s2) sds and(Bkf )(r
2) = βk(r

2; z)f (r2),

with J0 denoting the Bessel function of order 0, given by

J0(r) = 1

2π

∫ 2π

0
dθ e−ir cos(θ),

and denoted by 1 the constant function with value 1. The integral in (5) converges absolutely
for Im(z) > 0.
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We note that an expression similar to eq. (5), results forGL(z, k, k) for anyk ∈ Z (if
we take the interval of length 2L+ 1 aroundk) and the analysis is similar to the one that
will be done for the case ofk = 0, so while we give the proofs fork = 0, they are also
valid for anyk. We will henceforth denoteGL(z, 0, 0) as simplyGL(z) and work with it.

Before proceeding further we explain the idea involved in the proofs. In eq. (5), the
right hand side is estimated for anyL large enough and it is shown that the derivatives of
the right hand side exist as a function ofE in z = E + iε, for anyE in R and anyε ≥ 0.
This requires identifying the function spaces between which the operatorsT Bk(E + i0),
(d(j)/dE(j))T Bk(E+i0) are bounded. This problem translates itself into the boundedness
problem of a different collection of operators. The reason is that the only place where
z dependence comes in is in the functionβk and that too as eizr

2
, so the derivatives (of

βk in E) become operators of multiplication byr2. Therefore ifT were replaced by the
identity operator, in the above expression, it would amount to deciding in the product∏L
k=1 h(akr

2)e−iEr2
, whether for fixedn, r2n∏L

k=1 h(akr
2) is a bounded function or not

for a givenL to conclude ifGL(E) is n times differentiable. This is of course a over
simplification and the operatorT is necessary for the convergence of the product asL goes
to infinity, to some non-zero quantity.

We begin proving a series of lemmas to prove the main theorem. Let us first define the
(Hilbert) spaces

Hn =
{
f ∈ C n ::

n∑
m=0

m∑
k=0

2k‖rm−1/2f (k)(r2)‖2
2 < ∞

}

for any non-negative integern, where

C 0 = {f : [0,∞) → C, f measurable}

and

C n={f : [0,∞) → C, f is n−1 times differentiable withf (n−1) absolutely continuous}.
We also need the associated spaces

H0
0 = H0 andH0

n = {f ∈ Hn : f (0) = 0} .

Lemma3.1. The operator T can be written as

(Tf )(r2) = f (0)+ (Rf )(r2), where (Rf )(r2) = r

∫ ∞

0
J−1(rs)f (s

2) ds.

(6)

The operators T and R are respectively unitary onHn and H0
n and T leaves eachH0

n

invariant and thereT = R.

The proof of the above lemma is direct from using Hankel transforms, see equation in
(3.5) [2] for example.

Lemma3.2. Let β be continuous with(1 + r2)γ /2β(r2) be bounded, for someγ > 0.
Then, RBkRBl mapsL∞(R+) to H0, for anyk andl.
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Proof. Since(1 + r2)α/2β(r2) is bounded, it follows thatr−1/2β(r2) ∈ Lq(R+) for all
2(1 − α) < q < 2 andβ ∈ Lp(R+) for all 1/α < p ≤ ∞. The mapR is related to
the Hankel transform viar−1/2(Rf )(r2) = H−1(s

−1/2f (s2))(r) and we have the Ḧolder
inequality‖Hn(f )‖p ≤ ‖f ‖q, 1/p + 1/q = 1, 1 ≤ p ≤ 2, for the Hankel transforms.
This shows that|r−1/2RBlf |2 is inLp(R+) for each 1< p < p0. Therefore we pick such
p, based onq for which |βk|2 ∈ Lq , so that 1/q + 1/p = 1 and we get the bounds

‖RBkRBlf ‖2
H0

= ‖r−1/2BkRBlf ‖2
2 ≤ ‖|βk|2‖q‖|r−1/2RBlf |2‖p

≤ ‖βk‖2
2q‖r−1/2βl‖2

2q/(q+1)‖f ‖2
∞. (7)

This estimate shows the lemma and in fact it also gives an explicit bound for the norm of
the operatorRBkRBl as a map fromL∞ to H0.

The proof of the next lemma is identical to that of Lemma 3.1.

Lemma3.3. Supposeβ ∈ Lp(R+), 2 < p ≤ ∞, thenRBkRBl is bounded as a map
fromH0 to itself and the operator norm of this operator has the bound

‖RBkRBl‖H0 ≤ ‖βk(r2)‖p‖βl(r2)‖p ≤ (akal)
−1/2p‖β(r2)‖2

p

is valid for anyk andl.

Remark.In the above the last inequality is from the definition ofβk.

The proof of the lemma below is clear from the definitions of the spacesH0
n and the

assumptions onβk which implies that all the derivativesβ(j)k are bounded.

Lemma3.4. Supposeβ satisfies(1+r2)α/2β(j)(r2) is bounded for eachj = 0, 1, . . . , n.
Then the operatorBk of multiplication byβk(r2; z) = h(akr

2)eizr
2

is bounded fromH0
n

to itself and the bound is given by

‖Bkf ‖H0
n

≤ C(n, z)‖f ‖H0
n

is valid for anyk, with the constant being given by

C(n, z) = n sup
j=1,...,n

{ sup
r∈[0,∞)

|(1 + r2)α/2β(j)(r2; z)|}.

The proof of the following lemma is given at the end of the paper. The idea behind the
proof is the following. If in the productRBi1 . . . RBiln , we replaceRs by the identity, then
the resulting operator maps the spaceH0 into functions inH0 which have a decay rate of
roughly r−n at infinity for suitableln, since eachB is an operator of multiplication by a
functionβ having a decay rate ofr−α at∞. On the other hand the relation

(−2)mrm+k−(1/2)(Rf )(m)(r) = (−2)kHm+k−1(s
m+k−(1/2)f (k)(s2))(r), (8)

for k = 0, 1, . . . , m = 0, 1, . . . , valid between the operatorR and the Hankel transform
Hl shows that theRs convert a bit of decay into a bit of smoothness. Thus in combination
Rs andBs should mapH0 into Hn for suitably high powers. Also note that one cannot
do better thanHn since the functionβ itself is onlyn times differentiable, by assumption.
These heuristic expectations are proved by using interpolation theorems.

Let β denote the functionβ(r2; z) = h(r2)e−izr2
, z ∈ C+. Here we denote byM the

operator of multiplication given byMf (r2) = rf (r2). The transposeAt of a bounded
operatorA is defined after eq. (21).
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Lemma3.5. Letµ be a measure satisfying hypothesis2.1 (1), (2)with the numberα and
the integer n given as in the hypothesis. Then the following are valid.

1. The operatorMk is bounded as a map fromHj to Hj−k provided,j − k ≥ 0.
2. Given 0 ≤ k ≤ n, there is an integerlk depending upon k andα such that
RBi1RBi2 . . . RBilk

is a bounded operator fromH0 toH0
k . These operators are bounded

uniformly in z in compact subsets ofC. The numberslk satisfy0 ≤ l0 ≤ l1 ≤ · · · ≤ ln.
3. The above boundedness statement is also valid if we replaceRB by (RB)t in the

above.

Lemma3.6. Letµ be a measure satisfying the hypothesis2.1 (1), (2)with the numberα
and the integer n given as in the hypothesis. Then for each absolutely continuous bounded
function f onR

+, the limits

T +(z)f = lim
L→∞

(T B1T B2 . . . T BL)f and

T −(z)f = lim
L→∞

(T B−1T B−2 . . . T B−L)f (9)

exist inHn. The convergence is uniform on sets of bounded real z inC+. Further they are
given by the power series expansion

T ±(z)f =
∞∑
k=0

(±ln±1∏
i=±1

(T Bi)(z)

) ±k∏
j=±ln±1

(RBj )(z)f, (10)

valid for all z ∈ C+, with the convergence compact uniform inC+.

Proof. We will prove the lemma forT +, the proof forT − is similar. First consider the
sequenceKL = T B1 . . . T BLf . This is inHn for L ≥ ln, so it is enough to show that this
sequence is Cauchy inH0 – the reason being that we can writeKL = (T B1 · · · T Bln)K̃L,
so that wheneverK̃L is Cauchy inH0, KL will be one inHn by Lemma 3.5. We con-
siderKL itself and show that it is Cauchy inH0, since it differs fromK̃L by a finite
product. Letf be absolutely continuous, thenβk beingn times differentiable,βkf is also
absolutely continuous and the functionT Bkf is well-defined and is given (see eq. (6))
as(T Bkf )(r2) = f (0)+ (RBkf )(r

2). Therefore using this relation repeatedly we have,
using the fact thatβk(0) = 1 for anyk,

KL(r
2) = (T B1T B2 . . . T BLf )(r

2)

=f (0) [1 + (RB11)+ (RB1RB21)+ · · · + (RB1 . . . RBL−11)
]
(r2)

+ (RB1 . . . RBLf )(r
2). (11)

ConsiderM > L and look at

‖KL −KM‖H0 ≤ |f (0)|
M∑

k=L+1

∥∥∥∥∥
(

k∏
j=1

RBk

)
1

∥∥∥∥∥
H0

+ ‖RB1 . . . RBLf ‖H0 + ‖RB1 . . . RBMf ‖H0. (12)

We estimate the right hand side in an index dependent way. For this notice that the function
βk is inLp(R+) for p > 1/α, whereα is the rate of decay of the functionβ to zero at∞.
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Therefore for every integern larger than 1/α, the functionβk is inLn. We use this fact to
estimate the sum above. We consider for eachk > ln, a numberln + 1 ≤ mk ≤ ln + 2,
such thatk −mk − 1 is even and estimate the right hand side of the above inequality as

‖KL −KM‖H0 ≤ |f (0)|
M∑

k=L+1

C(ln)

∥∥∥∥∥
(
(k−mk−1)/2∏

j=0

RBmk+2jRBmk+2j+1

)
1

∥∥∥∥∥
H0

+ C(ln)‖RBmL . . . RBLf ‖H0 +C(ln)‖RBmM . . . RBMf ‖H0.

(13)

Using the estimates of Lemma 3.5, we get that

‖KL −KM‖H0 ≤ |f (0)|
M∑

k=L+1

C(ln)

×


k−mk−1

2 −1∏
j=0

(a
mk+2j amk+2j+1)

−1/2(mk+2j+1)‖h‖2
mk+2j+1


× ‖RBk−1RBk1‖H0 + C(l0)‖RBmL . . . RBLf ‖H0

+ C(l0)‖RBmM . . . RBMf ‖H0. (14)

We note that by hypothesis 2.2(1), and the fact that|h(t)| < 1 for anyt non-zero, we get
for any integern large enough,a−1

n ‖h‖n+1
n+1 < 1, since‖hn+1

n+1‖ ≤ ‖h‖nn. To ease writing

we setαn = a
−1/2
n ‖h‖nn, then using Lemma 3.6 to estimate the last parts, we get

‖KL−KM‖H0≤ |f (0)|
M∑

k=L+1

C(ln)

×


k−mk−1

2 −1∏
j=0

(α
mk+2j αmk+2j+1)

1/(mk+2j+1)

‖RBk−1RBk1‖H0

+ C(ln)

L−mL−1
2 −1∏
j=0

(α
mL+2j αmL+2j+1)

1/(mL+2j+1)

 ‖RBL−1RBLf ‖H0

+ C(ln)

M−mM−1
2 −1∏
j=0

(α
mM+2j αmM+2j+1)

1/(mM+2j+1)

 ‖RBM−1RBMf ‖H0.

(15)

Using the estimate in Lemma 3.6, we get

‖KL −KM‖H0 ≤ |f (0)|
M∑

k=L+1

C(ln)e

(∑ k−mk−1
2 −1

j=0
1

mk+2j+1 ln(αmk+2j+1)

)

× (αk−1a
−1

4(k−1)
k ‖r−1/2h(r2)‖

(2− 2
k
)
)
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+ C(ln)e

(∑L−mL−1
2 −1

j=0
1

mL+2j+1 ln(αmL+2j+1)

)

× (αL−1a
−1

4(L−1)
k ‖r−1/2h(r2)‖

(2− 2
L
)
)‖f ‖∞

+ C(ln)e

(∑M−lM−1
2 −1

j=0
1

lM+2j+1 ln(αlM+2j+1)

)

× (αM−1a
−1

4(M−1)
k |r−1/2h(r2)‖

(2− 2
M
)
)‖f ‖∞. (16)

Now using the hypothesis 2.2(1), (2), we get the bound

‖KL −KM‖H0 ≤
M∑

k=L+1

C1(l0, f )

|k|1+ε + C1(l0, f )

|L|1+ε + C1(ln, f )

|M|1+ε , (17)

for someε > 0 and some constantsC1(ln, f ), showing that the right hand side goes to
zero asL andM go to infinity.

The expression in eq. (11) alongwith the above estimates also show the last assertion of
the lemma, sinceKL can be written as

KL = T B1 . . . T Bl0+1K̃L,

with the expression and the estimates are valid as well forK̃L in the place ofKL in eq.
(11). The numbern in the proposition below is as in Theorem 2.3.

PROPOSITION 3.7

The boundary valuesE {Gω(E + i0, 0, 0)}, which we callG(E), exist for each E inR and
G(E) is given by the following power series, which converges absolutely and uniformly
for E in compacts ofR.

G(E) =
∞∑

k,j=0

Kk,j (E),

Kk,j (E) = 2i
∫ ∞

0

((−nln−1∏
i=−1

T Bk

)(
j∏
i=0

(RB−ln−2−i

)
1

)
(r2;E)

× β0(r
2;E)

((
nln+1∏
i=1

T Bk

)(
k∏
i=0

(RBln+2+i

)
1

)
(r2;E) rdr.

(18)

Proof. We note that the family of operatorsHω
L converge in the strong resolvent sense

toHω, pointwise inω, therefore for eachz ∈ C
+, the quantitiesGωL(z, 0, 0) converge to

Gω(z, 0, 0) and since the limits are bounded for eachω, so do their averages. Therefore
we have the expression, using the previous lemma,

G(z) = 2i
∫ ∞

0
(T −(z)1)(r2)β0(r

2)(T +(z)1)(r2)rdr = lim
L,M→∞

L∑
k=0

M∑
j=0

Kk,j(z),

(19)

whereKk, j is the function defined in equation (18).
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Since the above limit exists and the summands are uniformly bounded, as in the estimates
in eqs. (13)–(17), in Im(z) for Re(z) in compacts, the right hand side converges to the sum
stated in eq. (18) forz in reals also. Using these estimates, the proposition follows.

Lemma3.8. The functionKk, j (E) defined in eq.(18), j, k = 0, 1, 2, . . . is in
C([n/2]−1)(R). Further we have the estimate

|dl/dElKk, j | ≤ C(n, h, α, z)jnlnβk, j, nln

×
∏

(i,i+1)∈Xk, j, nln\S
|a−(1/2i)
i a

−(1/2(i+1))
i+1 |‖h‖i‖h‖i+1. (20)

Proof. We note first that the largest integerk such that 0≤ 2k ≤ n is precisely [n/2],
which equalsn/2 if n is even and(n − 1)/2 if n is odd. We shall work with evenn, set
N = n/2, the proof for the case of oddn is similar.

We first make a few observations before proceeding with the proof. Let us denote the
operator of multiplication byr asM, then, it is clear that the operator valued functions
T Bi(E) andRBi(E) are both differentiable inE, with the derivatives agreeing with
T iM2Bi(E) andRiM2Bi(E) respectively for eachi which are bounded as maps fromHn

to Hn−2. Next note that iff ∈ H0
k for anyk, then we have the equality

∏m2
i=m1

(T Bi)f =∏m2
i=m1

(RBi)f is valid for anym1, m2.
Therefore we consider a smooth partition of the identity 1= χ1 + χ2 with supp(χ1) ⊂

[0, 1] and supp(χ2) ⊂ [1/2,∞), and write

Kk, j = Kk, j, 1 +Kk, j, 2 +Kk, j, 3,

where the right hand side elements are defined by

Kk,j,1(E) = 2i

〈〈
1,

(
j∏
i=0

(RB−ln−2−i )

)t (−nln−1∏
i=−1

T Bi

)t
B0

(
nln+1∏
i=1

T Bk

)

×
(

k∏
i=0

(RBln+2+i )

)
χ11

〉〉
,

Kk,j,2(E) = 2i

〈〈
χ11,

(
j∏
i=0

(RB−nln−2−i

)t (−nln−1∏
i=−1

T Bi

)t
B0

(
nln+1∏
i=1

T Bk

)

×
(

k∏
i=0

(RBln+2+i

)
χ21

〉〉
,

Kk,j,3(E) = 2i

〈〈
χ21,

(
j∏
i=0

(RB−nln−2−i

)t (−nln−1∏
i=−1

T Bi

)t
B0

(
nln+1∏
i=1

T Bk

)

×
(

k∏
i=0

(RBln+2+i

)
χ21

〉〉
, (21)

using the notation〈〈u, v〉〉 for the bilinear form
∫∞

0 u(r2)v(r2)r−1dr, which is continuous
on H0. This bilinear form is related to the inner product onH0 by 〈u, v〉 = 〈〈u, v〉〉.
We have also used in the above equation the notationAt for the transpose of a bounded
operator onH0, defined byAtu = A∗u for any vectoru in H0, whereA∗ denotes the
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adjoint of the operatorA. In this notation we have the relation〈〈Atu, v〉〉 = 〈〈u,Av〉〉. It
is then an obvious fact, following from the equivalence of the boundedness ofA andA∗,
thatA is bounded if and only ifAt is bounded. Therefore in the above bilinear form we
can shift bounded operators from right to the left at will by transposing the operators. We
do this without further explanation in the expressions occurring below.

We will now prove the required estimate for the last term in the above inequality, the
proof of the other two terms is similar. The idea is the following, if we take` derivatives of
the above as a function ofE, then the derivatives of the operator valued functionsBi(E)

has to be taken in the product over the indexi. When multiple derivatives are taken, then
the derivative operation acts on different factors of the product as per the product rule of
differentiation. This means that if the product hasL factors and we takè-fold derivative,
the result will be a sum ofll distinct terms. Therefore in the expression below we consider
a typical term in such a sum of(k + j + 2nln)l terms coming out of taking thel-fold
derivative ofKk,j,3(E) in the above equation as a function ofE. So a typical term in the
expansion of dlKk,j,3(E)/dEl looks like

2i

〈
φ,(iM)2k1Rt

(
x1∏
i=x0

(RBi)
t

)
(iM)2k2

(
x2∏

i=x1+1

(RBi)
t

)
. . . (iM)kr−1

(
xr∏

i=xr−1

(RBi)
t

)
B0(iM)

2kr

xr+1∏
i=xr

(RBi) . . . (iM)
2ks−1

 xs∏
i=xs−1

(RBi)


R(iM)ksψ

〉
, (22)

where−nln − j ≤ x0 ≤ x1 ≤ · · · ≤ xr−1 ≤ 0 ≤ xr ≤ · · · ≤ xs−1 ≤ xs = k + nln and∑
ki = l. We have also set

φ = B−nln−1−jχ21, ψ = Bnln+1−kχ21,

and notice that bothφ andψ are inH0 in view of the assumptions 2.1. We shall denote
the operator product in eq. (22) as4 so that it can be written as〈〈φ, 4ψ〉〉, for easy
reference.

The above expression is because each differentiation with respect toE gives rise to an
iM2 factor. Inspecting the above expression, we see that the factor(iM)km(

∏xm+1
i=xm(RBi)),

or its transpose, is a bounded operator, in view of Lemma 3.5, providedxm+1 − xm ≥ lkm ,
wherelkm is the number given in Lemma 3.5(2), forkm. Otherwise it is not bounded, and
we need to look at the next factor until we find a block ofRBi (or its transpose) such
that there are ‘enough of them’ to make the previousMkmMkm+1 . . . bounded. Therefore
supposer1 is the index such that

x1 − x0 ≤ l2k1

. . .. . .

xr1−1 − xr1−2 ≤ l2kr1−1

xr1 − xr1−1 ≥ l2k1+2k2+···+2kr1
, (23)

then the block of operators up toxr1 is bounded and we inspect the next block of operators.
Since the number of factors is finite this operation can be done finitely many times to
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exhaust the product in the above expression. The reason the above inequalities (especially
the lower bound in the above) is valid is that since there arenln + k + j factors in the
expression forKk, j, 3, taking l(< N = n/2) derivatives will affect at mostl of those
factors, therefore there will be a block of at leastln consecutive factors somewhere in the
product for which the derivative is not taken (or equivalently where the factorM does not
appear).

Suppose we obtain a collection of indicesr1, . . . , rm such that

xri−1+1 − xri−1 ≤ l2kri−1+1

. . .. . .

xri−1 − xri−2 ≤ l2kri−1

xri − xri−1 ≥ l2kri−1+2kri−1+1+···+2kri
, i = 1, . . . , m− 1, (24)

and

xrm−1+1 − xrm−1 ≤ l2krm−1+1

. . .. . .

xrm−1 − xrm−2 ≤ l2krm−1

xrm − xrm−1 ≥ l2krm−1+2krm−1+1+···+2krm + l2krm+1+2krm+2+···+2krs ,

xrm+1 − xrm ≤ l2krm+1

. . .. . .

xrs − xrs−1 ≤ l2krs . (25)

The above condition on the indices implies that, for anyl ≤ N , we have

m∑
i=1

(xri − xri−1) ≥ k + j + nln −
(

m∑
i=1

ri−1∑
i′=1

l2ki′

)
≥ k + j + nln − (Nln) ≥ k + j +Nln. (26)

Therefore this inequality shows that in the set

{−k − nln, . . . , j + nln}
there is a subsetS whose complement has at leastk+ j +N(ln− 2) consecutive integers.

Now looking at the eq. (22) and the subsequent definition of the operator4, we see that
φ andψ are inH0, so if4 is bounded fromH0 to itself, then we can estimate its operator
norm. Lemmas 3.5 and 3.1 imply that this is precisely the case and using these lemmas
together with the above inequalities for the indicesxi , we obtain the estimate

|〈〈φ,4ψ〉〉| ≤ ‖φ‖H0‖4‖H0,H0‖ψ‖H0, (27)

while the operator norm of4 has the bound

‖4‖H0,H0 ≤ βk,j,nln,l
∏

(i,i+1)∈Xk,j,nln\S(l)
|a−(1/2i)
i a

−(1/2(i+1))
i+1 |‖h‖i‖h‖i+1.

(28)
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The above estimates imply that, since the expansion of dl/dElKk,j,3 has(k + j + nln)
l

such terms, we get the following bound, which we make independent of`, by taking a
cruder bound than necessary,

|dl/dElKk,j,3| ≤ (k + j + nln)
nlnC(n, h, α, z)βk,j,nln,N

×
∏

(i,i+1)∈Xk,j,nln\S(N)
|a−(1/2i)
i a

−(1/2(i+1))
i+1 |‖h‖i‖h‖i+1. (29)

This proves the lemma.

Proof of Theorem2.3. Using Proposition 3.7, Lemma 3.8 and Assumption 2.2, the theo-
rem follows sinceG(E+ i0) is seen to be differentiablen/2 or(n−1)/2 times, depending
upon whethern is even or odd.

Proof of Lemma3.5. We follow the proof of Theorem 5.1 of Companino–Klein [2] (we
follow their notation also), but we need explicit bounds on the operator norms which we
also obtain. Part (1) of the Lemma is a direct use of the definition ofM and the spaces
involved.

We turn to part (2), where the statement is obvious for the casek = 0. We prove the
casek = n by induction, the proof for any 0< k < n is identical, withn replaced byk.

The following spaces are defined first:

X0 = Y0 = Z0 = H0, W0 = H0
n−1, W1 = Z1 = H0

n,

X1 = {f : R
+ → C : ‖(1 + r2)n/2r−(1/2)f (r2)‖2 < ∞},

Y1 = {f : R
+ → C :

n∑
k=0

‖rk−(1/2)f (k)(r2)‖2 < ∞}. (30)

Denote byXt, Yt , Zt , t ∈ [0, 1], the interpolating spaces betweenX0, X1, Y0, Y1 and
Z0, Z1 pairs respectively.Xt is given explicitly by

Xt = {f : R
+ → C : ‖(1 + r2)nt/2r−(1/2)f (r2)‖2 < ∞}, t ∈ [0, 1].

The further collection of spaces

Vt = {f : R
+ → C : ‖rm−1+t−(1/2)f (r2)‖2 < ∞}, t ∈ [0, 1],

are defined. The interpolation spaces betweenVt andV1 are denoted byV (2)t and so on
(takingV (1)t = Vt ) and at themth stage the space is written asV (m)t . For any other pair
W0,W1 also theW(m)

t is understood in the same way. In the following all the interpolations
and the estimates use the Calderon–Lions interpolation theorem (see Theorem IX.20, [7])
and the estimates in that theorem for the norms of the interpolating operators.

We note from eq. (8) that the operatorR is bounded between the spacesX0 to Y0 and
alsoY0 toX0 and also fromX1 toY1 andY1 toX1, with the operator norms bounded by 1.
ThereforeR is also bounded as

‖Rf ‖Xt ≤ ‖f ‖Yt , ‖Rf ‖Yt ≤ ‖f ‖Xt .
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For σ = α/n, we have an explicit estimate, using the bound‖(1 + r2)α/2h(r2)‖∞ ≤ C,
valid by the assumptions 2.1 onh,

‖Bkf ‖Xσ ≤
(∫

|(1 + r2)αr−1|h(akr2)||eizr2|2|f (r2)|dr
)1/2

≤Ca−α/2
k ‖f ‖X0.

The above two estimates show that

‖RBkf ‖Yσ ≤ Ca
−α/2
k ‖f ‖X0. (31)

Next step is to interpolate between the spacesYs andZs. For this consider the operator
valued functionSk(ζ ) given by the operator of multiplication by the functionSk(ζ, r2) =
eζ

2
βk(r

2; z)(1+ r2)(σ−ζ )n/2, with Re(ζ ) in [0,1]. Then the hypothesis 2.1 on the function
h yields

‖Sk(0)f ‖Z0 ≤ Ceσ
2
a

−α/2
k ‖f ‖Y0

and

‖S(1)f ‖Z1 ≤
n∑

m=0

n∑
l=0

‖rm−1/2(eBk(r
2; z)(1 + r2)(σ−1)n/2f )(l)‖2

≤
n∑

m=0

n∑
l=0

n∑
i≤l
(li)‖(eBk(r2; z)(1 + r2)(σ−1)n/2)(l−i)rm−k‖∞

× ‖rk−1/2f (k)‖2 ≤ C(n, h, z, k)‖f ‖Y1. (32)

In the above estimate, thek dependence in the constantC is such thataαk C(n, h, z, k) has a
uniform bound ink. Also since the derivatives of the functionh are bounded by assumption
2.1 and any finite number of derivatives of the functions eizr are bounded polynomially in
z, the stated uniform boundedness in compacts inz is valid for the constantC. Combining
the above estimates and using the interpolation theorem for obtaining the bounds between
Yσ andZσ , we get

‖RBkRCBlf ‖Zσ ≤ D(σ, n, h)a
−α/2
k a

−α/2
l ‖f ‖X0, (33)

where we have used a cruder bound than is given by the interpolation theorem (using
which one would geta−α/2

k a
−α/2+σ/2
l ). Again using the interpolation theorem we get,

again taking a crude bound,∥∥∥∥∥ 2m∏
i=1

RBki f

∥∥∥∥∥
Z
(m)
σ

≤ D(σ, n, h)2m

(
2m∏
i=1

a
−α/2
mi

)
‖f ‖X0. (34)

We use induction now to assume that the theorem is valid for(n − 1) and prove it forn.
Therefore we assume the estimate∥∥∥∥∥

ln−1∏
i=1

RBmif

∥∥∥∥∥H0
n−1

≤ Dln−1

(
ln−1∏
i=1

a
−α/2
mi

)
‖f ‖H0, (35)
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for (n − 1) for someln−1 and we have to show that a similar estimate is valid forn with
someln replacing theln−1.

In view of the above estimate, we have that
∏ln−1
i=1 RBmi is a bounded map fromZ0 to

W0 and sinceRBi mapsHni
0 to itself it is also bounded fromZ1 toW1 (both of which

are justH0
n). Therefore using interpolation m times one gets that

∏ln−1
i=1 RBmi is bounded

from X0 toW(m)
σ , with the explicit bound, coming from combining the estimates of eqs

(34) and (35),∥∥∥∥∥
ln−1+2m∏
i=1

RBmif

∥∥∥∥∥
W
(m)
σ

≤ Dln−1+2m

(
ln−1+2m∏
i=1

a
−α/2
mi

)
‖f ‖H0, (36)

wherem is chosen so that(1 − σ)m < α.
We need one final set of estimates to pass fromW(m)

σ to H0
n. For this first note that the

operator of differentiationDf = f ′, has the bounds

‖Dkf ‖X0 ≤ ‖f ‖W0, ‖Dkf ‖V1 ≤ C(n)‖f ‖W1, (37)

for k = 0, 1, . . . , n− 1, where the spacesVt are as defined earlier. Therefore identifying
the interpolation spaces at themth stage

V (m)σ = {f : R
+ → ∞ : ‖rn−(1−σ)m−(1/2)f ‖2 < ∞,

we find that iff ∈ W
(m)
σ , thenf k ∈ V

(m)
σ , for k = 0, 1, . . . , n − 1. This implies that

(Bif )
k ∈ V1 for k = 0, 1, . . . , n− 1, since(1 + air

2)α/2Bi is n times differentiable and
all the derivatives are bounded. Since(1 − σ)m < α, we find that

‖rn−1/2Bif ‖2 ≤ C′
1(n, z, h)a

−α
i ‖f ‖Vmσ a.

Therefore iff ∈ X0, then
∏ln−1+2m
i=1 RBmi ∈ Wm

σ i. Then, forf in H0,

Bmln−1+2m+2

ln−1+2m+1∏
i=1

RBmi ∈ V1,

(
ln−1+2m∏
i=1

RBmif

)(k)
∈ V1, k = 0, 1, . . . , n. (38)

Together the above estimates imply that
∏ln−1+2m+2
i=1 RBmi is a bounded map fromH0 to

H0
n and settingln = ln−1 + 2m+ 2, and collecting the above estimates together we get∥∥∥∥∥

(
ln−1+2m+2∏

i=1

RBmi

)
f

∥∥∥∥∥H0
n

≤ D(n, h, z)ln

(
ln∏
i=1

a
−α/2
mi

)
‖f ‖H0. (39)

Finally the statement of boundedness for the transposed operators is clear from the above
proofs, sinceRt is also a unitary map betweenXσ andYσ andBti is also a multiplication
operator with the same properties asBi for eachi.
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4. Examples and discussion

In this section we present examples of functionshand sequencesak that satisfy the assump-
tions 2.1 and 2.2 and discuss the applicability of the results to various operators for which
the spectral properties are already known.

1. Our first example is

h(t) = 1

(1 + t2)α
, α ∈ Z

+,

and

ak =
{

|k|−β, k 6= 0,

1, k = 0,
0< β < 1/2.

Clearlyh is infinitely differentiable and all the derivatives satisfy(1 + t2)αh(j)(t)

which is bounded as a function oft . We compute theLi norm ofh to verify the next
condition ∣∣∣∣∫

R+
|h(r2)|i dr

∣∣∣∣1/i ≤
∣∣∣∣∫

R+
|(1 + r4)|−iα dr

∣∣∣∣1/i ≤
(

π

2[iα]1/4

)1/i

,

by making use of the bound(1 + a)b ≥ (1 + [b]a), for any positiveb (where [b]
denotes its integer part) anda alongwith a change of variables to get the bound. The
constantC is independent ofi. This bound shows that

‖h‖i ≤
(

π

2[iα]1/4

)1/i

.

In the above we have takeni to be a positive integer, but the same bound is valid if
we replacei by |i| for any non-zero integer, a fact we use below. Therefore for any
N andM we have

(k + j +N)N+M
(−k+N∏
i=−1

|a|i||−1/2|i|‖h‖|i|

)(
j−N∏
i=1

|ai |−1/2i‖h‖i
)

≤ (k + j +N)N+M
(
k−N∏
i=1

iβ/2i
π4

[iα]1/4i

)(
j−N∏
i=1

iβ/2i
π4

[iα]1/4i

)

≤ exp

(
(N +M) ln(k + j +N)+

k−N∑
i=1

1

4i
ln

(
π4

[i(1−2β)α]

)

+
j−N∑
i=1

1

4i
ln

(
C

[i(1−2β)α]

))
. (40)

Sinceα,N,M are fixed quantities, when(1− 2β) > 0, it is clear that the right hand
side has a boundDk−2j−2, which is summable as a function ofk andj thus satisfying
the assumption 2.2. The requirement(1−2β) > 0 is satisfied by the assumption onβ
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we made in this example. We note here however that this assumption onβ means that
spectrally the operatorsHω associated with these sequencesan and the measureµ
given in this example have only pure point spectrum and do not exhibit any mobility
edge as can be seen for example from Kiselev–Last–Simon [6].

2. Our next example comes from the Levy stable laws. Letµ be a probability measure
on R such that its Fourier transform is given byh(t) = e−|t |α , 1 < α < 2. Since,
α > 1, h is differentiable. We takean = |n|−β, 0 < β < 1/α. We note that whenα
is close to 1, the values ofβ can be chosen to be bigger than 1/2 so that we can cover
operators that have mobility edges in the spectrum.
Computing thei norm ofh we see that

‖h(t2)‖ii =
∫ ∞

0
e−i|t2|α dt = 1

i1/2α

∫ ∞

0
e−|t |2α dt = C

i1/2α
.

Therefore computing the quantity

(k + j +N)N+M
(−k+N∏
i=−1

|a|i||−1/2|i|‖h‖|i|

)(
j−N∏
i=1

|ai |−1/2i‖h‖i
)

≤ (k + j +N)N+M
(
k−N∏
i=1

iβ/2i
C1/i

[i
1

2α ]1/i

)(
j−N∏
i=1

iβ/2i
C1/i

[i
1

2α ]1/i

)

≤ exp

(
(N +M) ln(k + j +N)+

k−N∑
i=1

1

i
ln

(
C

[i(1/2α)−(β/2)]

)

+
j−N∑
i=1

1

i
ln

(
C

[i(1/2α)−(β/2)]

))
. (41)

Since we choseβ < 1/α, the above sum can be shown to be bounded byDk−2j−2

for largej andk and hence summable in them.
Let us estimate thei norm of the derivative ofh, which is

h′(x) = −α|x|(α−1)e−|x|α ,

so

‖h′(t2)‖ii =
∫ ∞

0
αit2i(α−1)e−it2α dt

= 1

i1/2α

αi

i(1−(1/2α))i

∫ ∞

0
t2(α−1)e−t2α dt ≤ C

i1/2α
. (42)

This crude bound is similar to that ofh itself and we can now verify Hypothesis 2.2 as
in the first example. This verification shows that the Theorem 2.3 is valid withn = 1,
showing that the associated density of states is continuous.

Similar estimates are valid when we take a Gaussian and the associatedh, and we can
show that the Assumption 2.2 is satisfied, but even in this case only the spectral type of
pure point spectrum is covered by the examples.

The above examples satisfy the assumptions (i)–(iv) of Theorem 8.9 of Kiselev–Last–
Simon [6], which has examples of operatorsHω with purely absolutely continuous, purely
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singular continuous or pure point spectrum in the interval(−2, 2). These examples also
can be extended to include the case when there is pure point spectrum outside(−2, 2) by
an application of the theorem of Kirsch–Krishna–Obermeit [5]. These provide examples
of operators with ‘continuous density of states’ even when the spectrum has a transition
from continuous to the pure point (or through a ‘mobility edge’). However we are unable
to provide examples at the moment, though we believe they exist, ofµ andan with a high
degree of differentiability for the density of states in the regime where there is continuous
and pure point spectrum and mobility edges.
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