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Abstract. In this paper we consider one dimensional random Jacobi operators with
decaying independent randomness and show that under some condition on the decay
vis-a-vis the distribution of randomness, that the distribution function of the average
spectral measures of the associated operators are smooth.
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1. Introduction

One of the questions that is of interest in the theory of Anderson localization is the smooth-
ness of the density of states. The Anderson model is the perturbation of the discrete
Laplacian on a lattice perturbed by a potential coming from independent and identically
distributed random variables indexed by the lattice. The precise model is given below.
Continuity results on the density of states in such models are widely known and we refer
to the book of Carmona and Lacroix [1], Figotin—Pastur [3] for the results and references.

There were several results on the question of the smoothness of the density of states
relating it to the smoothness of the density of the probability distribution according to
which the random variables are distributed. For a complete list of results on the smoothness
question of the density of states we refer to the paper of Companino—Klein [2].

Suppose the random variables are distributed according to an absolutely continuous
probability measurg with density f (thatis(1+ |¢))* f (¢) is integrable for some > 0).
Simon-Taylor [8] showed that evenffhas some fractional smoothness, but has compact
support, then the density of states is infinitely smooth. After this result, Companino—Klein
[2] gave a proofthat related the degree of decaf migether with the fractional smoothness
to the smoothness of the density of states.

We address the following question in this paper. Ifinstead of taking i.i.d random variables
we took random variables which are independent but have decaying coupling constants
will these results hold? We will give the model below.

Our motivation for this question is to look at models that exhibit a mobility edge and see
if the smoothness results are valid across the mobility edge, since in higher dimensional
Anderson model with small disorder it is expected that there are mobility edges and the
density of states is expected to be smooth across them.

We have to first look at the correct object which is the analog of the density of states
in such models, since there is no single candidate for it. Several definitions on the lines
of those for the stationary case can be considered. There is a definition of the density of
states, which happens to be non-random, for the case of decaying randomness, given in
Gordon-Jacksic—Molchanov—Simon [4].
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We however take a definition of the integrated density of states, based on the spectral
measures in this paper.

2. The model

We consider the spa@é(Z) and the discrete Laplacian
(Au)(n) =u(n+1) +un —1), u € t?2).

We take independent and identically distributed random variabtg®)which are
distributed according to the probability measwethat satisfies the conditions given
below.

We then consider the operators

(Hu)(n) = (Au)(n) + anq” (mu(n), u € E(Z), 1)

whereg, is a sequence of positive numbers. We shall henceforth dendté bye operator
of multiplication bya,q® (n) on ¢2(Z).

Hypothesi2.1.  Letu be absolutely continuous probability measure and let its charac-
teristic functiona () = [ €*du(x) satisfy

(1) (1+ |#])*h(z) is bounded for some > 0.

(2) Thereis a positive integar such thatl+ |¢[)*k ) (¢) is bounded foreach & j < n
and somex > 0.

We note that the Fourier transforimof the measure: satisfying the above hypothesis
is in L?(R) for large enougtp, sincer(t) < C/(1+ |t])%, with @ > 0. Further Cauchy—
Schwarz inequality implies that(r) < 1, ¢ # 0. Hence/ |h(r)|"dr goes to zero as
m — oo. We shall define for any fixed positive integétsj andN, the set

Xijn={-k—N,—k—=N-1,...,-1,0,1,...,j+N—1,j+ N}

We define the numbers

—a/2
Br,j NN = SUD 1_[ ja; /|,

SIN)CXk, j,N ieS(N'")
for any fixed positive integeN’ whereS(N’) is a subset oK ; y of cardinality N’. Let
P](,j,N(S) ={i e Xk,j,N\S(N/) i+ lori—1isin Xk,j,N\S(N,)},

so thatP defines the set of consecutive integerXin ; y that are not inS(N").

In this paper, unless otherwise explicitly stated, wej|&g, = fé’o |h(r2)|Pdr for any
positive numbelp. The reason for this non-standard notation is that it is in this form that
the LP norms occurs in the estimates (essentially in Lemmas 3.2 and 3.3).

Hypothesi®.2. Letu andh be as in the above hypothesis. le},} be a sequence of
positive numbers satisfying the following assumptions. There i8¥@such that for all
|k| > No,
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-1/2
(1) a; PlRlj < 1,

(2) LetN andN'(< N) be arbitrary but fixed positive integers, then the condition

Z Br,j.nn(k+j+ NN sup 1_[ 0ioiy1 | < o0,
k,j=No SINDCXk N (i,i+1)ePe v (S)

)

is valid, where in the product the paigsi + 1) are notrepeated and where notationally
we have set; = |a;| Y2k

Remark.

1. We note that the sequengg of positive numbers could go to zero, or be bounded
below ask — oo. In the case when,, is a constant or goes t®, the hypothesis
is trivially satisfied. Only in the case when goes to zero is it non-trivial and the
allowed sequences depend on the function

2. We note that sincghs|, goes to 1 ap — oo, the condition (1) oy, shows that

the sequence cannot decay faster than an exponential, and certainly it cannot vanish

on infinite subsets of the lattice. This shows that our proof of theorem 2.3 is not
applicable for example for finite rank perturbationsAgffor which the conclusions
of the theorem are not valid.

3. The point of defining the sd ; u is that the estimate in Lemma 3.1 uses a pair of
operators to get ah” estimate, so the condition is given in that form.

We consider the standard orthonormal bdsig for ¢2(Z) (en(m) = 8,.m)- Given the
operatord{“ defined in eq. (1), we consider the spectral measeffessociated with the
standard basi&, } and the operator&®, so that for any bounded continuous functipn
we have

(en, §(H)en) = /R¢(X) dvy (x).

The measure class of the operakfif is given by the total spectral measure

w
E o, v, ak>0,2 o, < 00,

kel

for example.

Under the above assumptions Bff andu, it is a standard calculation (see Carmona—
Lacroix [1], 8V.1) to verify that the (probability measure valued maps)> vy’ are
measurable for each Hence the map — )", ; axvy’ is also measurable (as a finite
measure valued map). Therefore the following measures are defined as

ok :/d]P’(a))v,i" o :/dIP’(a))Zozkv,‘C", ar >0 Zak < 00

keZ k

and we haver = )", _; axox, by an application of Fubini.
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Further if each of they, is absolutely continuous, then saisand if the densities afy
aren times continuously differentiable with all the derivatives bounded, then the density
of o is alson times continuously differentiable.

While presenting a talk on this paper, Simon remarked that, it is enough to take two
instead of the infinitely many, above, since any twey in the above are enough to get
a total spectral measure and also that it is possible to use Simon-Taylor [8] to obtain the
results similar to ours.

We shall henceforth fix a single summable sequena#d positive numbers below when
we consider the measuse

We consider the measusedefined above associated with the operators givenin eq. (1).
We state our main theorems below.

Theorem 2.3. Consider the operators given in equati¢h), with the measure:. sat-
isfying hypothesi2.1 and the sequencg:,} satisfying the hypothesi&2 Suppose the
Fourier transform h ofu satisfies the conditiofl + |¢[)*2)(¢) is bounded forx > 0
andj =0,1,...,n,then the measure is absolutely continuous with its densit2r{or
respectivelyn — 1) /2) times continuously differentiable for everfraspectively oddn

Remark.

(1) We note that we need the condition on the sequepaerelation tos, otherwise the
theorem is not true. Take for example the case whega 1 anda; = O for all other
k. In this caser is not differentiable at the band edges.

(2) In the case whem, grows withk, the hypothesis 2.2 is trivially satisfied.

(3) Wheng; = 1, which is the Anderson model, our definitionoofs a constant multiple
of the density of states, sineg is independent of and agrees with the density of
states thus recovering the results of Companino—Klein [2].

3. The supersymmetric trick

We follow essentially the ideas of Companino—Klein [2] of using the supersymmetric
replica trick to prove the above theorem. We make the necessary changes in their proof to
cover our assumptions.

The idea behind the supersymmetric trick is the following: First note thatig an
invertible matrix of sizeN, then the matrix elementa —1(x, y) of its inverse can be
written as the ratio of two determinants, namely(dgt,) /det(A), whereA,, is the matrix
obtained fromA by dropping thexth row and theyth column. The denominator in this
expression can be written in terms of a Gaussian integral, while the numerator is written
using the definition of the determinant using antisymmetric tensor products. These two are
combined together as a supersymmetric Gaussian integral.

Let us recall, from Companino—Klein [2], the basic steps involved.z et C, then
defineH” = P H® Pr, where P, is the orthogonal projection on([—L, ..., L]).

Then using the supersymmetric formalism, one can write

G(Z(Za X1, xz) = <e)615 (Hiu - Z)_lex2>
L

=i / ¥ (x1) ¥ (x2) exp{—i > @) (HP —2)@(x) { DL
x=—L
3
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In the aboved(x) = (¢ (x), ¥(x), ¥ (x)), with ¢(x) € R? andy (x), ¥ (x) are in a
Grassman algebra. Notationally

1
O(x) - @(y) = ¢(x) -4 + SNV + YY)

and

L
Do = [] d¢(x)dy(x)dy (x).

x=—L

The ‘integration’ with respect tg, ¥ is a functional given ag dy dy (a + byr + ¢ +
dyryr) = —d. Since any power series in the symbglsy reduces to an expression as
in the above integrand, the definition of ‘integral’ could be extended to any such power
series.
Given these rules one finds thAexp(—®(x) - ®(x))d®(x) = 1, as can be checked
by expanding the expression expy (x)v (x)dydy) = 1.
Using these rules, taking averages awehe relation below follows.

L
Gr(z, x1, %2) = B(G} (2, x1, x2)) = i f YY) [ B(@®)?2)

x=—L
L-1
xexp{—i > CI>(x)~d>(x+l)] Dy ®, (4)
x=—L

where we have definefl, (r; z) = h(a,r) exp(—izr), x € Z with h being the Fourier
transform of the measuye. We recall that:(®?) is defined to bé (¢2) + k' (¢2) ¥y, the
prime denoting the derivative @fas a function of a real variable.

The above equation reduces, after using the rules of supersymmetric integration to reduce
the integral and writing it in polar coordinates,

00 L
Gr(z,0,0) =2 / rdr { (1_[ TBk(Z)l) (rz)} Bo(r?: 2)
0 k=1
—L
x {( I1 TBk<z>1> (r2>}. ®)

k=—1

In the above equation we have used the notation

oo

(Tf)(r?) = =2 / Jo(rs) f'(s?) sds and(By )(r?) = Bi(r?; 2) f (2,
0
with Jg denoting the Bessel function of order 0, given by

1 (% :
Jo(r) = — / dg e~ir %),
2 0

and denoted by 1 the constant function with value 1. The integralin (5) converges absolutely
forIm(z) > 0.
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We note that an expression similar to eq. (5), resultsfp(z, k, k) for anyk € Z (if
we take the interval of length2+ 1 aroundk) and the analysis is similar to the one that
will be done for the case df = 0, so while we give the proofs fdr = 0, they are also
valid for anyk. We will henceforth denoté& (z, 0, 0) as simplyG (z) and work with it.
Before proceeding further we explain the idea involved in the proofs. In eq. (5), the
right hand side is estimated for arfiylarge enough and it is shown that the derivatives of
the right hand side exist as a function®fin z = E + ie, forany E in R and anye > 0.
This requires identifying the function spaces between which the opefBBy&E + i0),
(dY) /dEW)T By (E +i0) are bounded. This problem translates itself into the boundedness
problem of a different collection of operators. The reason is that the only place where
z dependence comes in is in the functignand that too asiéfz, so the derivatives (of
B in E) become operators of multiplication by. Therefore ifT” were replaced by the
identity operator, in the above expression, it would amount to deciding in the product
M, h(azr?)e B whether for fixed:, r2 [1f_1 7 (axr?) is a bounded function or not
for a givenL to conclude ifG (E) is n times differentiable. This is of course a over
simplification and the operatdr is necessary for the convergence of the produét gses
to infinity, to some non-zero quantity.
We begin proving a series of lemmas to prove the main theorem. Let us first define the
(Hilbert) spaces

Hy=1feC": Xn: iZkHrm_l/zf(k)(rZ)H% < o0
m=0k=0

for any non-negative integer, where

Co=1{f:]0,00) — C, f measurable
and
C"={f :[0, 00) — C, f is n—1 times differentiable withf "~ absolutely continuoys
We also need the associated spaces

HY = HoandH = {f € Hy, : £(0) = 0}.

Lemma3.1. The operator T can be written as

o0
(Tf)(r?) = f(0) + (RF)(?), where (Rf)(r?) =r / J-1(rs) £ (s?) ds.
0
(6)
The operators T and R are respectively unitary %R and H,? and T leaves eachig
invariant and therel’ = R.

The proof of the above lemma is direct from using Hankel transforms, see equation in
(3.5) [2] for example.

Lemma3.2. Letp be continuous with{l + r2)7/28(r%) be boundegdfor somey > 0.
Then RB; RB; mapsL™®(R™) to Hy, for anyk and!.
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Proof. Since(1 + r2)%/2B(r2) is bounded, it follows that~1/28(r2) € L4(R™) for all
21— a) < g < 2andB € LP(RY) forall /o < p < oco. The mapR is related to
the Hankel transform via=Y2(Rf)(r2) = H_1(s~ /2 f(s?))(r) and we have the &lder
inequality |[H,(H)ll, < I flly, /p+1/g=1 1< p <2, forthe Hankel transforms.
This shows thaltr*l/zRBZﬂ% isin L?(R*) foreach 1< p < po. Therefore we pick such
p, based oy for which |8;|? € L4, so that ¥g + 1/p = 1 and we get the bounds

IRBLRB f 15, = r?BcRBi f115 < B lqlllr—*RB.f1?]
< 1Bel5, 172 B115, gy I £ 15 7

This estimate shows the lemma and in fact it also gives an explicit bound for the norm of
the operatoR By R B; as a map fronlL.*° to Hp.
The proof of the next lemma is identical to that of Lemma 3.1.

Lemma3.3. Suppose8 € LP(RY), 2 < p < oo, thenRB;RB; is bounded as a map
from Hp to itself and the operator norm of this operator has the bound

IRBLRB |74 < 1BcD)Ipll B p < (axa) 27825
is valid for anyk and!.
Remark.In the above the last inequality is from the definitiongpf

The proof of the lemma below is clear from the definitions of the spatkand the
assumptions o, which implies that all the derivativqggf) are bounded.

Lemma3.4. Suppos¢ satisfieg1+r2)%/28) (r2)is bounded foreach = 0, 1, ..., n.
Then the operatoB; of multiplication by (2 z) = h(a;r2)e?” is bounded front?
to itself and the bound is given by

1Bk fll30 < Cn, DS llago
is valid for anyk, with the constant being given by

C(n,z)=n sup { sup |(L+rd)*2pV 2 7))
j=1,...,n re[0,00)
The proof of the following lemma is given at the end of the paper. The idea behind the
proof is the following. If in the produck B;, . .. R B;, , we replacers by the identity, then
the resulting operator maps the spéatginto functions in which have a decay rate of
roughly " at infinity for suitablel,,, since eaclB is an operator of multiplication by a
function 8 having a decay rate af* atoco. On the other hand the relation

(=2 k= DR Y () = (= 2k Hpyy 1 ("D g0 (52)) (1), (8)

fork=0,1,...,m =0,1,..., valid between the operat& and the Hankel transform
H; shows that theks convert a bit of decay into a bit of smoothness. Thus in combination
Rs andBs should magHy into H,, for suitably high powers. Also note that one cannot
do better thart,, since the functios itself is onlyn times differentiable, by assumption.
These heuristic expectations are proved by using interpolation theorems.

Let § denote the functioB(r2; z) = h(r2)e~¥"*, z € C+. Here we denote by the
operator of multiplication given by/f(r%) = rf(r?). The transposel’ of a bounded
operatorA is defined after eq. (21).
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Lemma3.5. Letu be a measure satisfying hypothezis (1), (2)with the numbes and
the integer n given as in the hypothesis. Then the following are valid.

1. The operatorM* is bounded as a map frofd; to H ;4 provided,j — k > O.

2. Given0 < k < n, there is an integeli; depending upon k and such that
RB,RB;, ... RB,-,k isabounded operator frofi toH,?. These operators are bounded
uniformly in z in compact subsets©@f The numberg satisfy0 < lp <l1 < --- < ,.

3. The above boundedness statement is also valid if we regdey (RB)" in the
above.

Lemma3.6. Letu be a measure satisfying the hypothesis (1), (2)with the numbew
and the integer n given as in the hypothesis. Then for each absolutely continuous bounded
function f onR*, the limits

TH) f = Llim (TBiTB>...TBy)f and
—00

T™()f = im (TBATB ... TB_1)f (9)

exist inH,,. The convergence is uniform on sets of bounded real’z-irFurther they are
given by the power series expansion

oo [*l,£1 +k
T*@) f = Z( I1 (TBi)(z)) [ ®BH@f. (10)
k=0 \i=+1 j==£l,+1

valid for all z € C+, with the convergence compact uniformGrt.

Proof. We will prove the lemma foff *, the proof forT~ is similar. First consider the
sequenc&k; = TB;1...TBy f.ThisisinH, for L > [,,, so itis enough to show that this
sequence is Cauchy iy — the reason being that we can wrke = (T By - - - TBln)IfL,

so that whenevek | is Cauchy inHp, Kz, will be one inH, by Lemma 3.5. We con-
sider K, itself and show that it is Cauchy i, since it differs fromK; by a finite
product. Letf be absolutely continuous, th@p beingn times differentiableg; 1 is also
absolutely continuous and the functi@By f is well-defined and is given (see eq. (6))
as(T By f)(r%) = f(0) + (RBy f)(r?). Therefore using this relation repeatedly we have,
using the fact thag; (0) = 1 for anyk,

Ki.(r?) = (TB1iTBy...TBL )(r?)
=f(0)[1+ (RB11) + (RB1RBz1) +---+ (RB1...RBL_1D)] (r?)

+ (RB1...Rp, f)(r?). (11)
ConsiderM > L and look at
M k
IKL = Kullrg < 1£ Q)] Y ( RBk> 1
k=L+1] \j=1 Ho
+|RB1... R, fllHo + IRB1. .. Ry, f 7, (12)

We estimate the right hand side in an index dependent way. For this notice that the function
Brisin LP(R™) for p > 1/a, wherex is the rate of decay of the functighto zero abo.
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Therefore for every integer larger than Yo, the functiongy is in L. We use this fact to
estimate the sum above. We consider for ach /,,, a numbel, +1 < m; <[, + 2,
such thak — m; — 1 is even and estimate the right hand side of the above inequality as

(k—my—1)/2
( [] RBw+2 RBmk+zj+1)1
j=0

M
IKL = Kullro < 1FO) Y Clly)
k=L+1

Ho
+ CUDIIRBm; - R, fllHo+CUDIRBmy, - - - Ry f 1o

(13)
Using the estimates of Lemma 3.5, we get that

M

1Kz = Kmllrgg < 1FO)] D Clln)

k=L+1
kfmzkfl_l
-1/2 2j+1 2
x 1_[ (amk+2jamk+2j+1) /2mic+2j+ )||h||mk+2]+l
j=0
X [|RBk-1R By, + CU0)IRBp, - - R, fllH,
+ CUo)IRBmy, - - - Ry [l H,o- (14)

We note that by hypothesis 2.2(1), and the fact thét)| < 1 for anyt non-zero, we get

. _ 1 . 1 ..
for any mtegerrlz I2arge enoughg,, l||h||ZI1 <1, smce||hZil|| < ||k]|%. To ease writing
-1/

we setw, = a, ' “||A||}, then using Lemma 3.6 to estimate the last parts, we get

M
KL —Kulro= £ O] Y C)

k=L+1
= 1 2j+1
X 1_[ (alrrk+2jamk+2j+l) /met2j+h) ”RBk—lRBklnHo
j=0
L_mzL_l—l
+CUD | [T @@y ™D L IRBL 1R, fllnq
j=0
M—mZM—l_l
1 2j+1
+C) 1_[ (42 %y 2j41) [omut 25D )R By -1 Ry, f1o-
J=0
(15)
Using the estimate in Lemma 3.6, we get
M <kaklll|n(a . )
j=0 m+2j+1 my+2j+1)
1Kz — Kmllg < 1FO)] DY Clne
k=L+1

-1
x (r-1a" RGP o_z))
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L-mj -1

2
PR

-1
1 .
myp+2j+1 ln(amL+2j+l)>

+ C(ln)e<

=1
x (ar—1a" " 2 o211 f lloa

M—ly-1_,
<Zj:02 Wﬁ |n(d1M+2j+1)>
+Clln)e
-1
x (em—aag " 2R o 2 )11 f llo- (16)

Now using the hypothesis 2.2(1), (2), we get the bound

Cillo, f)  Cilo, f) | Cil, f)
|k|1+5 |L|l+e |M|l+e

M
IKL = Kmllrgg < ) : 17)

k=L+1

for somee > 0 and some constan&; (/,,, f), showing that the right hand side goes to
zero asL andM go to infinity.

The expression in eg. (11) alongwith the above estimates also show the last assertion of
the lemma, sinc&; can be written as

K., =TBi1...TBy,, Ky,

with the expression and the estimates are valid as welkfoin the place ofK; in eq.
(11). The number in the proposition below is as in Theorem 2.3.

PROPOSITICN 3.7

The boundary valueB {G®(E + i0, 0, 0)}, which we callG (E), exist for each E ifR and
G(E) is given by the following power serieshich converges absolutely and uniformly
for E in compacts oR.

G(E)= )Y Kij(E),

k,j=0

00 —nl,—1 j
Kej(B) = Zi/ (< [ TBk) (H(RB—ln—Z—i) 1) (r% E)
0 i=—1 i=0
nl,+1 k
x fo(r?; E) (( l_[ TB") (H(RBln+2+i> 1) (r% E) rdr.
i=1

i=0
(18)

Proof. We note that the family of operato#g;” converge in the strong resolvent sense
to H®, pointwise inw, therefore for each € C*, the quantities;¢ (z, 0, 0) converge to
G“(z,0,0) and since the limits are bounded for eaghso do their averages. Therefore
we have the expression, using the previous lemma,

L M

G(z)=2i f (T~ @DEHPrAT @D Hrdr = lim 33~ Ki j(2).
0 =0

L,M—o0 =0
(19)

whereK ; is the function defined in equation (18).
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Since the above limit exists and the summands are uniformly bounded, asin the estimates
in egs. (13)—(17), in Iny) for Re(z) in compacts, the right hand side converges to the sum
stated in eq. (18) for in reals also. Using these estimates, the proposition follows.

Lemma3.8. The function Ky, ;(E) defined in eq.(18), j,k = 0,1,2,... is in
c(/21-D(R). Further we have the estimate

\d'/dE' Ky j| < C(n, b, o, 2) ™ Br. . i,

—(1/2i) —(1/2(i+1
x I la; Y2 a P N (20)
(i,i+1)eXk, j. iy \S

Proof. We note first that the largest integersuch that 0< 2k < n is precisely f/2],
which equals:/2 if n is even andn — 1)/2 if n is odd. We shall work with even, set
N = n/2, the proof for the case of oddis similar.

We first make a few observations before proceeding with the proof. Let us denote the
operator of multiplication by as M, then, it is clear that the operator valued functions
T B;(E) and RB;(E) are both differentiable irt, with the derivatives agreeing with
TiM?B;(E) andRi M?B; (E) respectively for eachwhich are bounded as maps fr@it)
to H,—2. Next note that iff € H for anyk, then we have the equallﬁ{ _ml(TB,-)f =
]_[l_m1(RB ) f is valid for anym1, mo.

Therefore we consider a smooth partition of the identity %, + x, with supp(x,) C
[0, 1] and suppy,) C [1/2, oo), and write

Ki, j=Ki, j,1+ Kk, j, 2+ Kk, | 3,

where the right hand side elements are defined by

j b enl,—1 ! nl,+1
Ky j1(E) = 2i <<1 (]_[(RB_,H_Z_[)> ( I TB,-) BO<H TBk>
i i=—1 i=1
(H(RBZ,1+2+1)) X1 >>

j b —nl, -1 ! nlp+1
Kk j2(E) = 2i <<x (]‘[(RB_nzn_z_i) ( [1 TBi) Bo(l_[ TBk>

k
(H(RBZ,Z+2+1> 1>> ;
i=0

j ! —nl,—1 4 nl,+1
Kij3(E) =2i << (H(RB_nzn_z_i) ( I1 TBl-) Bo(l—[ m)
e 4 )
(H(RBln+2+i> X21>>’ (21)
i=0

using the notatior(x, v)) for the bilinear form/y~ u (?)v(r?)r ~1dr, which is continuous
on Hop. This bilinear form is related to the inner product sfy by (1, v) = ((u, v)).
We have also used in the above equation the notatiofor the transpose of a bounded
operator oriHo, defined byA’u = A*u for any vectoru in Ho, whereA* denotes the
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adjoint of the operatoA. In this notation we have the relatigtA’u, v)) = ((u, Av)). It
is then an obvious fact, following from the equivalence of the boundedne$snfl A*,
that A is bounded if and only ifA’ is bounded. Therefore in the above bilinear form we
can shift bounded operators from right to the left at will by transposing the operators. We
do this without further explanation in the expressions occurring below.

We will now prove the required estimate for the last term in the above inequality, the
proof of the other two terms is similar. The idea is the following, if we talerivatives of
the above as a function @, then the derivatives of the operator valued functiBn&r)
has to be taken in the product over the indeWhen multiple derivatives are taken, then
the derivative operation acts on different factors of the product as per the product rule of
differentiation. This means that if the product Hagactors and we také-fold derivative,
the result will be a sum af distinct terms. Therefore in the expression below we consider
a typical term in such a sum @k + j + 2nl,)! terms coming out of taking thefold
derivative ofK ; 3(E) in the above equation as a function®f So a typical term in the
expansion of &Ky ; 3(E)/dE' looks like

X1 X2
2i <¢>,(iM)2k1R’ (]‘[ (RBi)’) (i M)%2 ( ]_[ (RBi)’). (MRt

i=x0 i=x1+1

Xr4+1

( I (RB»‘) Bo(i M) | [T(RBy) ... iM)25 H (RB;)

i=x,—1 i=xy i=xg_1

R(iM)k-‘lp>, (22)

where—nl, — j <xo<x1 < - <x-1<0<x <--- <xy-1 < xy = k+nl, and
> k; = I. We have also set

¢=B_n,-1-jx1, ¥ = Bu,11-kx,1,

and notice that botky and+r are in?Hp in view of the assumptions 2.1. We shall denote
the operator product in eq. (22) &so that it can be written ag¢, Ev)), for easy
reference.

The above expression is because each differentiation with respEaites rise to an
i M2 factor. Inspecting the above expression, we see that the fastok~ (]_[fgi (RBy)),
or its transpose, is a bounded operator, in view of Lemma 3.5, provigdegd— x,, > I, ,
wherel;,, is the number given in Lemma 3.5(2), floy. Otherwise it is not bounded, and
we need to look at the next factor until we find a blockRB; (or its transpose) such
that there are ‘enough of them’ to make the previstfe M*»+1 . bounded. Therefore
suppose is the index such that

x1—x0 =< oy

Xp—1 — Xp—2 = lz,frl—l

x"l - xrlfl 2 lzk1+2k2+"'+2kr1’ (23)

then the block of operators uptg is bounded and we inspect the next block of operators.
Since the number of factors is finite this operation can be done finitely many times to
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exhaust the product in the above expression. The reason the above inequalities (especially
the lower bound in the above) is valid is that since therengyet k + j factors in the
expression forKy, ; 3, takingl/(< N = n/2) derivatives will affect at most of those
factors, therefore there will be a block of at legstonsecutive factors somewhere in the
product for which the derivative is not taken (or equivalently where the fadtdoes not
appear).

Suppose we obtain a collection of indiogs. . ., r,;, such that

Xriia+l = Xrg = ler[_1+1

Xrj—1— Xp;—2 = lerl,,l

Xy = Xp—1 = D2k, 42k, ety =1 m =1, (24)
and

xrm—l"l‘l - 'xrm—l S ZZkrm_1+l
Xpp—1— Xrpy—2 < log, _;

Xrm = Xrpy—1 z IZkrm71+2krm_1+1+"'+2kr,,, + leVm+1+2ka+2+'“+2krs ’

Xry — Xpy—1 < log, - (25)
The above condition on the indices implies that, for Ary N, we have

m m ri—1
Z(xr,' - xr,-—l) >k +J +nly, — (Z Z lei’)
i=1

i=1i'=1
>k+j+nly — (NL) = k+ j + N, (26)

Therefore this inequality shows that in the set
{—k—nl,,...,j+nl,}

there is a subset whose complement has at least j + N (I, — 2) consecutive integers.

Now looking at the eg. (22) and the subsequent definition of the opeZatee see that
¢ andy are inHp, so if  is bounded front{ to itself, then we can estimate its operator
norm. Lemmas 3.5 and 3.1 imply that this is precisely the case and using these lemmas
together with the above inequalities for the indiegswe obtain the estimate

I{{@, EYNI < D110l EllHo, o 1V 10 (27)

while the operator norm df has the bound

- —(1/2i) —(1/2(i+1
110, Ho < Bk.junln i I1 ja; Y2 a D .
@, i+1)eXk, jni, \SU)
(28)
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The above estimates imply that, since the expansioﬁ/dEi Ky j3hastk 4+ j + nl,)!
such terms, we get the following bound, which we make independefittof taking a
cruder bound than necessary,

\d'/dE' Ky j 3l < (k4 j +nly)""C(n, h, @, 2)Br.jniy N

—(1/2i) —(1/2G+1
x [1 a7 Y 2D ke (29)
(i,i+1)eXk, jni, \S(N)

This proves the lemma.

Proof of Theoren?2.3. Using Proposition 3.7, Lemma 3.8 and Assumption 2.2, the theo-
rem follows since5 (E +i0) is seen to be differentiable/2 or (n — 1) /2 times, depending
upon whether is even or odd.

Proof of Lemma&.5. We follow the proof of Theorem 5.1 of Companino—Klein [2] (we
follow their notation also), but we need explicit bounds on the operator norms which we
also obtain. Part (1) of the Lemma is a direct use of the definitioW aind the spaces
involved.

We turn to part (2), where the statement is obvious for the £ase0. We prove the
casek = n by induction, the proof for any & k < n is identical, withn replaced by.

The following spaces are defined first:

Xo=Yo=Zo=MHo, Wo=H’ ;, W1=21="H,
X1={f:R" = C: A+ r)"2%= Y2 £¢?)|5 < o0},

Yi={f Rt - C:) | Y?2 O3 < oo}, (30)
k=0

Denote byX;, Y;, Z;,t € [0, 1], the interpolating spaces betwe#&n, X1, Yo, Y1 and
Zo, Z1 pairs respectivelyX, is given explicitly by

Xe={f 1 RT - C QA+ A"~ Y2 r(r?)]l2 < 00}, 1€]0,1].
The further collection of spaces

Vi={f i RT > C1 " M2 r 2|2 < 00}, 1€[0,1],
are defined. The interpolation spaces betw&eand V1 are denoted by/,(z) and so on
(taking V,(l) = V;) and at thenth stage the space is written &iém). For any other pair
Wo, Wy also theW,(’”) is understood in the same way. In the following all the interpolations
and the estimates use the Calderon—Lions interpolation theorem (see Theorem 1X.20, [7])
and the estimates in that theorem for the norms of the interpolating operators.

We note from eq. (8) that the operat®ris bounded between the spacésto Yo and

alsoYg to Xg and also fromX; to Y7 andY; to X, with the operator norms bounded by 1.
Thereforer is also bounded as

IRflx, = 1f v, NRfIly, < I fllx,-
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Foro = a/n, we have an explicit estimate, using the bouiiti + 2)%/2h(r?) || oo < C,
valid by the assumptions 2.1 én

—a/2

) 1/2
B flIx, E(/Kl‘f‘rz)ar1|h(ak”2)||elzr2|2|f(”2)|dr> <Ca; *"“|| fllxo-

The above two estimates show that
—a/2
IRBeflly, < Cay*"?Il flixo- (31)

Next step is to interpolate between the spacesandZs. For this consider the operator
valued functionS, (¢) given by the operator of multiplication by the functisp(z, %) =

&7 Br(r?; 2) (1 + r2)©@=9n/2 with Reg) in [0,1]. Then the hypothesis 2.1 on the function
h yields

2 —q
150 fllzo < C& a | flvy

and

IS fllzy < D) I V2B o)A+ rA)O D2 f)B,

m=0 (=0

n n n
< DY " OlEBe(r?: ) (L 4 rA D2y EDEmky

m=01=0 i<l
< W2 f Ol < Con bz 0 f (32

Inthe above estimate, tthedependence in the constants such thaty C(n, i, z, k) has a
uniform bound irk. Also since the derivatives of the functibrare bounded by assumption

2.1 and any finite number of derivatives of the functiofis are bounded polynomially in

z, the stated uniform boundedness in compactdsrvalid for the constant. Combining

the above estimates and using the interpolation theorem for obtaining the bounds between
Y, andZ,, we get

—a/2_—aj2
IRBxRCB; fllz, < D(o,n, h)a, o/ a, “/ /11 xo (33)

where we have used a cruder bound than is given by the interpolation theorem (using
which one would getzk""/zal""/zJ“”/2 ). Again using the interpolation theorem we get,
again taking a crude bound,

2m
[[RB f
i=1

We use induction now to assume that the theorem is validi#for 1) and prove it fom.
Therefore we assume the estimate

l—1 In-1
[[RBws| <D" (1‘[ a,;,.“/z) 1 1745, (35)
i=1 HO

i1
n—1 !

2m
< D(o,n. h)™" (1_[ a;?/2> 1/ 1 xo- (34)

i=1

zy"
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for (n — 1) for somel,,_1 and we have to show that a similar estimate is validifavith
somel, replacing thd,,_1.

In view of the above estimate, we have tﬂiﬁf;ll RB,,, is a bounded map fror#g to
Wo and sinceR B; maps?—l,,i0 to itself it is also bounded fronz; to Wy (both of which
are just’HS). Therefore using interpolation m times one gets {ﬁé;rll RB,y, is bounded

from Xo to W™, with the explicit bound, coming from combining the estimates of eqs
(34) and (35),

l,—1+2m

[[ RBuf
i=1

l,—1+2m )
< D’nl+2'"( [T e’ ) I1f I, (36)
i=1

Wém)

wherem is chosen so thatl — o)™ < «a.
We need one final set of estimates to pass fwﬁﬁ’) to HS. For this first note that the
operator of differentiatioDf = f/, has the bounds

ID* flixe < I fllwgs IDX £llvy < CEN fllwys (37)

fork =0,1,...,n — 1, where the spacédg are as defined earlier. Therefore identifying
the interpolation spaces at theh stage

Vi = {f 1R - oo " @2 fl; < oo,

we find that if f € W™, then % e V™ fork = 0,1,...,n — 1. This implies that
(Bi fHf e vifork =0,1,...,n — 1, since(1 + a;r>)*/?B; is n times differentiable and
all the derivatives are bounded. Sinde- o)™ < «, we find that

I7"=Y2B; fll2 < Ci(n, z, a7 || f llvma.

Therefore if f € Xo, then]‘[i";lﬁzm RB,,, € WI'i. Then, forf in Ho,

li_1+2m+1

Bml,,_1+2m+2 l_[ RBy,; € V1,
i=1

ly—1+2m *)
( I1 RBmI.f> eV, k=0,1,...,n. (38)
i=1

Together the above estimates imply thijt—>*>"*2 R B,,, is a bounded map frorio to
HS and settind, = I,—1 + 2m + 2, and collecting the above estimates together we get

ly—1+2m+2

i=1
Finally the statement of boundedness for the transposed operators is clear from the above
proofs, sinceR’ is also a unitary map betweef), andY, andB/ is also a multiplication
operator with the same propertiessfor eachi.

l n

1

1

< D(n, h,2)" ( am,-a/2> I f 117 (39)

HY
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4. Examples and discussion

Inthis section we present examples of functibiasd sequences that satisfy the assump-
tions 2.1 and 2.2 and discuss the applicability of the results to various operators for which
the spectral properties are already known.

1. Our first example is

h(t) = = ezt
T @xe ST
and
k|78, k+#0,
ak:{|l,|k=0,7£ O0<p<1/2

Clearly /. is infinitely differentiable and all the derivatives satisfy+ t2)*h D (1)
which is bounded as a function afWe compute thé.'! norm of# to verify the next

condition
1/i 1/i
2\ T
‘frﬁ |h(r9)|" dr =< <—2[ia]1/4> ,

by making use of the bound. + a)” > (1 + [b]a), for any positiveb (where p]
denotes its integer part) amcalongwith a change of variables to get the bound. The
constaniC is independent af. This bound shows that

1/i
T
hli < | =———— .
Il < (z[m]m)

In the above we have takeérto be a positive integer, but the same bound is valid if
we replace by |i| for any non-zero integer, a fact we use below. Therefore for any
N andM we have

—k+N ) J—N ]
(k+ j +N>N+M( I |a|i|‘l/2"||h|||i) (H Jai |~ ||h||i>
i=—1 i=1
N+M :B/2i n = B/2i *
1 . 1
= (k+j+N) 1_[ [ia] ¥4 H Y iV

1/i

L+ rH7 dr
.

i=

Nl 7-[4
((N+M)|n(k+]+N)+;4_ (W)

S E ()

Sincew, N, M are fixed quantities, whefl — 28) > 0, itis clear that the right hand
side has a bounbk =22, which is summable as a functionioénd; thus satisfying
the assumption 2.2. The requireméht- 28) > 0 is satisfied by the assumption 8n
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we made in this example. We note here however that this assumptpmeans that
spectrally the operatord® associated with these sequenggsand the measurg
given in this example have only pure point spectrum and do not exhibit any mobility
edge as can be seen for example from Kiselev—Last—Simon [6].

2. Our next example comes from the Levy stable laws..Lbe a probability measure
on R such that its Fourier transform is given byr) = e 1, 1 < « < 2. Since,
a > 1, h is differentiable. We take, = |n|™#,0 < g < 1/a. We note that when
is close to 1, the values @gfcan be chosen to be bigger that2 ko that we can cover
operators that have mobility edges in the spectrum.
Computing the norm of we see that

o0 o
2 . 42| 1 |t C
A )} Z/o e dr = i1/2a/0 e ™ ar = il

Therefore computing the quantity

—k+N ] J—N ]
(k+ j+N)N+M ( I |a|i|_l/2|l||h||li) (1'[ Jai |~ ||h||,»)

i=—1 =

veu (T 572 €
<k+j+N) P '
,-:1_! [lzd]l/z H [,%]1/1‘

< exp((N +M)Ink+j+ N) + ; =In <m>

=N 4 c
* ; 7 ([iu/zw—(ﬁ/z)]')) - (41)

Since we chos@g < 1/«, the above sum can be shown to be bounde®by?j —2
for large j andk and hence summable in them.
Let us estimate thenorm of the derivative ofi, which is

W (x) = —a|x|@ Ve Pl

SO
. oo . . 2a
0

1 o ® 5, 2 C
_ - (—1) o—t -

120 jA-(T/2a))i /0 ! e’ dr= iL2a” (42)
This crude bound is similar to that bfitself and we can now verify Hypothesis 2.2 as
in the first example. This verification shows that the Theorem 2.3 is validnngtht,
showing that the associated density of states is continuous.

Similar estimates are valid when we take a Gaussian and the assdgiarediwe can
show that the Assumption 2.2 is satisfied, but even in this case only the spectral type of
pure point spectrum is covered by the examples.

The above examples satisfy the assumptions (i)—(iv) of Theorem 8.9 of Kiselev—-Last—
Simon [6], which has examples of operatéfs with purely absolutely continuous, purely
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singular continuous or pure point spectrum in the intetve2, 2). These examples also

can be extended to include the case when there is pure point spectrum ¢u&idd by

an application of the theorem of Kirsch—Krishna—Obermeit [5]. These provide examples
of operators with ‘continuous density of states’ even when the spectrum has a transition
from continuous to the pure point (or through a ‘mobility edge’). However we are unable
to provide examples at the moment, though we believe they exigtaofla, with a high
degree of differentiability for the density of states in the regime where there is continuous
and pure point spectrum and mobility edges.
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