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1. Introduction

In this paper we consider two channel Hamiltonians of the formH(g) = H0 + gV , where

H0 =
(
Ha 0
0 Hb

)
andV =

(
0 Vab
Vba 0

)
(1.1)

on a Hilbert spaceH = Ha ⊕ Hb. HereHa andHb are self-adjoint operators onHa and
Hb, respectively. We assumeVab ∈ B(Hb,Ha), the bounded operators, andVba = V ∗

ab.
The direct sum structure ofH0 means that one can easily find examples with eigenvalues
embedded at thresholds.

To explain the type of results obtained, let us assume that the operatorHa is a Schr̈odinger
operator with absolutely continuous spectrum [0,∞) and discrete spectrum in(−∞, 0).
We also assume that the threshold 0 is a regular point, in the sense that there exists a Hilbert
spaceKa , densely and continuously embedded inHa , such that we have an asymptotic
expansion of the resolventRa(ζ ) = (Ha − ζ )−1 of the form

Ra(ζ ) = G0 + iζ 1/2G1 − ζG2 − iζ 3/2G3 + 0(ζ 2) (1.2)

asζ → 0, Imζ > 0. The expansion is assumed to hold in the norm topology ofB(Ka,K∗
a).

Assume furthermore that 0 is a simple isolated eigenvalue ofHb. ThenH0 has an eigenvalue
embedded at the threshold 0. We are interested in understanding what happens to this
eigenvalue under small off-diagonal perturbations. A number of results on this problem
(and several other related problems) were obtained in [7]. In this paper we obtain some
further detailed results. We also give a number of examples concerning the assumptions
in our main result, Theorem 2.4.

The results obtained here state that certain intervals around the threshold are free of
eigenvalues. Both end points may depend on the coupling constantg. The precise behavior
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depends on the interaction, and its relation to the eigenfunction ofHb, the reduced resolvent
of Hb, and the coefficients in the expansion (1.2). We refer to the statements in Theorem
2.4.

Let us now comment on the literature. As mentioned above, the results presented here
extend to those in [7]. We use the technique of that paper here, which consists in combining
the asymptotic expansion with the Feshbach formula for the resolvent ofH(g)and a certain
factorization technique.

A general result on absorption of eigenvalues in the continuum was obtained in [14]. Our
results are related to the results on coupling constant thresholds. For ordinary Schrödinger
operators with sufficiently rapidly decaying potentials a number of such results are given
in [10, 11, 5]. Some results have also been obtained on perturbations of Schrödinger
operators with periodic potentials [12, 2], and for the Dirac operator [9].

The difference between results on coupling constant thresholds and our results is that
we give intervals both below (in the resolvent set ofH(g)) and above (in the absolutely
continuous spectrum) the threshold which contain no eigenvalues. The papers on coupling
constant thresholds only consider the behavior below the threshold. On the other hand,
these papers give results on the existence of eigenvalues, and on their dependence on the
coupling constant in the form of asymptotic expansions. It is possible to extend some of
our results to the existence of eigenvalues below the threshold. For example, this is the
case for Theorem 2.4(i), see Remark 2.6.

Under additional assumptions one can obtain a meromorphic continuation of the resol-
vent (in the variableζ 1/2) around a neighborhood of the threshold 0, and then give a unified
discussion of eigenvalues and resonances. There are several results of this type in the lit-
erature, see for example [13, 3, 4]. In the two channel model considered here a number of
problems concerning resonances remain unresolved. We hope to return to these problems
elsewhere.

2. The Theorem

We use the notationRa(ζ ) = (Ha − ζ )−1, etc. for the resolvents, and we introduce the
operator

Tb(ζ ) = Hb − ζ − g2VbaRa(ζ )Vab. (2.1)

The Feshbach formula is the representation ofR(g; ζ ) = (H(g) − ζ )−1, for Im ζ 6= 0,
given by

R(g; ζ ) =
(
Ra(ζ )+ g2Ra(ζ )VabTb(ζ )

−1VbaRa(ζ )−gRa(ζ )VabTb(ζ )−1

−gTb(ζ )−1VbaRa(ζ ) Tb(ζ )
−1

)
(2.2)

Let us now introduce our assumptions. To simplify the presentation we have assumed that
the threshold is located at energy 0. A change of variables yields the general result.

Assumption2.1. Assume that 0 is a simple isolated eigenvalue ofHb, with normalized
eigenfunctionψb.

We denote the eigenprojection byPb = 〈ψb, ·〉ψb. The reduced resolvent is given by

Cb = lim
ζ→0

(Ib − Pb)Rb(ζ ), (2.3)
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and we have the norm convergent expansion

Rb(ζ ) = −1

ζ
Pb + R̃b(ζ ) = −1

ζ
Pb +

∞∑
n=0

ζ nCn+1
b . (2.4)

The expansion is valid for 0< |ζ | < δ for some smallδ > 0.
We need asymptotic expansion assumptions onRa(ζ ) at the threshold. The following

assumption is modeled on the known expansions for a Schrödinger operator in an odd
dimensional space, see [6]. Results can also be given and modeled on the even dimensional
spaces.

Assumption2.2. Assume that 0∈ σ(Ha). Assume that there exists a Hilbert spaceKa ,
densely and continuously embedded inHa , and operatorsGj ∈ B(Ka,K∗

a), with G∗
j =

Gj , for j = 0, 1, 2, 3, such that

Ra(ζ ) = G0 + iζ 1/2G1 − ζG2 − iζ 3/2G3 + ζ 2ρa(ζ ) (2.5)

asζ → 0, Imζ > 0, in the norm topology ofB(Ka,K∗
a). Hereρa(ζ ) is a bounded function

with values inB(Ka,K∗
a).

We use the following assumption on the interaction.

Assumption2.3. We assume thatVab ∈ B(Hb,Ka), for the spaceKa from Assump-
tion 2.2.

Under these assumptions we can introduce four constants that will be needed in the
statement of the theorem.

α0 = 〈ψb, VbaG0Vabψb〉, (2.6)

β0 = 〈ψb, VbaG1Vabψb〉, (2.7)

γ0 = 〈ψb, VbaG0VabCbVbaG0Vabψb〉, (2.8)

ω0 = 2 Re〈ψb, VbaG0VabCbVbaG1Vabψb〉. (2.9)

The notationδ(g) � g2n means that there existη0 > 0, c1 > 0, andc2 > 0, such that for
all g with |g| < η0 we havec1g

2n ≤ δ(g) ≤ c2g
2n.

Note that parts (i)–(iv) of the following theorem are re-statements of results in [7]. The
results actually hold under slightly weaker assumptions on the asymptotic expansion than
imposed here.

Theorem 2.4. Let Assumptions2.1, 2.2,and2.3hold. Then we have the following results.

(i) Assume thatα0 > 0. Then there existη0 > 0, δ0 > 0, and δl(g) � g2 such that
(−δl(g), δ0) ∩ σpp(H(g)) = ∅ for all g with 0< |g| < η0.

(ii) Assume thatα0 < 0 and β0 6= 0. Then there existη0 > 0 and δ0 > 0 such that
(−δ0, δ0) ∩ σpp(H(g)) = ∅ for all g with 0< |g| < η0.

(iii) Assume thatα0 < 0 andβ0 = 0. Then there existη0 > 0, δ0 > 0, andδr (g) � g2

such that(−δ0, δr (g)) ∩ σpp(H(g)) = ∅ for all g with 0< |g| < η0.
(iv) Assume thatα0 = 0, β0 6= 0, andγ0 6= 0. Then there existη0 > 0, δ0 > 0, and

δl(g) � g4 such that(−δl(g), δ0) ∩ σpp(H(g)) = ∅ for all g with 0< |g| < η0.
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(v) Assume thatα0 = 0, β0 = 0, andγ0 > 0. Then there existη0 > 0, δ0 > 0, and
δl(g) � g8 such that(−δl(g), δ0) ∩ σpp(H(g)) = ∅ for all g with 0< |g| < η0.

(vi) Assume thatα0 = 0, β0 = 0, γ0 < 0, andω0 6= 0. Then there existη0 > 0 and
δ0 > 0, such that(−δ0, δ0) ∩ σpp(H(g)) = ∅ for all g with 0< |g| < η0.

(vii) Assume thatα0 = 0, β0 = 0, γ0 < 0, andω0 = 0. Then there existη0 > 0, δ0 > 0,
andδr (g) � g8 such that(−δ0, δr (g))∩σpp(H(g)) = ∅ for all g with 0< |g| < η0.

Proof. Parts (i)–(iv) were proved in [7]. We will outline here the proof of parts (v)–(vii).
Thus we assumeα0 = 0 andβ0 = 0.

The idea of the proof is to show that the operatorTb(ζ ), defined in (2.1), is invertible
with a uniformly bounded inverse in a neighborhood of 0, which may depend ong. We
start by factoring this operator as follows:

Tb(ζ ) = (Ib − g2VbaRa(ζ )VabRb(ζ ))(Hb − ζ ) = 8(ζ)(Hb − ζ ). (2.10)

We write (2.4) as

Rb(ζ ) = −1

ζ
Pb + Cb + ζρb(ζ ),

whereρb(ζ ) = O(1) in B(Hb) asζ → 0. We now insert this expansion and the expansion
from (2.5), and reorder the terms to get

8(ζ) = Ib + g2

ζ
VbaG0VabPb + ig2

ζ 1/2
VbaG1VabPb

− g2(VbaG0VabCb + VbaG2VabPb)

− ig2ζ 1/2(VbaG1VabCb + VbaG3VabPb)

+ g2ζ(VbaG0Vabρb(ζ )− Vbaρa(ζ )VabPb − VbaG2VabCb).

We collect the singular terms in the operatorS(ζ ), defined by

S(ζ ) = Ib + g2

ζ
(VbaG0VabPb + iζ 1/2VbaG1VabPb). (2.11)

The remaining non-singular terms are collected in the operatorK(ζ), leading to a decom-
position8(ζ) = S(ζ ) + K(ζ). Due to the assumptionsα0 = 0 andβ0 = 0, a direct
computation shows that forζ 6= 0 the operatorS(ζ ) is invertible, and its inverse is given by

S(ζ )−1 = Ib − g2

ζ
(VbaG0VabPb + iζ 1/2VbaG1VabPb). (2.12)

This means that we can write8(ζ) = (Ib + K(ζ)S(ζ )−1)S(ζ ). We use the notation
U(ζ ) = Ib + K(ζ)S(ζ )−1. Multiplying out and isolating the singular terms we get the
expression

U(ζ ) = Ib + g4

ζ
VbaG0VabCbVbaG0VabPb

+ ig4

ζ 1/2
(VbaG0VabCbVbaG1VabPb + VbaG1VabCbVbaG0VabPb)

+ g2O(1). (2.13)
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We denote the singular terms plus the identity in (2.13) byS1(ζ ). A simple direct compu-
tation shows that this operator is invertible, ifζ 6= 0 andζ + iζ 1/2g4ω0 + g4γ0 6= 0, and
that the inverse is given by

S1(ζ )
−1 = Ib − g4

ζ + iζ 1/2g4ω0 + g4γ0
VbaG0VabCbVbaG0VabPb

− iζ 1/2g4

ζ + iζ 1/2g4ω0 + g4γ0
(VbaG0VabCbVbaG1VabPb

+ VbaG1VabCbVbaG0VabPb). (2.14)

Thus we can write

U(ζ ) = S1(ζ )+ L(ζ ) = (Ib + L(ζ )S1(ζ )
−1)S1(ζ ) = W(ζ)S1(ζ ).

For eachζ satisfyingζ + iζ 1/2g4ω0 + g4γ0 6= 0 the operatorW(ζ) is invertible, for|g|
sufficiently small. Thus we have a factorization ofTb(ζ ) = W(ζ)S1(ζ )S(ζ )(Hb − ζ ),
where each term is invertible. In the inverse

Tb(ζ )
−1 = Rb(ζ )S(ζ )

−1S1(ζ )
−1W(ζ)−1,

the last two factors are regular atζ = 0, whereas the first two factors have a singularity at
ζ = 0. Now it turns out that the singularities cancel, when we multiply out the first three
factors. We start with the first two factors, using the notation in (2.4)

Rb(ζ )S(ζ )
−1 =

(
−1

ζ
Pb + R̃b(ζ )

)

×
(
Ib − g2

ζ

(
VbaG0Vab + iζ 1/2VbaG1Vab

)
Pb

)

= R̃b(ζ )− 1

ζ
(Ib + (· · · ))Pb. (2.15)

In this computation we have used the assumptions to getPbVbaG0VabPb = α0Pb = 0 and
PbVbaG1VabPb = β0Pb = 0. Thus the coefficients to the 1/ζ 2-term and the 1/ζ 3/2-term
are both zero. Now inRb(ζ )S(ζ )−1S1(ζ )

−1 we need to compute

PbS1(ζ )
−1 = Pb − g4

ζ + iζ 1/2g4ω0 + g4γ0
PbVbaG0VabCbVbaG0VabPb

− iζ 1/2g4

ζ + iζ 1/2g4ω0 + g4γ0
(PbVbaG0VabCbVbaG1VabPb

+ PbVbaG1VabCbVbaG0VabPb)

= Pb − g4

ζ + iζ 1/2g4ω0 + g4γ0
γ0Pb − iζ 1/2g4

ζ + iζ 1/2g4ω0 + g4γ0
ω0Pb

= ζ

ζ + iζ 1/2g4ω0 + g4γ0
Pb.

Thus the 1/ζ singularity in (2.15) is canceled by theζ factor in the numerator above.
It remains to analyse the zeroes of the polynomialz2 + izg4ω0 + g4γ0. This analysis

leads to the three cases (v)–(vii) in the theorem. The straightforward details are omitted.2
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Remark2.5. Case (v) of the theorem can be generalized to arbitrary finite rank ofPb. The
assumptionα0 = 0 is then replaced by the assumption that the operatorPbVbaG0VabPb =
0, and analogously forβ0. The assumptionγ0 > 0 is replaced by the assumption that
PbVbaG0VabCbVbaG0VabPb is strictly positive and invertible inB(PbHb). See also the
result ([7] Theorem 3.9), giving such a generalization of case (i) in the theorem. The cases
(ii)–(iv), (vi), and (vii) can also be generalized, but the statement of the results is rather
complicated.

Remark2.6. Let us note that in some cases the results in the theorem can be supplemented
with results showing the existence of eigenvalues near zero, with behavior−δl(g) as
g → 0. Such results can be obtained by the application of variational arguments to the
operatorHb − g2VbaG0Vab, followed by a perturbation argument. This argument can be
applied to case (i) of the theorem.

Remark2.7. Note that our proof shows that the limiting absorption principle holds for
H(g) on the right hand intervals(0, δ0) and(0, δr (g)), such that the spectrum ofH(g) is
absolutely continuous on these intervals (or these intervals are in the resolvent set, since
we have not excluded the caseG1 = G3 = 0).

3. Examples

In this section we give some examples showing that all cases in Theorem 2.4 may occur. For
the cases (i)–(iii) we can give fairly simple examples, which are natural in the two channel
context. For the cases (iv)–(vii) we give examples in a simplified framework. Note how
the examples relate spectral information onHa andHb to the conditions on the constants
(2.6)–(2.9).

3.1 The cases (i)–(iii)

We start by defining the spaces and the operators. Let

Ha = −1+ V (x) onHa = L2(R3), (3.1)

where we assume thatV (x) is a real-valued function satisfying the decay condition

|V (x)| ≤ C(1 + |x|)−9−ε (3.2)

for someε > 0. We also assume thatHa has at least one negative eigenvalue.
LetL2,s(R3) = L2(R3, (1+|x|)2s dx), s ∈ R, denote the weighted spaces. We assume

that 0 is a regular point forHa , which means that the equation(−1 + V (x))ψ = 0 has
no nonzero solution inL2,s(R3) for −3/2 ≤ s < −1/2, see [6].

We takeKa = L2,s0(R3) for a fixeds0 > 9/2. It then follows from our assumptions
and the results in [6] that we have an asymptotic expansion

Ra(ζ ) = G0 + iζ 1/2G1 − ζG2 − iζ 3/2G3 + ζ 2ρa(ζ ) (3.3)

asζ → 0, Imζ > 0, where the expansion holds in the norm topology ofB(Ka, K∗
a). Thus

we have verified the conditions in Assumption 2.2.
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For operatorHb we can take any self-adjoint operator on a Hilbert spaceHb such that 0
is an isolated simple eigenvalue forHb. The normalized eigenfunction is denoted byψb.
Thus Assumption 2.1 holds.

Let ξa ∈ Ka and define

Vab = 〈ψb, ·〉ξa, Vba = 〈ξa, ·〉ψb.
Here we have used the notation〈· , ·〉 both for the inner products and for the duality between
Ka andK∗

a . For this interaction Assumption 2.3 clearly holds.
A simple computation shows that

α0 = 〈ξa, G0ξa〉, β0 = 〈ξa, G1ξa〉.
To give the examples we need some preparation. We first recall that forf ∈ C∞

0 (R\{0})
we havef (Ha) ∈ B(Ka), see for example [8] and the references therein. Letηa ∈ Ka and
ξa = f (Ha)ηa , and letEa(λ) denote the spectral measure ofHa . Then we have

〈ξa, G0ξa〉 = lim
ζ→0

Reζ<0,Imζ=0

〈ξa, Ra(ζ )ξa〉 =
∫ ∞

−∞
|f (λ)|2
λ

d〈ηa, Ea(λ)ηa〉.

(3.4)

This result shows that we can findf ∈ C∞
0 ((0,∞)) andηa ∈ Ka , such that withξa =

f (Ha)ηa we haveα0 = 〈ξa, G0ξa〉 > 0.
To get information onβ0 we need to use the explicit form ofG1 from [6] (see eq. (6.3)).

We have

G1 = 1

4π
〈(1 +K0V )

−11, ·〉(1 +K0V )
−11, (3.5)

whereK0 denotes the operator given by the integral kernel 1/(4π |x − y|). We have
assumed thatHa has at least one negative eigenvalue. Letφa be one of the normalized
eigenfunctions. We know thatφa ∈ Ka , since such eigenfunctions decay exponentially.
There are two possibilities to consider. Assume first that

〈(1 +K0V )
−11, φa〉 6= 0.

Then we can takeξa = φa . It follows from (3.4) thatα0 < 0, and the above condition
impliesβ0 6= 0.

In the second case we assume

〈(1 +K0V )
−11, φa〉 = 0 (3.6)

for all eigenfunctionsφa corresponding to negative eigenvalues. Takingξa = φa we have
α0 < 0 andβ0 = 0. To get an example withα0 < 0 andβ0 6= 0 we use that (3.6) implies
the existence ofηa ∈ Ka andf ∈ C∞

0 ((0,∞)) such that

〈(1 +K0V )
−11, f (Ha)ηa〉 6= 0. (3.7)

We then choose an appropriate value forc in ξa = φa + cf (Ha)ηa , in order to getα0 < 0.
Due to (3.6) and (3.7) we also haveβ0 6= 0.

Thus we have shown that the three cases (i), (ii), and (iii) can be realized in this example.
Note that the examples cover the confining channel model, see [1] and ([7], §5.2).
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3.2 The cases (iv)–(vii)

To cover these cases we assume thatHa is a two channel Hamiltonian of a particular form.
Note that we now change the definitions ofHa andHa . We take

Ha = L2(R3)⊕ C

and use an obvious matrix notation for operators on this space. Let

Ha =
( −1+ V (x) 0

0 T

)
. (3.8)

HereV is assumed to satisfy (3.2). As above we also assume that−1+ V (x) has at least
one negative eigenvalue. Letµ0 ∈ R\{0}. Then we defineT z = µ0z onC. As an operator
onC its resolvent has the expansion

(T − ζ )−1 = 1

µ0
+ 1

µ2
0

ζ + 1

µ3
0

ζ 2 +O(ζ 3)

asζ → 0. Combining this result with the results from subsection 3.1 we see that the new
operatorHa defined in (3.8) satisfies Assumption 2.2 withKa = L2,s0(R3)⊕C, s0 > 9/2.
The first coefficient in the expansion is(

G0 0
0 1

µ0

)
,

where we continue to use the notation from subsection 3.1 for the expansion of the first
component in the newHa . The other coefficients have similar representations.

For operatorHb we take a self-adjoint operator onHb with 0 as a simple isolated
eigenvalue. The normalized eigenfunction is again denoted byψb. Let Eb denote the
spectral measure ofHb. We also assume thatEb((−∞, 0)) 6= 0 andEb((0,∞)) 6= 0.

To define the interaction we takeξa ∈ L2,s0(R3) andξb ∈ Hb. The choice ofξa andξb
will be specified later, depending on the case under consideration. Forφb ∈ Hb, we define

Vabφb =
( 〈ξb, φb〉ξa

〈ψb, φb〉1
)
.

The adjoint is then given for(ηa, z) ∈ Ha by

Vba

(
ηa
z

)
= 〈ξa, ηa〉 + zψb.

With these definitions it is clear that Assumption 2.3 is also satisfied.
A simple computation yields the following expressions for the constants in (2.6)–(2.9).

α0 = |〈ξb, ψb〉|2〈ξa, G0ξa〉 + 1

µ0
,

β0 = |〈ξb, ψb〉|2〈ξa, G1ξa〉,
γ0 = |〈ξb, ψb〉|2|〈ξa, G0ξa〉|2〈ξb, Cbξb〉,
ω0 = 2|〈ξb, ψb〉|2|〈ξa, G0ξa〉|2〈ξa, G1ξa〉〈ξb, Cbξb〉.
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Let us now go through the various cases. We start with the case (iv). Using the results
from subsection 3.1 we can findξa such that〈ξa, Gj ξa〉 6= 0, j = 0, 1. Our assumptions
on the spectrum ofHb imply that the reduced resolventCb 6= 0. Thus we can findηb
such that〈ηb, Cbηb〉 6= 0 and〈ψb, ηb〉 = 0. We then takeξb = ψb + ηb. Finally we let
µ0 = −1/〈ξa, G0ξa〉. It follows that we haveα0 = 0,β0 6= 0, andγ0 6= 0.

For the case (v) we again use results from subsection 3.1. It follows from those results
that we can findξa , such that〈ξa, G0ξa〉 6= 0, and〈ξa, G1ξa〉 = 0. This time we take
ξb = ψb + ηb, with ηb ∈ Eb((0,∞))Hb, ηb 6= 0. Then we get〈ηb, Cbηb〉 > 0. We also
takeµ0 = −1/〈ξa, G0ξa〉. It follows that we have obtained an example withα0 = 0,
β0 = 0, andγ0 > 0.

The case (vii) is very similar to the case (v). Note thatβ0 = 0 impliesω0 = 0.
Thus we only need to modify the above construction by takingηb ∈ Eb((−∞, 0))Hb,
ηb 6= 0.

The case (vi) requires a different construction, sinceβ0 = 0 impliesω0 = 0. If we take
asT a rank 2 operator, the above construction is easily modified to accommodate this case.
We omit the details.
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