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1. Introduction

In this paper we consider two channel Hamiltonians of the fé(g) = Hp+ ¢V, where

_(H, O _ 0 Vu
H0_< 0 Hb) andV_<Vba 0 ) (1.1)

on a Hilbert spacét = H, & H,. Here H, and H;, are self-adjoint operators dr, and
Hy, respectively. We assunie,, € B(Hy, H,), the bounded operators, amg, = V.
The direct sum structure dfp means that one can easily find examples with eigenvalues
embedded at thresholds.

To explain the type of results obtained, let us assume that the op#tara Schodinger
operator with absolutely continuous spectrumd@) and discrete spectrum i3-oo, 0).
We also assume that the threshold O is a regular point, in the sense that there exists a Hilbert
spacek,, densely and continuously embeddedHp, such that we have an asymptotic
expansion of the resolvem®, (¢) = (H, — ¢)~ ! of the form

R.(0) = Go+itY?G1—£Ga—it¥2G3 +0(¢?) (1.2)

as¢ — 0,Im¢ > 0. The expansion is assumed to hold in the norm topolog§(kf,, KC})).
Assume furthermore that 0 is a simple isolated eigenvaliig 6T henHp has an eigenvalue
embedded at the threshold 0. We are interested in understanding what happens to this
eigenvalue under small off-diagonal perturbations. A number of results on this problem
(and several other related problems) were obtained in [7]. In this paper we obtain some
further detailed results. We also give a humber of examples concerning the assumptions
in our main result, Theorem 2.4.

The results obtained here state that certain intervals around the threshold are free of
eigenvalues. Both end points may depend on the coupling constiiné precise behavior
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depends on the interaction, and its relation to the eigenfunctifiy ahe reduced resolvent
of Hp, and the coefficients in the expansion (1.2). We refer to the statements in Theorem
2.4,

Let us now comment on the literature. As mentioned above, the results presented here
extend to those in [7]. We use the technique of that paper here, which consists in combining
the asymptotic expansion with the Feshbach formula for the resolvéhigfand a certain
factorization technique.

A general result on absorption of eigenvalues in the continuum was obtained in [14]. Our
results are related to the results on coupling constant thresholds. For ordinabgiSgbr
operators with sufficiently rapidly decaying potentials a number of such results are given
in [10, 11, 5]. Some results have also been obtained on perturbations afd8ajer
operators with periodic potentials [12, 2], and for the Dirac operator [9].

The difference between results on coupling constant thresholds and our results is that
we give intervals both below (in the resolvent setfbfg)) and above (in the absolutely
continuous spectrum) the threshold which contain no eigenvalues. The papers on coupling
constant thresholds only consider the behavior below the threshold. On the other hand,
these papers give results on the existence of eigenvalues, and on their dependence on the
coupling constant in the form of asymptotic expansions. It is possible to extend some of
our results to the existence of eigenvalues below the threshold. For example, this is the
case for Theorem 2.4(i), see Remark 2.6.

Under additional assumptions one can obtain a meromorphic continuation of the resol-
vent (in the variable 1/2) around a neighborhood of the threshold 0, and then give a unified
discussion of eigenvalues and resonances. There are several results of this type in the lit-
erature, see for example [13, 3, 4]. In the two channel model considered here a number of
problems concerning resonances remain unresolved. We hope to return to these problems
elsewhere.

2. The Theorem

We use the notatio®,(¢) = (H, — ¢)~1, etc. for the resolvents, and we introduce the
operator

To(¢) = Hp — ¢ — 8*VipaRa () Vap. (2.1)

The Feshbach formula is the representatioRf; ¢) = (H(g) — ¢)~ L, forIm ¢ # 0,
given by

Ra (@) + &2 Ra(©)VabTp (£) " Voa Ra(§) =g Ra () Vap T(§) ™ ) (2.2)
~8Tp(6) M VhaRa(¢) Ty(0)~t '

Let us now introduce our assumptions. To simplify the presentation we have assumed that
the threshold is located at energy 0. A change of variables yields the general result.

R(g;¢) = <

Assumptior2.1. Assume that O is a simple isolated eigenvalug/gfwith normalized
eigenfunctiony,,.

We denote the eigenprojection By = (v, ). The reduced resolvent is given by

Cp = {“Lno(lb — Py)Rp(2), (2.3)
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and we have the norm convergent expansion

1 ~ 1 >
Ry(§) = =2 Py Ry&) = =2 P+ Y eyt (2.4)
n=0

The expansion is valid for & |¢| < § for some smalb > 0.

We need asymptotic expansion assumption®e(t) at the threshold. The following
assumption is modeled on the known expansions for ad8ahger operator in an odd
dimensional space, see [6]. Results can also be given and modeled on the even dimensional
spaces.

Assumptior?.2. Assume that @ o (H,). Assume that there exists a Hilbert sp#Gge
densely and continuously embeddedHp, and operator&; ; € B(K,, K7), with G;f =
G;,forj=0,1,2,3, such that

Ra(Q) = Go+itY2G1— ¢Go —it32G3+ ¢2p4(0) (2.5)

as¢ — 0,Im¢ > 0, inthe norm topology oB(XC,, 7). Herep, (¢) is a bounded function
with values inB(KC,, K}).

We use the following assumption on the interaction.

Assumptior2.3. We assume that,, € B(H,, K,), for the spaceC, from Assump-
tion 2.2.

Under these assumptions we can introduce four constants that will be needed in the
statement of the theorem.

a0 = Vb, VoaGoVar Vb)), (2.6)
Bo = (¥, VoaG1Vap V). (2.7)
Y0 = (Yo, VoaGoVavC VbaGoVab Vi), (2.8)
wo = 2 Re(Y,, VpaGoVar,Cp Voa G1Vab V). (2.9)

The notations(g) = g2* means that there exisp > 0, c1 > 0, andc, > 0, such that for
all g with |g| < no we haver1g?* < 8(g) < c2g?".

Note that parts (i)—(iv) of the following theorem are re-statements of results in [7]. The
results actually hold under slightly weaker assumptions on the asymptotic expansion than
imposed here.

Theorem 2.4. LetAssumption.1, 2.2and2.3hold. Then we have the following results.

(i) Assume thatrg > 0. Then there existg > 0, 8o > 0, and§;(g) = g2 such that
(—681(g), 80) Nopp(H(g)) = P forall g with0 < |g| < no.

(i) Assume thatyg < 0 and 8o # 0. Then there existp > 0 and§p > 0 such that
(=60, 80) Nopp(H(g)) = P forall g with 0 < |g| < no.

(iii) Assume thag < 0 andBp = 0. Then there exisig > 0, 5o > 0, ands, (g) =< g2
such that(—8o, 8,(g)) Nopp(H(g)) = ¥ for all g with0 < |g| < no.

(iv) Assume thatrg = 0, Bo # 0, andyg # 0. Then there existg > 0, §o > 0, and
81(g) = g* such that(—&;(g), 80) N o, (H (g)) = ¥ for all g with 0 < [g| < no.
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(v) Assume thatrg = 0, Bo = 0, andyp > 0. Then there existg > 0, 5o > 0, and
81(g) = g® such that(—&;(g), 80) N opp(H(g)) =@ forall g with0 < [g] < no.
(vi) Assume thatyg = 0, Bo = 0, yo < 0, andwp # 0. Then there existp > 0 and
80 > 0, such that(—dg, 80) N o, (H(g)) = ¥ for all g with0 < |g| < no.
(vii) Assume thakg =0, o = 0, yo < 0, andwg = 0. Then there exisfp > 0, g > 0,
ands, (g) = g8 such that—3, 8, (g)) Nopp(H(g)) = Pforall gwith0 < |g| < no.

Proof. Parts (i)—(iv) were proved in [7]. We will outline here the proof of parts (v)—(vii).
Thus we assumeg = 0 andBg = 0.

The idea of the proof is to show that the operafp¢s), defined in (2.1), is invertible
with a uniformly bounded inverse in a neighborhood of 0, which may depend @e
start by factoring this operator as follows:

Tp(8) = (Ip — 8% Vea Ra () Vap Ry () (Hp — ) = () (Hp — ¢).  (2.10)

We write (2.4) as

1
Rp(¢) = _EPb + Cp + &op(5),

wherep,(¢) = O(1) in B(Hp) as¢ — 0. We now insert this expansion and the expansion
from (2.5), and reorder the terms to get

2 i 2

8 8
D) =1I + ?VbaGOVabe + meQleabe

— 82(V6aGoVabCh + ViaG2Vap Pp)
— ig2tY2(Vpa G1VapCp + Via G3Vap Py)
+ 8% (VbaGoVabpb(€) — Vibapa (&) Vab Po — VoaG2VapCh).
We collect the singular terms in the opera$@t ), defined by
2
S@) =1, + g?(vbaGOVabe + Y2V G1Vap Py). (2.11)

The remaining non-singular terms are collected in the opefaoy, leading to a decom-
position®(¢) = S(¢) + K(¢). Due to the assumptionggy = 0 andBy = 0, a direct
computation shows that fgr£ 0 the operato§(¢) is invertible, and its inverse is given by

2
SO t=1, - g?(vbaGOVabe + Y2V G1Viap Py). (2.12)

This means that we can write(¢) = (I, + K(2)S()™HS(¢). We use the notation
U¢) = I + K()S(¢)~1. Multiplying out and isolating the singular terms we get the
expression

4
8
Uuig)=1,+ ?VbaGOVabcbeaGOVabPh

s 4
g
+ g_1/2(‘/baGO‘/leC‘h VbaGIVath + VbaGlVathVhaGOVabe)

+g%0(). (2.13)
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We denote the singular terms plus the identity in (2.13¥4y; ). A simple direct compu-
tation shows that this operator is invertibleif4 0 and¢ + i /2g%wo + g*yo # 0, and
that the inverse is given by

g4

¢+ icY2g%00 + ghyo
ic1/2g8

¢ +itY2g%0 + g4y

+ Va G1Vab Cb Vo GoVap P). (2.14)

S t=1 VoaG0VabCh Via GoVap P

VaGoVarCpVpaG1Vap Pp

Thus we can write
UR)=8@)+ L&) =Up+ L(()Sl(C)_l)Sl(;“) = W()$1(¢).

For each satisfyings + i¢Y2g%wo + g*yo # 0 the operato#V (¢) is invertible, for|g|
sufficiently small. Thus we have a factorization Bf(¢) = W(¢)S1(¢£)S()(Hp — ¢),
where each term is invertible. In the inverse

Tyt = Ry(©)SO) 510w,

the last two factors are regulariat= 0, whereas the first two factors have a singularity at
¢ = 0. Now it turns out that the singularities cancel, when we multiply out the first three
factors. We start with the first two factors, using the notation in (2.4)

1 ~
Ry(©)S() ™ = (—EPh + Rb(o)
2
x (1;, = % (VoaGoVan +i¢2ViuGaVar) Pb>

~ 1
= Ry(¢) — E(Ib‘l'("'))Pb- (2.15)

In this computation we have used the assumptions t&geét, GoV., P, = aoPp = 0 and
PyViaG1Vap Py = BoPy» = 0. Thus the coefficients to thgd2-term and the 1z%/2-term
are both zero. Now iR, (¢)S(¢)~151(¢)~1 we need to compute

84

¢ +it2g%0 + g4y
B ic1/2g4

¢ +itY2g%0 + g4y
+ Py VpaG1Vap Cp Ve GoVap Pp)

ot icY2gh

- 12,4 2 Yob» — 12,4 Z

¢ +1i8/“g%wo+ g0 {+if+“g%wo+ g%vo

¢

= P,

C+il2¢%0 + %0 "

PS1(0) "t = Py Py VaGoVapCp Vea GoVap P

(PoVpaGoVarCpVpa G1Vap Py

= Pb a)OPb

Thus the ¥¢ singularity in (2.15) is canceled by tlgefactor in the numerator above.
It remains to analyse the zeroes of the polynomfak izg*wo + g*yo. This analysis
leads to the three cases (v)—(vii) in the theorem. The straightforward details are omitted.
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Remark2.5. Case (v) of the theorem can be generalized to arbitrary finite raPk ®he
assumptiomyg = 0 is then replaced by the assumption that the operatds, Go V., P, =

0, and analogously fogg. The assumptiong > 0 is replaced by the assumption that
PpVpaGoVapCy Ve GoVap Py 1S strictly positive and invertible il8( P, H,). See also the
result ([7] Theorem 3.9), giving such a generalization of case (i) in the theorem. The cases
(i—(iv), (vi), and (vii) can also be generalized, but the statement of the results is rather
complicated.

Remark2.6. Letusnote thatin some cases the results in the theorem can be supplemented
with results showing the existence of eigenvalues near zero, with behadjog) as

g — 0. Such results can be obtained by the application of variational arguments to the
operatorH, — g2V, GoV.s, followed by a perturbation argument. This argument can be
applied to case (i) of the theorem.

Remarlk2.7. Note that our proof shows that the limiting absorption principle holds for

H (g) on the right hand interval®, §p) and(0, §,(g)), such that the spectrum &f(g) is
absolutely continuous on these intervals (or these intervals are in the resolvent set, since
we have not excluded the ca6g = G3 = 0).

3. Examples

Inthis section we give some examples showing that all cases in Theorem 2.4 may occur. For
the cases (i)—(iii) we can give fairly simple examples, which are natural in the two channel
context. For the cases (iv)—(vii) we give examples in a simplified framework. Note how
the examples relate spectral informationnand H;, to the conditions on the constants
(2.6)—(2.9).

3.1 The cases (i)—(iii)
We start by defining the spaces and the operators. Let
H, = —A+V(x)onH, = L*(R®), (3.1)
where we assume th&t(x) is a real-valued function satisfying the decay condition
V)l < CL+Ixh~>° (3.2)

for somes > 0. We also assume that, has at least one negative eigenvalue.

Let L%5(R®) = L2(R3, (1+|x))® dx), s € R, denote the weighted spaces. We assume
that O is a regular point foH,, which means that the equatior A + V (x))y = 0 has
no nonzero solution il?* (R3) for —3/2 < s < —1/2, see [6].

We takek, = L2%(R3) for a fixedsp > 9/2. It then follows from our assumptions
and the results in [6] that we have an asymptotic expansion

R.(0) = Go+itY?G1—£Ga—it¥2G3+ 2pa(0) (3.3)

as¢ — 0,Im¢ > 0, where the expansion holds in the norm topologg#df,, K). Thus
we have verified the conditions in Assumption 2.2.
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For operatoiH, we can take any self-adjoint operator on a Hilbert spdgsuch that 0
is an isolated simple eigenvalue fHy,. The normalized eigenfunction is denotedsy.
Thus Assumption 2.1 holds.

Let&, € K, and define

Vab = (Ilfb’ ')Sa» Vba = (é'-as Y.

Here we have used the notatipn -) both for the inner products and for the duality between
K, andK. For this interaction Assumption 2.3 clearly holds.
A simple computation shows that

a0 = (6, Goka),  Po= (§a, G18a).

To give the examples we need some preparation. We first recall thtéo€5°(R\{0})
we havef (H,) € B(K,), see for example [8] and the references thereinyLet X, and
&, = f(H,)n,, and letE, (1) denote the spectral measuref)f. Then we have

. o8] N 2
€ Go) = im0 Ra0)6) = / Al

d(na » Eq(M)ng).
oo A
Re; <0,Imz=0

(3.4)

This result shows that we can finfd e C5°((0, 00)) andn, € K,, such that witht, =
S (Hg)ng we havexg = (6a, Goba) > 0.

To get information orBy we need to use the explicit form 6f; from [6] (see eq. (6.3)).
We have

1
= (a4 KoV)™'1, )1+ KoV) 711, (3.5)

T
where Ko denotes the operator given by the integral kerngh#|x — y|). We have
assumed thal, has at least one negative eigenvalue. ¢gbe one of the normalized
eigenfunctions. We know that, € K,, since such eigenfunctions decay exponentially.
There are two possibilities to consider. Assume first that

G1

(1+KoV)™11, ¢a) #0.

Then we can také, = ¢,. It follows from (3.4) thatwg < 0, and the above condition
implies 8o # 0.
In the second case we assume

(L+KoV)™11, ¢) =0 (3.6)

for all eigenfunctiong, corresponding to negative eigenvalues. Taking- ¢, we have
ap < 0 andBp = 0. To get an example wittig < 0 andBp # 0 we use that (3.6) implies
the existence of, € K, andf € C3°((0, 00)) such that

(L+ KoV) ™M1, f(Hu)na) # 0. (3.7)

We then choose an appropriate valuedar &, = ¢, + cf (H,)n,, in order to getyg < 0.
Due to (3.6) and (3.7) we also hage # 0.

Thus we have shown that the three cases (i), (ii), and (iii) can be realized in this example.
Note that the examples cover the confining channel model, see [1] and ([7], §5.2).
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3.2 The cases (iv)—(Vii)

To cover these cases we assume Hiats a two channel Hamiltonian of a particular form.
Note that we now change the definitions}¢f and H,. We take

H, = L*R3} @ C

and use an obvious matrix notation for operators on this space. Let

_(—-A+VX O
SRR e

HereV is assumed to satisfy (3.2). As above we also assume-that V (x) has at least
one negative eigenvalue. Legp € R\{0}. Then we defin€ z = upz onC. As an operator
on C its resolvent has the expansion

1 1 1 1, 3
(T—=8) " =—+ =L+ ="+ 0(7)
Ho K Mo
as¢ — 0. Combining this result with the results from subsection 3.1 we see that the new
operatorH, defined in (3.8) satisfies Assumption 2.2 with = L%°(R3) & C, sg > 9/2.
The first coefficient in the expansion is

(0 2)
1 s
0

where we continue to use the notation from subsection 3.1 for the expansion of the first
component in the new,. The other coefficients have similar representations.

For operatorH, we take a self-adjoint operator dr, with O as a simple isolated
eigenvalue. The normalized eigenfunction is again denoted oy et E, denote the
spectral measure d,. We also assume th&t, ((—oo, 0)) # 0 andE; ((0, o0)) # 0.

To define the interaction we takg € L2%°(R3) andé, € H,. The choice o, andg,
will be specified later, depending on the case under consideration, Fof;,, we define

(&b, Pb)éa )
(Yp, o)1 ) -

The adjoint is then given fam,, z) € H, by

Vardp = (

Via ( fa ) = (Ea» Na) + 2V

z
With these definitions it is clear that Assumption 2.3 is also satisfied.
A simple computation yields the following expressions for the constants in (2.6)—(2.9).

) 1
a0 = [{§p, Yp)|“(Eas Goba) + —,
Ho

Bo = 1€, ¥b)I12(Ea, G1ta),
0 = (&, W) I121{Eas Goka)|?(En, Chp),
wo = 2{&p, Vb2 1{Eas GoEa)l?(Eas G1Ea)(Eps Chkb).
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Let us now go through the various cases. We start with the case (iv). Using the results
from subsection 3.1 we can figg such thaté,, G;&,) # 0, j =0, 1. Our assumptions
on the spectrum of;, imply that the reduced resolveny, # 0. Thus we can find,
such that(n,, Cpnp) # 0 and(yy,, np) = 0. We then také, = v, + n,. Finally we let
wo = —1/(&,, Go&,). It follows that we haverg = 0, Bp # 0, andyg # 0.

For the case (v) we again use results from subsection 3.1. It follows from those results
that we can find,, such that¢,, Go&,) # 0, and(&,, G1&,) = 0. This time we take
&, = Yp + np, With g, € Ep((0, 00))Hyp, np # 0. Then we getn,, Cpnp) > 0. We also
takeug = —1/(&,, Go&,). It follows that we have obtained an example wiilh = O,
Bo =0, andyg > 0.

The case (vii) is very similar to the case (v). Note tifgt = 0 implieswo = O.
Thus we only need to modify the above construction by takings Ej((—oo, 0))Hp,
np # 0.

The case (vi) requires a different construction, sifge= 0 implieswg = 0. If we take
asT arank 2 operator, the above construction is easily modified to accommodate this case.
We omit the details.

Acknowledgment

I want to thank the organizers of the Goa workshop on ‘Spectral and Inverse Spectral
Theories of Schirdinger Operators’ for organizing a mostinteresting workshop. The author

is associated with Centre for Mathematical Physics and Stochastics, funded by the Danish
National Research Foundation.

References

[1] Dashen R F, Healy J B, and Muzinich | J, Potential scattering with confined channels,
Ann. Phys102(1976) 1-70

[2] Fassari S and Klaus M, Coupling constant thresholds of perturbed periodic Hamiltonians,
J. Math. Phys39(9)(1998) 4369-4416

[3] Gesztesy F and Holden H, A unified approach to eigenvalues and resonances of
Schibdinger operators using Fredholm determinaht®ath. Anal. Appl123(1)(1987)
181-198

[4] Grigis A and Klopp F, Valeurs propres ésonances au voisinage d’un seBiljl. Soc.
Math. France124(3)(1996) 477-501

[5] Holden H, On coupling constant thresholds in two dimensidn®per. Theoryl4(2)
(1985) 263-276

[6] Jensen A and Kato T, Spectral properties of 8dimger operators and time-decay of the
wave functionsPpuke Math. J46 (1979) 583-611

[7] Jensen A and Melgaard M, Perturbation of eigenvalues embedded at a thré&sbold,
R. Soc. Edinburgh Sect. (o appear)

[8] Jensen A and Nakamura S, Mapping properties of wave and scattering operators of two-
body Schédinger operatord,ett. Math. Phys24(4)(1992) 295-305

[9] Klaus M, On coupling constant thresholds and related eigenvalue properties of Dirac
operators,). Reine Angew. Matl362(1985) 197-212

[10] Klaus M and Simon B, Coupling constant thresholds in non-relativistic quantum mechan-
ics. |. Short-range two-body casnn. Phys130(2)(1980) 251-281
[11] Klaus M and Simon B, Coupling constant thresholds in non-relativistic quantum mechan-

ics. Il. Two-cluster thresholds in N-body syster@ymm. Math. Phys78(2) (1980/81)
153-168



116 Arne Jensen

[12] Klopp F, Resonances for perturbations of a semi-classical periodié@oler operator,
Ark. Mat.32(2)(1994) 323-371

[13] Rauch J, Perturbation theory for eigenvalues and resonances 6ti8ayer Hamiltoni-
ans,J. Funct. Anal35(3)(1980) 304-315

[14] Simon B, Onthe absorption of eigenvalues by continuous spectrum in regular perturbation
theory,J. Funct. Anal25 (1977) 338-344



