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Abstract. The present paper is a hon-exhaustive review of Lifshitz tails for random
perturbations of periodic Sabdinger operators. It is not our goal to review the whole
literature on Lifshitz tails; we will concentrate on a single model, the continuous Ander-
son model.
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0. Introduction

In the early 60's (see [24,26]) M Lifshitz produced a heuristic showing that, at the
fluctuational band edges of the spectrum of a randomdsithger operator, the density of
states decays exponentially fast. This differs dramatically from the behavior of the density
of states of a periodic Schdinger operator: in this case, the band edge decay is polynomial.
One of the major consequences of this difference is that the band edge spectral behaviors
for these two classes of operators are radically different: in the random case, the spectrum
is localized and, in the periodic case, the spectrum is extended. Indeed Lifshitz tails play
a crucial role in the proof of band-edge localization (see e.g. [14,2,15,18]).

To be more specific, let us turn to the random model central to our study. To simplify
the exposition, we will not give technically optimal assumptions.

1. The continuous Anderson model

Let W be aZ?-periodic potential inL{, .(R?) (wherep = 2ifd <3, p > 2ifd = 4 and

p > d/2 if d > 5) and consider the periodic Séldinger operatoH = —A + W acting
onLZ(RY). Itis essentially self-adjoint oﬁOOO(Rd); let X, be its spectrum.
The continuous Anderson modsldefined to be the random Sélinger operator

Hy=H+V,=H+ Y ,V,. (1.1)
yezd

whereV, (1) = V(- —y), V : R? > Risa potential andwy)yezd are independent
identically distributed random variables. We assume that

(H.1):

(1) 0z V is continuous and decaying sufficiently fast for the sum in (1.1) to converge.
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(2) V is non-negative.
(3) Thei.i.d.random variable(a),,)yezd are bounded and their supportis the interval

[w™, wT].

Let us recall a few well-known facts from the theory of random &dimger oper-
ators (see e.g. [34,10] or [4]). For all, H, is essentially self-adjoint orj?go(Rd),
and we denote by, its self-adjoint extension. There exisk a closed subset dR
such that, for almost alb, the spectrum ofH,, coincides withX. This set is called
the @lmost surg spectrumof H,. These results are valid for ergodic operators much
more general than (1.1). Our assumptions¥gnand H imply that ¥ is lower semi-
bounded.

It follows from the Bethe—Sommerfeld conjecture (see e.g. [39,9]) and the standard
characterization ok using admissible periodic operators (see e.g. [11,34]) That a
finite union of intervals (see figure 1). The connected componers\oE will be the
gaps ofZ. The edges of the gaps are the point&im R \ X.

One defines the integrated density of stateHgin the following way. LetH 5 , be the

Dirichlet restriction ofH,, to the cubeA; centered in 0 of side lengihThe operatoHa?,
has only discrete spectrum. FBre R, we define

NP (E) = #{ eigenvalues o, < E}, (1.2)

1
Vol (A})
whereft€ denotes the number of points of the §eand Vol A;), the volume ofA;.

Then,w-almost surelny,(E) has a limit wherl — +oo. This limit is independent
of the realization ofv. It is theintegrated density of states H,,. We will denote it by
N (E). Physically, it represents the number of states per unit of volume below eBergy
for a system governed b#,,. The functionN is non random, non decreasing and right
continuous. Its set of increasing pointsis

The integrated density of states is the main object of our study. Consider a @ap in
say(E, E_) (see figure 2). Typically, if the random perturbatigp is not too large, this
gap will be obtained by shrinking slightly a gap Bf,, say(e,, e_).

Figure 1. Atypical X.
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Figure 2. The band edges fa andX,,.
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Our main question then is:
QuestionHow doesN (E) behave neak.?

The case oft, and E_ are similar; so we only state the results in the casg of.e.
for lower band edges.

2. More assumptions

Whether answers to the above Question are known or not depends crucially on the band
edge one considers, as well as on the decay properties of the single site potential. As far
as the band edge is concerned, one can distinguish two cases:

(1) The bottom of the spectrum,
(2) Internal band edges.

As for the decay o/, there are also two cases to be distinguished:

(1) There exists > d + 2 and 0< g, a continuous non identically vanishing function,
such that, for any € Z¢ and everyx € Co, one has

Vix+y) - A4+ 1y D" < g4 (). (2.1)

(2) There existyy € (d,d + 2] and 0 < g_ < g4, two continuous non vanishing
functions, such that, for any € Z¢ and everyx € Cp, one has

g-() =V +y) - Ay D" = g+(). (2.2)

There is one more parameter that may change the behavior of the density of states at
band edges: itis the behavior of the random variables at the edges of their support. There-
fore, in the sequel we shall assume that the common distribution c(ht}tng,ezd satis-

fies

. log|logP —w7| <

- log|logP{lwo — | <}l _

e—0 —loge 0 (2:3)

Of course, in the case of upper band edges, one has to make the symmetric assumption
on the behavior of the distribution of the, ), nearo™.

It is well-known that the band edge decay of the single site distribution modifies the
Lifshitz tails (see e.qg. [34]).

Before we start the description of the results, let us say that we will only describe results
for lower band edges; in the case of internal gaps, similar results for upper band edges will
also be true. Moreover, i _ is the lower edge of a band, translating the periodic potential
by a constant, we may assume tiiat = 0, which we do from now on.

Note also that, without restrictions, we may assumedhat= O (one just needs to shift
the periodic potentialV’) which we do from now on so that, as the random variaflgs,
are not trivial, we geE(w, ) = E(wg) > 0.

We now discuss these different cases and the results that are known in each case.
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3. The bottom of the spectrum

Let us first study the case of short range single site potentials.

3.1 Short range potentials

This is the case that has been studied the first and the most. Let us assume that
=inf(X) =
In [24,25], Lifshitz showed his heuristics not for the continuous Anderson model but
for the Poisson model (the random potential is obtained by placing a nonnegative single
site potential at every point of a Poisson process). He obtainddfgtetz tails namely

log(N (E) — N(0)) = log N(E) Lo —CE™42, (3.1)

Mathematical work on Lifshitz tails only appeared much later; the results were not obtained

following the original Lifshitz heuristic but using Wiener integrals and the Donsker—

Varadhan technique to estimate the Laplace transfos(ste [32,33]). This point of view

is directly related to the study of Brownian motion among random obstacles (see [41]).
Proofs of Lifshitz tails at the bottom of the spectrum for the continuous Anderson model

following the original heuristic of Lifshitz were developed in the 80s (see [12,13,29,40]).

One does not obtain an asymptotic as precise as (3.1) but only the weaker version, namely

Theorem 3.1[12,13,29,40]. If one assumes thg2.1) holds one has
d
log|logN(E)] ~ ——IlogE. 3.2
ogllogN(E)| ~  —7log 3.2)

Proof. To understand the main ingredients needed for Lifshitz tails, let us just briefly
sketch a proof of this result. This proof follows closely the original work done
in [24,25,12,13,29,40]. To keep things as simple as possible, asBuhzs a compact
support contained i, the unit cell ofZ? and thatHy = —A.

Pick A; the cube of side-lengticentered at 0 ifR?; let Hf,z (resp.Hcfu‘{[) be the operator
H,, restricted taA; with Dirichlet (resp. Neumann) boundary conditions. Also pitk R
and defineOD’lN(E) to be the eigenvalue counting functions ﬂdf}N i.e. the number

of eigenvalues oHD N less than or equal t&. Then, the standard Dirichlet—-Neumann
bracketing (see e. g [36 10,34]) tells us that

E(®P ,(E)) < N(E
Vol(A)) (©,(E)) < N( )EVI(A)
The uniform relative boundednessiof with respect tad ensuresthat, for& E < 1,one
has@N ;(E) < C Vol (A) (for someC > 0 independent of andw); so using Markov's
mequahty, from (3.3), we deduce

E©N J(E)). (3.3)

VoI(A,)P({ there exists an eigenvalue H[BZ(E) < E)}) < N(E)

< CP({ there exists an eigenvalue Hﬂ,(E) < E}).

This can be reformulated as

VoI (A )P({afﬂ € Hy(A). ol = 1, (HR,p,¢) < E}) < N(E)

< CP({{3p € HY (A, ol = 1, (H 0. 0) < E}). (3.4)
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So to estimateV (E) for E close to 0, we just have to chookin such a way that (when
taking the double logarithm) the left and right hand side of (3.4) asymptotically coincide.
Let us start with the lower bound which is the simpler bound. Therefore,pisk0
small and = E~+%)/2 The explicit knowledge of the eigenvalues iy, (see [36])
tells us that, for some functiapy € H(}, llwoll = 1 (actually the eigenfunction associated
to the lowest eigenvalue of the Dirichlet Laplacian®p), one hag—Ago, ¢o) < C E1t
(whereC > 0 is a constant). Hence, if we choosg < E~17% for y € A;, we get
(Vowo, po) < CEY* whereC > 0 only depends on the sup-norm of the single site
potentials. This proves that, f@ sufficiently small and = E~1+®)/2 one has

P({{3p € HF(A), gl =1, (Hy 19, 9) <ED>P(Vy € A, w, <E17)).

This last probability is easily estimated using the independence of the random variables.
One gets

N(E) > E_(1+Dl)d/2 Pwp < E—l—a)CE*(l+a)d/2.

Using assumption (2.3) and (3.4), and lettingo to 0, one finally gets
E—0t log(E) 2

The proof of the upper bound is more complicated. This is a general feature as the lower

bound only requires finding the correct test function whereas for the upper bound, one has

to show that all eigenfunctions (for energies in K]) roughly behave in the same way.
Thistime, we pick = E-~/2where 0< « < 1. Assumethap € H1(A)), l¢| = 1

is such that ) ¢, ) < E i.e. such that

(—AN@, @) + (Voo 9) < E. (3.6)

Let o be the positive normalized eigenfunction associated to the first eigenvalaegj‘bf
i.e. to the eigenvalue Qp(is just the constant function equal (ol (A;))~Y2 on A).
Then, we can decompoge= agg + ¥ where(gp, ) = 0. One computes

(=AY, 0) = al—AYgo, @) + (=AM, ) = (¥, = AV @) = (=AY Y, ¥).

Hence, by eq. (3.6) and a5, is hon negative, we get

(—aMy.y) < E. (3.7)
On the other hand, an explicit computation (see e.g. [36]) shows (thal,’\’) I\(pé' >
C~1172 = ¢1EY-2 Equation (3.7) then implies that

lyI? < CE*. (3.8)

This in particular implies thala| = 1+ O(E%/2). Now, fix 8 € (0, 1). Using the non-
negativity ofV,,, we compute
Voo, ) = VY20
> [laVY2goll? + [ VE?¥ 112 + 2Rea( Voo, ¥))
> (1— B)llaV gl — (871 — DIV 2y 2.
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Plugging this into (3.6) and using the non—negativi{xAlN, the boundedness &f, and
estimate (3.8), we get

(Vogo, ¢0) = (@@= )" (E + (B~ ~ DCE) < CE. (3.9)

On the other hand, as we assumed that the single site pot&ntiat support in the unit
cube of the lattice and as we knawg explicitly, (V,¢o, o) is equal to(CVol(A;)) ™1
2 eanzd @y In result, fixings = 2, we have proved that, for aaye (0, 1), there exists
C > 0 such that

P({there exists an eigenvalue dfﬂ,(E) <E})

1 o
<P ({ VoIAD Y w, <CE }) . (3.10)

yEN]

This last probability can be estimated using standard large deviation estimates (see
e.g. [6,5]). For the sake of completeness, let us do this computatiod. +i® small and
let A be alarge cube ii¢. Picks > 0. Then, using Markov’s inequality, one estimates

1 (—(A/NVOI(A) Y, e p @)
P<{V0I(A) 2 SS}) =E(¢ ) G

yEA

Using the fact that the random variables, ), .« are i.i.d., one gets

E (et(éf(l/Vol(A)) Yyen wn) — &' [[E (efawy /VoI(A)))

yeA
_ eus eVoI(A) Iog(]E(e—(’wo/VO'W)))' (3.12)
Taylor expanding e one sees thaff (e ‘«o/VI(A)) = 1 — (tE(wp)/VoI(A))

+ 0((t/Vol(A))?). Hence, there exists > 0 such that for O< < nVol(A), one has
E (e—(two/VOKA))) < g (E(wo)/2V0l(A))

Plugging this successively into egs (3.12) and (3.11), we obtain that £ar & nVol(A),
one has

t]E(wo)725
2

1 _
IP( \/C)I—(Z\));\w),fé)fe . (3.13)

So, asE(wg) > 0, if 46 < E(wg) and ift = ngVol(A), for someng > 0 we get that

1
P <$ < e—r)oV0|(A)'
( Vol(A) e ) =

yeA

Applying this to (3.10), using (3.4) and taking the double logarithm, we obtain for
ae (0 D),

im SUIDIogl log(N (E))|
E—0OF log(E)

This completes the proof of Theorem 3.1. m|

d
= —5(1 —a).
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Remark3.1. The main ideas used in this proof goes back to the original work of Lifshitz
[24,25]. First, for boxes that are not too large, the density of states at eAaesgyite well
approximated by the probability to find a state of energy less faks both the kinetic
and the potential energy are non negative, they both must be les&tfarthat state.
Smallness of the kinetic energy implies localization in momentum. Due to the uncertainty
principle, this in turn implies that the wave has to be extended in some way in the position
space. As the potential is ergodic, this implies that the potential energy of this wave is a
space average of the potential. But, large deviation estimates tell that such averages have
an exponentially small probability of being away from the average of the potential, hence,
small in our case. This implies the exponential decay.

So we see that there is a crucial length scale governing the Lifshitz tail: the minimal
size needed to find a state of kinetic energy less thahhis size depends on the form of
the kinetic energy and, this explains why the bottom of the spectrum and internal edges
behave differently (see § 4, especially Theorems 4.2, 4.4 and subsection 4.2.8). This size
can also be interpreted as reflecting a local uncertainty principle.

3.2 Long range potentials

In this case, one proves that

Theorem 3.2 [12,13,29,40]. If one assumes thg®2.2) holds one has

log|logN(E)| ~ -— log E. (3.14)
E

-0t v—d

Proof. For the sake of simplicity, we will assume thitx) = C(1 + |x|)~"; the proof
of the general case is not more difficult, just slightly more involved technically (see
e.g. [13,10,34]).

As in the case of short range potentials, this proof is divided into two steps: a lower
bound on the density of states and an upper bound. We will again use the inequality (3.4).
The proof of the lower bound is very similar to the short range potential case. As in this
case, pick = EY2+* (« € (0, 1)). Then, ifw, < E¥ forall |y| < EY@="@+) gnd

E > 0 is sufficiently small, fox: € A;, as the(w, ), are bounded, we have

0< Vo) =C Y w,d+lx—yh™
yezd

<CEM™* N @A+phV+CK Y @+lyh
‘V‘SEl/(d—v)—a ‘y‘>El/(d—U)(l+a)

< CE1+a + CKE(d—v)/(d—v)(l—‘roc) < CEl—Hx.

This implies that in this case, one has

N(E) > E_(1+a)d/2 . IP’(wo < E—l—a)CE_(l‘*"")d/("—‘”.

Taking (2.3) into account and lettirg— 0, we obtain

lim inf log | log(N (E))| > - d
E—0t log(E) v—d

(3.15)

which completes the proof of the lower bound.
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The proof of the upper bound is different from the short range potential case. As we
will see, the kinetic energy does not play a role. The length gosiltbe chosen later on
during the proof.

As —AIN is non-negative, one has

P({{3¢ € H (A, llpl =1, (HY,0.¢) < E}) < P((3x € A1, Vo(x) <E).  (3.16)

w

So we estimate this last probability. Piske A; NZ¢ andx € A; such thatx — 8| < 1/2.
Then, one has

Vo) =C Y o, (14 x —y)'=C Y w,(1/2+]| B —y )" =i Ap(w).
yezZd yezd
So we have proved that
P({V,, > E}) = P({¥y € AiNZ%; Ay(w) > E})
>1- Y P{A,(0) < E).

yeANZ4

Note that, as théw, ), are i.i.d, the random variable$s (w) are identically distributed.
Hence

P({Von > E}) = 1= C(2 + D'P({Ao(w) < E}).
Combining this with estimates (3.16) and (3.4), we obtain

N(E) < C(2 + 1)'P({Ao(w) < E}). (3.17)
So we only need to estimatg({Ag(w) < E}). To simplify the notations, set, =

C(1/2+ | v |)~". Using Markov's inequality, for any > 0, one obtains

<ef [[E(™™). (3.18)

yeZd

ME— Y wyuy)
P(Ao(w) < E)<E[e  r<

Using the Taylor expansion af — e, as the random variablé€s, ), are bounded, for
Au, sufficiently small, one obtains

E (e72r"r) < 1 — E(wy)Auy + Cuy)? < 1 —E(wy)ruy (1 — Cn)

< efaTo)uuy/Z.

Hence, we have proved that there exigts 0 such that, ifiu,, < n, then
E (e7*r"r) < e @y /2 where @ = E(wo) > O. (3.19)

Plugging (3.19) into (3.18), we compute

-
log(P(Ao(w) < E)) < AE — % Y (3.20)

yeZd
Auy <n
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Assume that >> 1Y/V; then, the definition of,, implies that, for som& > 0, one has

1w
Youyz Y Aty z 2,

yezd yezd
Ay <n cAlv<|y|

Plugging this back into (3.20) and picking= p E®/“=")) we obtain

1
log(P(Ao() < E)) = —p(@op"/C = HE- W=D < -2 pmd/md)

for p sufficiently large.
If we pick e.g.l ~ E~? with p > 0, and plug estimate (3.2) into (3.17), we obtain, that
foranya > 0, one has

”msup|09||09(N(E))| - id(l_“)'

E—OF log(E) T

Thus, we complete the proof of the upper bound and of Theorem 3.2.

Remark3.2. The length scale that ruled the phenomenon in the short range case, did not
play arole in the long range case. This essentially can be understood from the fact that, as
the single site potentials are of longer range, the random potential is already obtained as
an average; the effect of this averaging is more important than the effect of the averaging
due to the spreading of the wave packet.

In this case, the Lifshitz exponent does not depend on the uncertainty principle i.e. of the
kinetic energy. So one can expect that the same result should hold at general band edges
for long range single site potentials. Theorem 4.1 asserts that this, indeed, is the case.

4. Internal band edges

In this case, much fewer results are known. In view of what is happening at the bottom of
the spectrum, this is explained by the fact that for general periodic operators, very little
is known about the band edge behavior. More precisely, if one considers a small random
perturbation of a periodic operator, then it is sensible to assume that, near an open band
edge of the periodic operator, the total random Hamiltonian will roughly be of the sum
of a kinetic energy and a potential energy where the kinetic energy is given by the band
edge dispersion relation of the periodic operators. Only very little is known about these
functions in general; what makes the situation easier at the bottom of the spectrum is that
the behavior of the band edge dispersion relation is well-known there (see [1,3]).

We will only describe results for the continuous Anderson model (the Poisson model
does not have any internal gaps). As in the case of the bottom of the spectrum, the results
are much simpler in the case of long range single site potentials.

4.1 Long range potentials

Let us start with the simplest case. We now assume that (2.2) holds. In this case, one proves
that
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Theorem 4.1 [20]. Assume thaiH.1) holds and thaV satisfieg2.2). Assume the energy
E = 0is the bottom of a band of the almost sure spect®inThen one has
log|log(N (E) — N(0))] _ d

lim —~ : (4.1
E—0+ logE v—d

As announced, these results are the same as in the case of the bottom of the spectrum.
We will now see that the situation is completely different for short range potentials.

4.2 Short range potentials

In the case of short range single site potentials, whether results are known depends heavily
onthe dimensiod. In general dimensiodi, we only know of conditional results on Lifshitz

tails. We start with those results and then turn to the special case of dimehsio

where we get more general results.

4.2.1 In dimensiond > 1. In dimension 1, in [30], (3.2) is proved at all band edges.
Again, this is explained by the fact that the behavior of the band function is well-known
in this case (see e.g. [7,27,28] and references therein).

In dimension larger than 1, we start with a general result valid in any dimension. This
result will also underline the importance of the band edge behavior of the dispersion
relations. To state this result we need to introduce some additional objects.

4.2.2 The periodic background operator.This periodic background operator is a periodic
Schiddinger operator that will play a crucial role in the study of Lifshitz tails. It depends
on the spectral edgE. one is considering. It also depends on whethgris the upper
(resp. lower) edge (i.e. maximum (resp. minimum)) of a gap. Recall that the essential
infimum (resp. supremum) of the random variatites), isw™ (respw™). Let H™ (resp.

H™) be the periodic Sckidinger operator defined W~ = H + o~ ZyeZd V, (resp.

H* = H+ "} 74 Vy). Then one writedd, = H~ + V,; (resp.H, = H* + V,})
whereV, =3 71 0}V, andw) = w, — o~ (resp.V,f = 3 71 0, V, andw, =

w, — ™). The random variableauj)y (resp.(w,),) are i.i.d. and non-negative (resp.
non-positive). The results of [11] imply that

e FE_ isthe upper edge of a gap &fif and only if E_ is the upper edge of a gap of the
spectrum ofH ~.

e E, isthe lower edge of a gap a&f if and only if £ is the lower edge of a gap of the
spectrum ofH .

For the sake of definiteness, let us assume Ehais the upper edge of a gap &f. Then,
the correct background operator will BE~.

4.2.3 Floquet theory. We recall some facts on the Floquet spectrumibf (see
e.g. [36,23,38]). The Floquet spectrumf is the spectrum of the differential operator
H~ acting onL2 _(RY) with quasi-periodic boundary conditions. Foe T* = R /(Z%)*
(here(z4)* = 2n7Z% is the dual lattice ofZ? i.e. fory € Z% andy* € (Z%)*, one has
yy* € 2nZ), consider the following eigenvalue problem bﬁc(Rd),

{H PR ‘v 2
ox+y)=€Vpx), Vx eR, Vy € Z
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As H~ is elliptic, one knows that the eigenvalues of (4.2) are discrete; when repeated
according to multiplicity, we denote them 5(0) < E1(6) <--- < E,(0) <....They

are called théloquet eigenvaluesf H~. These functions are Lipschitz continuous in the
variabled; when simple, they are even analyticdinMoreover, Weyl's law tells us that

E,(0) — +oo asn — +oo (uniformly in ). (4.3)

The spectrum off ~ is given byo(H™) = U,>0E,(T*). One can defina(E), the
integrated density of states &f_ in the same way as fat,, (see (1.2)). One proves that
(see [36,38])

1
n(E) = —/ 1. 9)<£dd.
;(Zﬂ)d . Ej(B)iE

4.2.4 A general result. To simplify the notations, let us assume tl#at = 0. This can
always be achieved by shifting the periodic background by a constant. One proves that

Theorem 4.2 [19]. AssuméH.1) and thatV satisfieg2.1). Then one has
f log [log(N (E) — N(0))| - d

limin > ——, (4.9
E—0t log E 2
and
. log|log(N(E) — N(0))| d . log(n(E) — n(0))| d
I = —— = ——.
Ef(]ﬁ logE 2 = EILng)Jr logE 2

(4.5)

Remarkd4.1. The assertion (4.5) reflects what has been said above. Indeed, in the present
case, the role of the kinetic energy is played by the periodic@&lithger operator ~

and the density of states of this operator (when it satisfies the condition in (4.5)) controls
the vanishing of the Floquet eigenvalues. This special situation is due to the fact that the
quadratic vanishing is the quickest possible. In general the situation is more complicated
and the sole asymptotic of the density of states of the underlying periodic operator is
not enough to determine the decay of the density of states of the random operator (see
Theorem 4.4 and the remark concluding subsection 4.2.8).

Of course, Theorem 4.2 also holds at the bottom of the spectrum; for short range single
site potentials, it recovers all the cases previously described as it is known that the density
of states of any periodic Sabdinger operator satisfies (4.5) at the bottom of the spectrum
in any dimension and at all edges in dimension 1.

The proof of Theorem 4.2 relies on a new approximation scheme used to compute the
density of states: the periodic approximation (see e.g. [19]). With Dirichlet—Neumann
bracketing, one uses the fact that the Dirichlet (resp. Neumann) ‘density of states’ was
a lower-bound (resp. upper-bound) of the true density of states. The crucial property of
periodic approximations is that they approximate the true density of states exponentially
well even if the finite chunk of space one is considering is not very large (see e.g [16]).
This method has been used to prove results on the density of states of random operators
in many other regimes, for Sdabdinger operators with a random potential [22,21,37], for
Schidinger operators with random magnetic field [8], for random acoustic operators [31],
etc.



158 Fredéric Klopp

4.2.5 In dimensiord = 2. We now assumé = 2. In this case, we get more general
results than in Theorem 4.2 as we will get results under no assumption on the density of
states of the underlying periodic operator. We still assime= 0.

4.2.6 The density of states decays exponentially at band eddi's. will start with the

less precise but more general result. Just for this paragraph, we do not assume anything
about the decay of the single site potential (except for the summability condition stated in
(H.1)). We prove

Theorem 4.3 [18]. AssumdH.1). LetO be the lower edge of a band. Theme has

lim supl09| log|N(E) — N(O)]|

E—0 log|E|
EeXx

<0. (4.6)

Theorem 4.3 says that the integrated density of states decays at least exponentially fast
at any band edge df. But we do not get any information on the rate of decay. This is
quite natural in view of Theorem 4.2 and of the fact that very little is known of the band-
edge behavior of the Floquet eigenvalues. Of course, in the case of long range single site
potentials, Theorem 4.1 already gives a better result.

4.2.7 A precise estimate on the decay rateéf we assume that the single site potentials
are compactly supported which we do from now on, we are able to compute the rate of
exponential decay of the integrated density of states.

Before we state our result, we need one more definition.H etbe the background
operator introduced in § 4.2.2. LEtbe in the spectrum off —. E will be simpleif the set
{p eN; 36 € T*, E,(6) = E}is reduced to a single integer. Note that, by (4.3), this set
of integers is always finite. An edge of a gapXfwill be called simple if it is simple for
H~ (resp.H*) and it is the upper edge (resp. the lower edge) of a gap. &y [17], we
know that for a generic periodic potential, edges of gaps are simple.

We prove

Theorem 4.4 [18]. AssuméH.1)andV the single site potential is compactly supported.
LetO be the lower edge of a band Bfand assume it is simple. Thehere exist < o <
+o00 such that

im 1091109 IN(E) — NOII _

E—0 log |E
EeXx g| |

—o. 4.7)

The exponeng is called thelifshitz exponentThe computation o& is not obvious; the
next section is devoted to its description.

4.2.8 How to compute the Lifshitz exponentVe recall that 0 is assumed to be the upper
edge of agap oE. Assume O is simple. L€t (-) be the unique Floquet eigenvalue taking
the value 0. Define the sét= {0 € T*; E,,(#) = 0}. Then, there existg > 0 such that

e Forn < ng, foralld € T*, E,(6) < —n.
e Forn > ng,foralld € T*, E,(0) > n.

This implies that, fo® in some neighborhood &, the Floquet eigenvalug,,,(6) is
simple, hence, the functich— E,,(0) is real analytic in some neighborhood®f The
Lifshitz exponent will depend on the way,, vanishes af and on the curvature &.
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To describe it precisely, we need to introduce some objects from analytic geometry. If
£ is a set contained in the closed first quadrarkfnthen itsexterior convex hulls the
convex hull of the union of the rectangl®s, = [x, c0) x [y, 00), where the union is
taken over allx, y) € €.

Pick6p € S and consider the Newton diagramBf,, atép, i.e.,

(1) ExpressE,, as a Taylor series @, (6,07 = Y, a;j (01 — 63)' (62 — 6§)/,
0 = (01,62).

(2) Form the exterior convex hull of the points j) with a;; # 0. This is a convex
polygon, called thé&lewton polygon

(3) The boundary of the polygon is tiNewton diagram

The Newton decay exponent is then defined as follows: The Newton diagram consists of
certain line segments. Extend each to a complete line and intersect it with the diagonal line
61 = 62. This gives a collection of pointay, ax), one for each boundary segment. Take the
reciprocal of the larges and call this numbet (E,,, 6p); itis theNewton decay exponent
Definea(E,,, o) = Min{@(Ey, o To, 6o) : To(-) =60+ T(- —60), T € SL(2, R)}.

Similarly, definex(E,,, 0) if 6 is any other point irS, the zero set oE,,,. Then, the
Lifshitz exponent is defined by

=mina(E,,, ). 4.8
(o4 QESa( no ) ( )

The Lifshitz exponent is positive a® — «(E,,, 0) is a positive, lower semi-continuous
function andS is compact.

To conclude this subsection, let us compar¢o n, the density of states of the under-
lying periodic operatoH_. Up to a constant factor,(¢) — n(0) is the volume off6 €
T*; E,o(0) < ¢}. From the equivalence (4.5) in Theorem 4.2, one may have conjectured
that, at band edge¥ behaves roughly like@/” (if one takes the double logarithm of both
terms). We see here that this will not be true in general if thé $&ts some curvature. For
example, if we assume tha,, (0) vanishes to constant ordgion a curve, and if the max-
imum order of vanishing of the curvature of the curveigthus non-vanishing curvature
meansn = 0) thena = (m + 3) /(¢ (m + 2)) and the volume will have the exponentgl

4.2.9 The main ideas of the proof of Theorem 4.&.irst, following the ideas developed

in [19], we show that the study of the density of statedHpf near O can be reduced to

the study of the density of states of a discrete random operator. This discrete Hamiltonian
is the sum of a kinetic energy part and a potential energy part. The kinetic energy part is
made of the Floquet eigenvalues giving rise to the band starting at O for the background
periodic operatoH ~. The potential energy part is the random potential projected onto the
space of states generating the band starting at 0. This discrete Hamiltonian, that we will
call the reduced operator, can be realized as an operator acting on tH&*tofoperform

this reduction, one needs to know that the edge B abrresponds to an edge of a single
periodic realization (namel¥ ~). Therefore we first need the positivity assumptiorvof

and, second, we need to know that, when switching on the random potential (remember
that H ~ is now the unperturbed Hamiltonian), none of the spectrum below 0 passes above
0. In the present exposition, this is ensured by the fact that the gap below 0 is apen in
and by the assumption that the random variables have connected support. Another natural
setting where there cannot be any crossing is when one assumésthes a gap and

that the random perturbatidry; is smaller than the length of the gap.
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The next step is to show that, with good enough precision, we can estimate the integrated
density of states of the reduced operator between Ocaby the probability that the
reduced operator (restricted to some large cube) has an eigenvalue in the intefjzal [0
If the band edge is simple, we then have to estimate the probability thas, ferQ
small, there exista € L2(T) such that the Fourier coefficients afare supported in
[—=M, M] x [-M, M] C Z? and

(Eng - u, u)p2(+) + (Volt, U) 27+ < 8. (4.9)

HereE,, - u denotes the multiplication by the Flogquet eigenvaliyg andv,, denotes the
reduced potential. Notice that both terms in (4.9) are non-negative. In the general case, the
situation is somewhat complicated by the possible multiplicities.

At last, we estimate these probabilities. Carrying out this estimation is essentially a
problem in random Fourier series; indeed, thanks to condition (2.3), for our purpose, we
can replace the random variabl@s, ), by i.i.d. Bernoulli random variables.

Let f be a nonnegative real analytic function®h § > 0 andM < oo be parameters,

S be a random subset of the squaref, M] x [—M, M] (in Z?) with (say) density 12
andP(M, §) be the probability that there is a functiane L2(T) such that

/2 F@O)u@®)? < 8|lul3 and supfi) C S.
T

Thus the Fourier coefficients ofare to be supported on the random set,iaisdo be mostly
supported near the zero set ofWe study the behavior of the probabiliB(M (5), §) as
8§ — 0, lettingM = M (8) go tooo in an appropriate manner. It turns out tlatM (8), §)

behaves roughly liked .

One can apply this bound takirfgto be roughly the Floquet eigenvaliig, to complete
the proofs of Theorems 4.3 and 4.4, in a manner analogous to the one dimensional case
treated in [16].

A Newton decay exponent similar to the one introduced above arises in problems con-
cerning estimation of oscillatory integrals — see [42] and [35] —and, in [18], we show that it
also controls the behavior of certain random Fourier series, in a way which to some extent
is suggested by the results of [42] and [35].

Though in [18] we only study the case of random Sclinger operators, the methods we
develop can presumably be applied to many other families of random operators: random
acoustic operators [31], random magnetic fields [8], etc.
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