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Abstract.  The main object of this paper is to analyze the recent results obtained
on the Neumann realization of the Sétinger operator in the case of dimension 3
by Lu and Pan. After presenting a short treatment of their spectral analysis of key-
models, we show briefly how to implement the techniques of Helffer—-Morame in
order to give some localization of the ground state. This leaves open the question
of the localization by curvature effect which was solved in the case of dimension
2 in our previous work and will be analysed in the case of dimension 3 in a future

paper.
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1. Introduction

Motivated by the superconductivity (see [He3] or [LuPa4] for a review on this aspect),
we would like to analyse the ground state energy (that is the lowest eigenvalue) of the
Neumann realization of the Scidinger operator with magnetic potential in an open set
Qin RS

3

Pha=Y (hDy; — Aj(x))%, (1.1)
=
where A = (A1, A», A3) is a magnetic potential. D (h) is the lowest eigen-

value andu®(x, h) is a corresponding normalized eigenstate, we would like to
discuss the asymptotic iV (#) and the localization ofi'Y) ash — 0. By local-
ization, we mean that, for a given set ¢ Q (possibly depending ork), we

shall analyse the asymptotic behavior as — 0 of the L2-norm of u¥ in w.
These problems were treated in the case of dimension 2 by Bauman—Phillips—Tang
[BaPhTa], Bernoff-Sternberg [BeSt], Lu—Pan [LuPal,LuPa2,LuPa3], Del Pino—Fellmer—
Sternberg [PiFeSt] and Helffer—Morame [HeMo2] in a rather complete way. We
would like to present here in a somewhat simpler way some more recent work
by Lu—Pan [LuPa5] concerning the dimension 3 and show briefly how the tech-
niques of Helffer—Morame [HeMo2] can be implemented in order to improve their
results on the localization of the ground state. Further developments will appear in
[HeMo3].
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2. Constant magnetic field: The case of dimension 2

2.1 Main results for the models

We first consider the operator:
Py g0 i= (hDy; — AD? + (hDy, — AD)?,

with A® = (—(B/2) x2, (B/2) x1), h > 0 andB # 0, and analyse the spectrum of its
realization inR? or of its Neumann realization.

We observe that by homogeneity, one can reduce the analysistbandB = 1. Itis
well-known that in the case @2 the spectrum is a point spectrum and that the eigenvalues
are given by(2n + 1) with n € N, each eigenvalue being of infinite multiplicity. One
way to see this is to show the unitary equivalence (via a gauge transformation, a partial
Fourier transform and a translation) with the harmonic oscill(aht.cﬁ',2 + 12) but seen as
an unbounded operator m?(RES).

The case of the Neumann realizationmﬁ is a little more delicate. A unitary trans-
formation leads this time to the analysis of the Neumann realization of the operator of
H := D?+ (1 —s)?> on L2(R. x R) which is reduced to the analysis of the famitye R)
of operators H(s) := D? + (t — s)? defined onL?(R ).

If 1(s) is defined as the lowest eigenvalue of the Neumann realizatiéh(of in R,
one easily shows (cf [ReSi]) that the infimum of the spectrum of the Neumann realization
of Py 4 is given by|B|h®g with

= inf .
O = o

2.2 An important one-dimensional family

Let us just list some properties pf(s) and refer to [Bo] and [DaHe] for proofs or details.
The Neumann eigenvaluye(s) satisfies the following properties:

im0 u(s) = +o0;

. u is decreasing fos < 0O;

w(0) =1;

Cimy p oo u(s) = 1;

. admits in ]Q +oc[ a unique minimum®g < 1 at somesg > 0. Moreover this
minimum is non degenerate.

O wN R

Let us just mention that the proof of some of these properties is based on the following
identity, relating the first eigenfunctian, and(s):

g2 (s) = (52 — p(s))(us(0))2. (2.1)

It is interesting to compare the properties ofs) with the properties of the Dirichlet
eigenvaluei(s) of H(s).
The Dirichlet eigenvalué (s) satisfies the following properties:

1. pu(s) < Als);
2. limy_ _5o A(s) = +o0;
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3. 1is decreasing fos € R;
5. Iimx_)_;,_oo )\.(S) =1.

2.3 Applications

As an application of the analysis of the models, one gets (cf [LuPa3]) via a partition of
unity for the lower bound and a suitable construction of quasimodes for the upper bound,
the following general result (in the two-dimensional case):

Theorem 2.1. If u™ (k) (resp.A D (h)) is the lowest eigenvalue of the Neumgresp.
Dirichlet) realization of P,_4 in €2, then we have

(€8}
e O I :
fmy 52 =it (1 10, 00 1)
A(l)(h)
li = inf |B(x)|. 2.2
hILno h xlre]szl @l (2:2)

We emphasize that there is no assumption that the magnetic field is constant. In the case
of the constant magnetic field, one can actually have more precise resyli$faBome
of them will be described in §4.

Remark2.2. The fact that the bottom of the spectrum of the Neumann realization in
Ri is strictly less than the corresponding spectruriRfnis basic in the analysis of the
superconductivity.

3. Constant magnetic field: The case of dimension 3

3.1 Introduction

As in the case of dimension 2, where we first understood the model with constant magnetic
field in R? andR2,, we shall discuss the case®f andR2. We start (after some gauge
transformation) of the Schdinger operator with constant magnetic field in dimension 3.

P(h, B) 1= h?D?, + (hDy, — B3x1)? + (hDy; + Bax1 — Bix2)?,

and consider the Neumann realizatiorfuin > 0}. After scaling, we can assume that 1
and||B|| = 1. Here the norm o8B is defined by

IB|l = /B2 + B3 + B2.

After some rotation in théxo, x3) variables, we can assume that the new magnetic field
is (B1, B2, 0) and we are reduced to the problem of analysing:

P(B1, B2) i= D2, + D2, + (Dx, + Pox1 — P1x2)°,
in {x1 > 0}, where

BZ+p2=1
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We introduce

B2 = cosy, B1 = sinv,
and we observe that, if is the external normal te; = 0, we have

B-v=—siny. (3.1)
3.2 Reduction to a one-dimensional family

By partial Fourier transform, we arrive at
L(®,7) = D2 + D%, + (t + cost x1 — sin® x2)?,

in x1 > 0 and with Neumann condition on = 0.
The bottom the spectrum is given by

o(®) ==inf Sp (L(®, D)) = inf (inf Sp (L. ).

By symmetry considerations, we also observe that
o(®) =o(—=¥) =o(x — ). 3.2)

Consequently, it is enough to look at the restrictiof@p7% |.
We first observe the following lemma:

Lemma3.1. If ¢ € ]0, %], then Sp(L(#, 1)) is independent of.

This is trivial by translation. This lemma shows that, in this case, it is enough to analyse
L(®, 0) that we shall denote sometimes more shortly ljy).

3.3 Continuity ofo (1)

Lemma3.2. The function — o () is continuous or0, Z|.

After a change of variable; = cos® x1, y2 = sin® xp, we arrive at a continuous
family of operators with a fixed domain. Using the mini-max principle, the lemma is then
easy to prove.

Lemma3.3.
0(0) =0 < 1.
Proof. We first observe that
L(0, Dy) = D% + D2, + (D; — x1)°.
We then have to analyse the bottom of the spectrum of the family
L(O, 7, &) i= D2 + &2 + (x1 — 1),
This infimum is obtained as the infimum ovek R of the spectrum of the family
L(0,7,0) = DZ + (x1 — D)%

We can then use the results of subsection 2.2.



Magnetic bottles for the Neumann problem 75

Lemma3.4.

(5)-

Proof. We start from

T
L (E, 'L') = Dfl + Df + (T —X2)2.

2

The bottom of the spectrum is the same as the bottom of the Neumann realization of

DZ? + D2 + xZ,inx1 > 0. This is easily computed as equal to 1.

What is still missing is the continuity at 0 ang 2.
3.4 Lower bounds

Let us now consider the case whene ]0, Z[. According to Lemma 3.1, we can take
7 = 0 and we have to analyse:

L) = D§1 + sz + (x1COSY — xpSiNY)2.
Let us introduce a parametere [0, 1] and we then associate the following decomposition

L) : = DZ + p*(x1C08¥ — x28in®)* + D2,
+ (1 — p?)(x1€0S® — x25iNY)>2.

We will find a lower bound of the spectrum af(#) by considering the sum of the lower
bounds of the spectra of the following two operators:

Pi(p, ) = D2 + p?(x1 COS — x2 Sin®)?
and
Pa(p, 9) = D2, + (1 — p?)(x1 COSP — x25iN)2.
Easy computations (scaling and results of subsection 2.2) lead to
inf o (P1(p, ¥)) = p®g cosy
and
inf o (Pa(p, 9)) = /1 — p2sind.
Choosingo = cosi, we obtain
o (9) > Og(cosy)? + (siny)?.
This clearly shows two properties. The first one is that
lim, 5o = 1, (33)

and the second one is the following:
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PROPOSITICN 3.5

When|| B|| is fixed the bottom of the spectrum is minimal wites 0 that is, according
to (3.1),when the magnetic fiel# is parallel to the hyperplang; = 0.

Remark3.6. One can improve the lower bound by looking more carefully at the function
o ¢(p) := pBOgcosy + /1 — p2sin®. The derivative is given by

¢'(p) = Ogcosy — —L— sinw.

V11— p?

If we let p = sina, we get that, when tal = @ cot(#), then¢’ = 0 and this improves
the previous lower bound.

3.5 Analysis of the essential spectrum

The analysis in [LuPa3] will appear more transparent if one first studies the essential
spectrum.

PROPOSITICN 3.7

If & € ]0, 5[, then the essential spectrumbf?) is contained if1, +oof.

Proof. Using a variant of Persson'’s criterion, we have to show that if aupjn {x; > R}
or {|x2] > R}, then we have

(L) u, u) > (1—€e(R))lull3,

with €(R) — 0 asR — +o0.

In the case when the supportwfivoids the boundary we can use the Dirichlet result.
In the case when the supportiofs in {|x2| > R}, we use the same idea as in the previous
subsection. Using the same the decomposition with cos® and the properties gf, we
first get

(P1(p, ))u, u) > (cost)? w(R cot(®))|lull>.
We have also seen that
(Pa(p, 9))u, u) > (sin®)?|u|?.

This gives the result according to the propertiegcaicalled in subsection 2.2. Once
we have this information on the essential spectrum, the existence, éo[o, %] of an
eigenvalue as a bottom of the spectrum is the immediate consequence of the construction
of a normalized element in the form domain of#) with energy strictly less than one.
This is the object of the next subsection.

3.6 A rough upper bound

We essentially follow Lu—Pan’s proof (adding some comments) and consider the Neumann
realization ofL(¢) in {x1 > 0}. Our aim is to find a normalized test function in the form
domain ofL(¥) with energy strictly less than one. We use first the change of variables:

1 = x1 COSY — x2 SinY, up = x1 SinY + x cosyY,



Magnetic bottles for the Neumann problem 77
whose inverse is given by

X1 = uy COSY + up Sind, xp = —u1 SiNY + uy COSY.
This gives the Neumann realization of

d? d?

@) =—— - —
@ du% du%

+u?,

in{u1 > —tan?d u»}.
A new change of variabley; = —u1, y2 = tan® u», shows that this problem is
equivalent to the Neumann realization of

LNew — ¢ taré(9) ¢ + y?
- dyf dy22 1

in{y2 > y1}.
Following Lu—Pan, we now introduce

2 t
f@) = exp—%, andF (1) = / eXp—s2 ds.

—00

We observe thaf is strictly positive:
lim F@) =7,
t—400
and that
1 2
F(t) ~ —— exp—t“, ast - —oo.
2t
We shall apply the minimax principle with a test function in the form
U(y1, y2) = frDg(y2),

with g to be determined i 2(R). Integrating¥? in the domain, we first have

+oo
w2 = / g(y2)?F (y2) dy.

o]

Let us now compute the corresponding energyoile first get
y2
EW) = [ 07 ( | (o +s2ro0?) dyl) dyz
—00

+ (tanv)? / g (y2)F(y2)dys.

After a few computations and integration by parts, we get

E(WY) = |¥]? + =(g),
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where
Z(g) = / g'(2) ((tanﬂ)zg’(yz)F (y2) — g2 F ’(yz)) dyz.

We observe that we are done if we find some L? such thats (g) is strictly negative.
Let us first see what is going on if we try to get that the sum is zero. A natural try is then
to solve the equation

(tan®)?g’ (y2) F (y2) — g(v2) F'(y2) =0,
which leads to

8 ‘= C8a
where

a = (cot®)? andg, = F%.

We can computé&(g,) for more generak. We get
T(go) = a(atany? — 1) / FAF21dy,.

Let us first control that this integral is well-defined. There is no problemaatbecause
F tends to a constant antlis exponentially decreasing. Neapo, F decreases likg?
(see above), so this has the right behaviordfos 0. Now the sign of the expression is
negative if

0 < a < coty?.

But note thafg, is not in L2 at +oco. So we are obliged to introduce a cut-off functigp
defined by

xn(@®) =X <£>
n

wherey is equal to 1 for < 1 and equal to O for > 2. We now take
8 = 8n,a = Xn 8a-

We observe that the corresponding, . |2 increases lika asn — +oc. More precisely,
we have

—C +nr**t < |, 4112 < @o)re T+ C.

Let us compar&(gy.,) andx(g,) asn — +oo. We have
, 1 ,/t t\ ,
8on(t) = P 8u(t) + X ” 8o().
The more problematic term is

1 2
5[« (%) G2()F (1) dr.
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But this term is less thafi/n?||W, . ||2, that is of orden x O (1/n?) = O (1/n). The
other terms appearing in the computatioldg, ,) — X (g« ) areO (1/n). Now, observing
thatX(gy) < 0, we get, fom large enough, that

¢ 2 2
E(Wyn) < Z(ga) + " + [Wanll” < IWanll”

This shows the property. Let us observe that

1
E(Wan)/[Wanl2=1—0 (;> _

So there is no hope in using this functidy , as a good test function. As a conclusion of
this part, we have shown the following:

Lemmad.8. For ¥ € |0, %[, the bottom of the spectrum 64, 0) is an isolated eigen-
value with finite multiplicity and satisfies

o) <1 VO e }o, %[ (3.4)
As a consequence of this lemma and of (3.3), we also obtain the continuitgio} :

lim o) =o (%) 1 (3.5)

6—%
3.7 Monotonicity

Let o (¢) be the lowest eigenvalue, whose existence was obtained in Lemma 3.8. For the
monotonicity, it is better (following Lu—Pan) to first do the dilation leading to the new
operator

L = (cos)?D}, + (sin®)D}, + (v1 - y2)>

We then apply Feynmann-Heilman formula (which gives the expressien(6)) at a
possible minimum ofr () in ]0, 7/2[. If uy is the strictly positive normalized ground
state ofL, we have

o' (9) = —(sin® cosy) (||Dyluﬁ 12 - ||Dy2u19||2) .

The size of this expression is not evident but let us assumestiidg) = O for some
Yo €]0, /2[. Then we obtain

| Dyt I? = 1| Dyytapg 1.
We then obtain the contradiction with (3.4) by writing
1> 0 (W0) = (L(D0)usy, upg) = I Dyyttnoll + 1 (v1 — y2ug,ll? > 1.

The last inequality is a consequence of the lower bound for the harmonic oscillator (in the
y2 variable). We have consequently obtained the following:

Lemma3.9. The functiony — o (9) is strictly increasing onj0, 5.
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3.8 Another rough upper bound

This rough upper bound (due to Lu—Pan) gives an easy way to show the right continuity
of o () at 0.

Lemma3.10. Whens € ]0, %[,
inf SpL(¥) < cosy Og + sind. (3.6)
Proof. Let us write

L(®#) = D, + (cos? x1 — 2)® + D2, + (sin® xz — 2)°

+ 2(x1€c0SY — 7)(z — x2SINY).

We take as test function the product of the eigenvector attached to the lowest eigenvalue
of Dfl + (cos? x1 — z)? and of the eigenvector attached to the lowest eigenvalue of

sz + (sin® x2 — z)2. This gives, using the results of subsection 2.2, that observing the
cross-term does not contribute and with the choice ef so ~/cos?, the upper bound

announced in (3.6). O
3.9 The behavior fory small

A more precise estimate wheji# || is small could be useful.
Theorem 3.11. The functiory (¢#) has the following expansion fér smalt

o) ~ B0+ Y _anl?", (3.7)

n>1

with a1 = /(1" (s0)/2) > O.

Proof. By using the scaling(y1, y2) := ((cos®)¥2x1, —(sin®/(cos®)?)xy), we get
that

Sp(L(¥)) = cost Sp (M (¢)), (3.8)

whereM (¢) is the Neumann realization @& x R of eZD)Z,2 + H(y2), € is equal to tarf,

andH (y2) is the Neumann realization aﬁf,l + (v1 — y2)°.

We are then essentially in the situation of the Born—Oppenheimer problem (see Combes—
Duclos—Seiler [CDS] or more recently Martinez [Ma]). So we can apply directly Theorem
4.1in [Ma]. O

4. Localization of the ground state

In the case of dimension 2, under the assumptionBitaj > 0, the basic estimate at the
interior was the inequality:

h/B(x)Iu(x)Izdx < / |(hV — i Aul?dx, Yu € CF(RQ). (4.1)

1The assumptions are ‘essentially satisfied’. The fact that there is a boundary condition is not a problem, because
the operator in the; variable is treated ‘abstractly’.
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This was not enough for understanding the Neumann problem. One should more carefully
analyse the case Ni and, in the case of the constant magnetic field, one should also anal-
yse more complicate models (like for example the case of the disk). The most spectacular
result was

Theorem 4.1. When the magnetic field is constghe ground state of the Neumann real-
ization of P, 40 in an open regular bounded s&t C RR? is localized in the neighborhood
of the points of the boundary of maximal curvature.

In the case of dimension 3, estimate (4.1) should be replaced by the weaker estimate
established in [HeMo1] (Theorem 3.1).

Theorem 4.2. There exisC andhg > 0 such thatfor all 2 €]0, hg], we have
h/ (||B(x)||—Ch1/4)|u(x)|2dx§/ |(hV—i A)u|?dx, Yu € CC(RQ).  (4.2)
Q Q

If this resultis essentially sufficient for analysing the Dirichlet problejit is necessary

to implement the analysis given in the first part in order to treat the Neumann problem.
Near each point of the boundarywe have to use the lower bound obtained for the model
with constant magnetic fiel# = B(x). For example, following the proof in [HeMo2] and
using the same partition of unity, we get

Theorem 4.3.
h/ Wi () |u(x)|?dx < / |(hV — i A)ul?dx, Yu € HY(Q), (4.3)
Q
where
Wh(x) = | B(x)|| — ChY4, if d(x,9Q) > 2n%8,

= IB(s()l o (@ (x)) = ChY* if d(x,99) < 21", (4.4)
Here we recall tha# (x) satisfies
[B(s(x) - sind (x) = —B(s(x)) - v(s(x)), (4.5)
wheres(x) is, for x neard 2, the point ind2 such that
d(x,99) =d(x, s(x)),

and we observe that, due to (3.2 (x)) is well-defined by (4.5). The first consequence
(compare with Theorem 2.1) is

Theorem 4.4.
lim (k@ )/ k) = inf (inf IB@)I. inf B o(ﬁ(x))) . (4.6)

The lower bound is a direct consequence of Theorem 4.3 and the proof of the upper bound
is sketched in [LuPa5].

As in [HeMo2], this leads to two localization theorems (appearing in a weaker form in
[LuPa5]; see also [PiFeSt]).
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Theorem 4.5. If inf | B(x)| < inf,eyq |B(x)| o (¥ (x)), then any normalized ground
state of the Neumann problem is localized near the poir@&swhere|| B(x)|| is minimum.
Moreover the lowest eigenvalue of the Dirichlet problem is exponentially near the lowest
eigenvalue of the Neumann problem.

Ifinf |B(x)| > infycyq | B(x)]o (P (x)),thenany normalized ground state is localized
near the boundary

Vi

The last theorem gives a new localization.

exp d(x,aQ)uﬁll) <C. 4.7)

Theorem 4.6. If inf || B(x)|| > infycyq [|B(x)|lo (#(x)), then any normalized ground-
state is exponentially localized inside the boundary near the points wWBgme ||o (9 (x))
IS minimum.

In particular, if the magnetic field is constgrthen the ground state is localized near
the points of the boundary where the magnetic field is parallel to the tangent space.

These two results are based on the so-called Agmon estimates (see [Ag], [HeNo], [He1l],
[He2], [HeSj], [HeMo1], [HeMo2] and [PiFeSt]). The proof of the first one is actually
completely similar to the proof given in [HeMo2], once we have Theorem 4.2. For the
second result, we use Theorem 4.3. As for example more recently detailed in [HePa], we
can show that the decay inside a fixed tubular neighborhood of the boundary is controlled,
foranyn > 0, by C, exp(n//h) exp—(¢(s(x))/~/h), where we can for example take

$(s) =l B&)lo®(s)) — it IB(s)llo (9 (s)]*/2, (4.8)
for somex > 0 small enough.

Application

An interesting case is the case wheris constant and whef is the ellipsoid:
ax% + ,Bxg + yx% <1

The set of points whereB = (B1, B, B3) is parallel is obtained by intersect-
ing the boundary of the ellipsoid with the planeaxi1B1 + Bx2B2 + yx3B3 =
0.

More generally, if the surface is strictly convex and if the magnetic field is constant, it
is possible to show that the set of points of the boundary whésgarallel to the tangent
spaceis & line. This theorem does not explain all the situation. In the case with constant
magnetic field it would be nice to show the role of some curvature in the localization as in
the case of dimension 2.
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