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Abstract. Both the infinite-allele model and infinite-site model have contributed to develop-
ment of population genetics. Although the former is a model mainly for protein polymorphism
and the latter is mainly for DNA polymorphism, these two models are related: the expected
heterozygosity and homozygosity can be obtained from the infinite-site model, and the
expectation of the amount of DNA polymorphism can be obtained from the infinite-allele
model.
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1. Introduction

Kimura proposed a number of mathematical models, which were and are quite useful
for understanding mechanisms of maintenance of genetic variation and molecular
evolution. In this note I discuss the infinite-allele model and the infinite-site model in
population genetics. The infinite-allele model proposed by Kimura and Crow (1964)
assumes that each mutant is regarded as different from any allele preexisting in
a population. On the other hand, the infinite-site model proposed by Kimura (1969)
assumes that the total number of sites in each gene is so large and the mutation rate per
site is so small that whenever a mutant appears it occurs at a previously homoallelic
site. Thus it is clear that the former is a model mainly for protein polymorphism,
whereas the latter is mainly for DNA polymorphism. As shown below, however, these
two models are related.

Throughout this note, I consider a random-mating population consisting of N
diploid individuals, and assume that mutants are selectively neutral (Kimura 1968,
1983). The mutation rate per site per generation is denoted by u, whereas the mutation
rate per gene per generation is denoted by v. If there are m sites in each gene, we have
v =myL.

2. Expected homozygosity and heterozygosity

Watterson (1975) showed by using the infinite-site model that, when there is no
intragenic recombination, the probability that the number of nucleotide differences
between two randomly chosen genes from the population is k is given by
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where M = 4Nu. The expectation of k is given by
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Kimura and Crow (1964) showed by using the infinite-allele moc;el th?}t] ethe:) eﬁ:ﬁfﬁ
homozygosity, i.e. the probability that two randomly chosen genes from the pop
are identical, is given by
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so that the expected heterozygosity, i.e. the probability that two randomly chosen gene
from the population are different, is given by
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Using equation (1), which was obtained from the infinite-site model, the expe}c;tcd
homozygosity and heterozygosity can be obtained as F = P'(O) andH =1 - P(Q). T]]uls,
using the infinite-site model, we can obtain the resylts obtained from the infinite-allele
model.

are expressed by integers (...,A_I,AO,AI,...) and ‘that if an allele changes' state
by mutation the change occurs in such a way that 1t moves either one step in the
positive direction or one step in the negative direction, Ohta and Kimura (1973)
showed that under this model the expected homozygosity Is given by
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so that the expected heterozygosity is given by
1
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These formulae cap also be obtained by using the

Was 1o mutation between two randomly chosen gene
certain that these genes are in the same alelic state. If the
them, they are in different allelic stateg, If there were two mutations between them,
they are in the same allelic state with the probability of 1/2 or in different allelic
states with the probability of 12. In general, if the number of mutations s an odd

number, then the two genes are different ip state. On the other hand, if the number of
mutations, k, is an evep number, the probability that the

H=1-F=1-

infinite-site model. If there
s from the population, it ig
T€ Was one mutation between

two genes are identical in state
1 given by
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For example, we have F(0) = 1, F(2)=1/2, F(4)=3/8, and so on. Then, using equation
(1), the expected homozygosity can be given by

._..L___ (8)
J1+2M

Thus we can obtain F and H(=1— F) from the infinite-site model. It should be noted
that we can obtain the expected heterozygosity and homozygosity even under the other
models if F(k) is available.

F= Y PO)FQ)=
i=0

3. Amount of DNA polymorphism

The amount of DNA polymorphism can be estimated from the number of segregating
sites or the average number of nucleotide differences among a sample of genes. Using
the infinite-site model, Watterson (1975) showed that the expected number of segregat-
ing sites among a sample of n genes is given by

n-1 1
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i=1 1
which can also be obtained from the infinite-allele model as follows. Ewens (1972),
using the infinite-allele model, showed that the expected number of alleles in a sample of
n genes is given by

n—1 M ' :
= —— 10
" Eo i+ (10)

Now assume that each site follows the infinite-allele model. Then, in each site the
expected number of allelic states is given by

n—1 0
m, = i=z() m: (11)

where 6 = 4N . Assuming 6 « 1 and noting M =m0, the expected number of segregat-
ing sites can be given by
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S=mx(ma—1)=Mni1 . (12)
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The expectation of the average number of nucleotide differences among a sample
of n genes is equal to the expected number of nucleotide differences between two
randomly chosen genes from the population. As shown before, it can be given by
equation (2). Using the expected heterozygosity obtained from the infinite-allele model,
the expected number of nucleotide differences can be obtained by

9
E()=mx . (13)

Assuming 6 « 1 and noting mf = M, we obtain equation (2). These two examples show
that the results obtained from the infinite-site model can be obtained from the
infinite-allele model.
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4, Discussion

each site the mutation rate is the same among different nucleotideg (Jukes and Cantor
1969) and that ¢ follows the following gamma distributjon,

B ~B8pa—1
==—e Hga-1 (14)
9(q) T@®
where ¢ = {E(B)}Z/V(B) and B =o/E(f), it can be shown that the €xpectations of the
average number of nucleotide differences and the number of segregating sites among
a sample of n genes are approximately given by

N E(M)
e e )
and
N ()):107) 6
E®~1+mmm+nE@m 16)
(Tajima 1996). In equation (16), a(n) and b(n) are given by
nl 4 5
a(n) = 2'1 % and b(n)=—i3@ ~32§:;,

where c(n) is given by
n—1
c(n) = I:{a(n)}z— Z ;15]/2

Comparing equations(15) and (16) with equations (2)and (9), we can conclude that (k)
and E(S) decrease ag o decreases. Thug the infinite-site model cannot be used when the

genetics,
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